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PREFACE. 


THE  object  of  the  present  volume  is  to  teach  the  principles 
of  the  Differential  Calculus,  and  to  shew  the  application  of 
these  principles  to  several  interesting  and  important  inquiries, 
more  particularly  to  the  general  theory  of  Curves  and  Surfaces. 
Throughout  these  applications  I  have  endeavoured  to  preserve 
the  strictest  rigour  in  the  various  processes  employed,  so  that 
the  student  who  may  have  hitherto  been  accustomed  only  to 
the  pure  reasoning  of  the  ancient  geometry  will  not,  I  think, 
find  in  these  higher  order  of  researches  any  principle  adopted, 
or  any  assumption  made,  inconsistent  with  his  previous  notions 
of  mathematical  accuracy.  If  I  have,  indeed,  succeeded  in 
accomplishing  this  very  desirable  object,  and  have  really 
shewn  that  the  applications  of  the  calculus  do  not  necessarily 
involve  any  principle  that  will  not  bear  the  most  scrupulous 
examination,  I  may,  perhaps,  be  allowed  to  think  that  I  have, 
in  this  small  volume,  contributed  a  little  towards  the  perfect- 
ing of  the  most  powerful  instrument  which  the  modern  ana- 
lysis places  in  the  hand  of  the  mathematician. 

It  is  the  adoption  of  exceptionable  principles,  and  even, 
in  some  cases,  of  contradictory  theories,  into  the  elements  of 
this  science,  that  have  no  doubt  been  the  chief  causes  why  it 
has  hitherto  been  so  little  studied  in  a  country  where  the 
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ancient  geometry  has  been  so  extensively  and  so  successfully 
cultivated.  The  student  who  proceeds  from  the  works  of 
Euclid  or  of  Apollonius  fMtudy  those  of  our  modern  analysts, 
will  be  naturally  enough  startled  to  find  that  in  the  theory 
of  the  differential  calculus  he  is  to  consider  that  as  absolutely 
nothing  which,  in  the  application  of  that  theory,  is  to  be 
considered  a  quantity  infinitely  small.  He  will  naturally 
enough  be  startled  to  find  that  a  conclusion  is  to  be  taken 
as  general,  when  he  is  at  the  same  time  told  that  the  process 
which  led  to  that  conclusion  has  failing  cases;  and  yet  one 
or  both  of  these  inconsistencies  pervade  more  or  less  every 
book  on  the  calculus  which  I  have  had  an  opportunity  of 
examining. 

The  whole  theory  of  what  the  French  mathematicians  vaguely 
call  consecutive  points  and  consecutive  elements  involves  the  first 
of  these  objectionable  principles;*  for,  if  the  abscissa  of  any 
point  be  represented  by  x,  then  the  abscissa  of  the  con- 
secutive point,  or  that  separated  from  the  former  by  an 
infinitely  small  interval,  is  represented  by  x  4.  dx,  although 
dx,  at  the  outset  of  the  subject,  is  said  to  be  0.  Again,  the 
theory  of  tangents,  the  radius  of  curvature,  principles  of 
osculation,  &c.,  are  all  made  to  depend  upon  Taylor's  theo- 
rem, and  therefore  can  strictly  apply  only  at  those  points  of 

*  It  is  to  be  regretted  that  terms  so  vague  and  indefinite  should  be  intro- 
duced into  the  exact  sciences ;  and  it  is  more  to  be  regretted  that  English 
elementary  writers  should  adopt  them  merely  because  they  are  used  by  the 
French,  and  that  too  without  examining  into  the  import  these  terms  carry 
in  the  works  from  which  they  are  copied.  In  a  recent  production  of  the 
University  of  Cambridge,  the  author,  in  attempting  to  follow  the  French 
mode  of  solving  a  certain  problem,  has  confounded  consecutive  points  with 
consecutive  elements,  two  very  distinct  things:  although  neither  very  in- 
telligible, the  consequence  of  this  mistake  is,  that  the  result  is  not  what 
was  intended ;  so  that,  after  the  process  is  fairly  finished,  a  new  counter- 
balancing error  is  introduced,  and  thus  the  solution  righted  ! 
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the  curve  where  this  theorem  does  not  fail :   the  conclusions, 
however,  are  to  be  received  in  all  their  generality.* 

If  this  statement  be  true,  it  is  ndifeb  be  wondered  at  that 
students  so  often  abandon  the  study  of  this  science,  less  dis- 
couraged with  its  difficulties  than  disgusted  with  its  incon- 
sistencies. To  remove  these  inconsistencies,  which  so  often 
harass  and  impede  the  student's  progress,  has  been  my 
object  in  the  present  volume;  and,  although  my  endeavours 

*  I  am  anxious  not  to  be  misunderstood  here,  and  shall  therefore  state 
specifically  the  nature  of  my  objection.  In  establishing  the  theory  of 
contact,  <fec.,  by  aid  of  Taylor's  theorem,  it  is  assumed  that  a  value  may  be 
given  to  the  increment  h  so  small  as  to  render  the  term  into  which  it  enters 
greater  than  all  the  following  terms  of  the  series  taken  together.  Now 
how  can  a  function  of  absolutely  indeterminate  quantities  be  shewn  to 
be  greater  or  less  than  a  series  of  other  functions  of  the  same  indeter- 
minate quantities  without,  at  least,  assuming  some  determinate  relation 
among  them?  If  we  say  that  the  assertion  applies,  whatever  particular 
value  we  substitute  for  the  indeterminate  in  the  proposed  functions  or 
differential  coefficients,  we  merely  shift  the  dilemma,  for  an  indefinite 
number  of  these  particular  values  may  render  the  functions  all  infinite ;  and 
we  shall  be  equally  at  a  loss  to  conceive  how  one  of  these  infinite  quantities 
can  be  greater  or  less  than  the  others.  It  appears,  therefore,  that  the  usual 
process  by  which  the  theory  of  contact  is  established,  applies  rigorously  only 
to  those  points  of  curves  for  which  Taylor's  development  does  not  fail,  and 
I  cannot  help  thinking  that  on  these  grounds  the  Analytical  Theory  of 
Functions,  by  Lagrange,  in  its  application  to  Geometry  is  defective,  although 
I  feel  anxious  to  express  my  opinion  of  that  celebrated  performance  with 
all  becoming  caution  and  humility.  Indeed  Lagrange  himself  has  admitted 
this  defect,  and  observes,  (Thtorie  des  Fonctions,  p.  181,)  "Quoique  ces 
exceptions  ne  portent  aucune  atteinte  a  la  theorie  generate,  il  est  neces- 
saire,  pour  ne  rien  laisser  a  desirer,  de  voir  comment  elle  doit  etre  modifier 
dans  les  cas  particuliers  dont  il  s'agit."  (See  note  C  at  the  end.}  But 
he  has  not  modified  the  expression  deduced  from  this  exceptionable  theory 
for  the  radius  of  curvature,  which  indeed  is  always  applicable  whether  the 
differential  coefficients  become  infinite  or  not,  although,  for  reasons  already 
assigned,  the  process  which  led  to  it  restricts  its  application  to  particular 
points. 
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may  not  have  entirely  succeeded,  I  have  still  reason  to  hope 
that  they  have  not  entirely  failed.  The  following  brief  out- 
line will  convey  a  notion  of  the  extent  and  pretensions  of  the 
book ;  a  more  detailed  enumeration  of  the  various  topics 
treated  of  will  be  found  in  the  table  of  contents. 

I  have  taken  for  the  basis  of  the  theory  the  method  of 
limits  first  employed  by  Newton,  although  designated  by 
foreign  writers  as  the  method  of  d'Alembert.  I  consider 
this  method  to  be  as  unexceptionable  as  that  of  Lagrange, 
and,  on  account  of  its  greater  simplicity,  better  adapted  to 
elementary  instruction. 

The  First  chapter  is  devoted  to  the  exposition  of  the 
fundamental  principles;  and  in  explaining  the  notation  I 
have  been  careful  to  impress  upon  the  student's  mind  that 
the  differentials  dx,  dy,  &c.  are  in  themselves  absolutely  of 
no  value,  and  that  their  ratios  only  are  significant :  this  is 
the  foundation  of  the  whole  theory,  and  it  has  been  adhered 
to  throughout  the  volume,  without  any  shifting  of  the  hypo- 
thesis. 

In  the  Second  chapter  it  is  shewn,  that  if  fx  represent  any 
function  of  x,  and  x  be  changed  into  x  -\-  h,  the  new  state 
f(x  -f  fi)  of  the  function  may  always  be  developed  according 
to  the  ascending  integral  powers  of  the  increment  h;  and  this 
leads  to  the  important  conclusion  that  the  coefficient  of  the 
second  term  in  the  development  of  the  function  f(x-\-h}  is 
the  differential  coefficient  derived  from  the  function  fx;  a  fact 
which  Lagrange  has  made  the  foundation  of  his  theory  of 
analytical  functions.  The  chapter  then  goes  on  to  treat  of 
the  differentiation  of  the  various  kinds  of  functions,  algebraic 
and  transcendental,  direct  and  inverse,  and  concludes  with 
an  article  on  successive  differentiation. 

The  Third  chapter  is  devoted  to  Maclaurins  theorem,  and 
its  application  is  shewn  in  the  development  of  a  great  variety 
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of  functions.  Occasion  is  taken,  in  the  course  of  this  chapter, 
to  introduce  to  the  student's  attention  sonie  valuable  analy- 
tical formulas  and  expressions  from  Euler,  Demoivre,  Cotes, 
and  other  celebrated  analysts,  together  with  those  curious 
properties  of  the  circle  discovered  by  Cotes  and  Demoivre. 

The  Fourth  chapter  is  on  Taylor  s  theorem,  which  makes 
known  the  actual  development  of  the  function  f(x  +  A) 
according  to  the  form  established  in  the  second  chapter. 
From  this  theorem  are  derived  commodious  expressions  for 
the  total  differential  coefficient  when  the  function  is  com- 
plicated, and  whether  its  form  be  explicit  or  implicit;  the 
whole  being  illustrated  by  a  variety  of  examples. 

The  Fifth  chapter  contains  the  complete  theory  of  vanishing 
fractions. 

The  Sixth  is  on  the  maxima  and  minima  values  of  functions 
of  a  single  variable,  and  will,  I  think,  be  found  to  contain 
several  original  remarks  and  improved  processes. 

Chapter  the  Seventh  is  on  the  differentiation  and  develop- 
ment of  functions  of  two  independent  variables.  The  usual 
method  of  obtaining  the  development  of  a  function  of  two 
variables  according  to  the  powers  of  the  increments,  is  to 
develop  first  on  the  supposition  that  x  only  varies  and  that  y 
is  constant,  and  afterwards  to  consider  y,  which  is  assumed 
to  enter  into  the  coefficients,  to  be  changed  into  y  +  h.  But 
y  may  be  so  combined  with  x  in  the  function  7(x,  y}  that  it 
shall,  when  considered  as  a  constant,  disappear  from  all  the 
differential  coefficients,  which  circumstance  should  be  pointed 
out  and  be  shewn  not  to  affect  the  truth  of  the  result :  I 
have,  however,  avoided  the  necessity  of  shewing  'this,  by 
proceeding  rather  differently.  The  chapter  concludes  with 
Lagranges  Theorem,  concisely  demonstrated  and  applied  to 
several  examples. 

The  Eighth  chapter  completes  the  theory  of  maxima  and 
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minima,  by  applying  the  principles  delivered  in  chapter  VI.  to 
functions  of  two  independent  variables,  and  it  also  contains 
an  important  article  on  changing  the  independent  variable, 
a  subject  very  improperly  omitted  in  all  the  English  books. 

The  Ninth  chapter  is  devoted  to  a  matter  of  considerable 
importance,  viz.  to  the  examination  of  the  cases  in  which 
Taylor's  theorem  fails;  and  I  have,  I  think,  satisfactorily 
shewn,  that  these  failing  cases  are  always  indicated  by  the 
differential  coefficients  becoming  infinite,  and  that  the  theo- 
rem does  not  fail  when  these  coefficients  become  imaginary, 
as  Lacroix,  and  others  after  him,  have  asserted.  Besides  the 
correction  of  this  erroneous  doctrine,  which  has  been  sanc- 
tioned by  names  of  the  highest  reputation,  another  very  re- 
markable oversight,  though  of  far  less  importance,  is  detected 
in  the  Calcul  des  Fonctions  of  Lagrange,  and  is  pointed  out 
in  the  present  chapter :  it  has  been  unsuspectingly  copied 
by  other  writers ;  and  thus  an  entirely  wrong  solution  to  a 
very  simple  problem  has  been  printed,  and  reprinted,  with- 
out any  examination  into  the  principles  employed  in  it ;  and 
which,  I  suppose,  the  high  reputation  of  Lagrange  was  con- 
sidered to  render  unnecessary. 

These  nine  chapters  constitute  the  First  Section  of  the 
work,  and  comprise  the  pure  theory  of  the  subject;  the  re- 
maining part  is  devoted  to  the  application  of  this  to  geome- 
try, and  is  divided  into  two  parts,  the  first  containing  the 
theory  of  plane  curves,  and  the  second  the  theory  of  curve 
surfaces,  and  of  curves  of  double  curvature. 

The  First  chapter  in  the  Second  Section  explains  the  method 
of  tangents,  and  the  general  differential  equation  of  the  tan- 
gent to  any  plane  curve  is  obtained  by  the  same  means  that 
the  equation  is  obtained  in  analytical  geometry,  and  is  there- 
fore independent  of  the  failing  cases  of  Taylor's  theorem. 
The  method  of  tangents  naturally  leads  to  the  consideration 
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of  rectilinear  asymptotes,  which  is,  therefore,  treated  of  in  this 
chapter,  and  several  examples  are  given,  as  well  when  the 
curve  is  referred  to  polar  as  to  rectangular  coordinates,  and 
a  few  passing  observations  made  on  the  circular  asymp- 
totes to  spiral  curves,  the  chapter  terminating  with  the  dif- 
ferential expression  for  the  arc  of  any  plane  curve  determined 
without  the  aid  of  Taylor's  theorem. 

The  Second  chapter  contains  the  theory  of  osculation,  which 
is  shewn  to  be  unaffected  by  the  failing  cases  of  Taylor's 
theorem,  although  this  is  employed  to  establish  the  theory. 
The  expressions  for  the  radius  of  curvature  are  afterwards 
deduced,  and  several  examples  of  their  application  given 
principally  to  the  curves  of  the  second  order,  and  an  instance 
of  their  utility  shewn  in  determining  the  ratio  of  the  earth's 
diameters. 

The  Third  chapter  is  on  involutes,  evolutes,  and  consecu- 
tive curves,  and  contains  some  interesting  theorems  and  prac- 
tical examples.  Of  what  the  French  call  consecutive  curves, 
I  have  endeavoured  to  give  a  clear  and  satisfactory  explana- 
tion, unmixed  with  any  vague  notions  about  infinity. 

The  Fourth  chapter  is  on  the  singular  points  of  curves,  and 
contains  easy  rules  for  detecting  them,  from  an  examination 
of  the  equation  of  the  curve.  This  chapter  also  contains  the 
general  theory  of  curvilinear  asymptotes,  and  completes  the 
Second  Section,  or  that  assigned  to  the  consideration  of  plane 
curves. 

The  Third  Section  is  devoted  to  the  general  theory  of  curve 
surfaces,  and  of  curves  of  double  curvature;  in  the  First  chap- 
ter of  which  are  established  the  several  forms  of  the  equations 
of  the  tangent  plane  and  normal  line  at  any  point  of  a  curve 
surface,  and  of  the  linear  tangent  and  normal  plane  at  any 
point  of  a  curve  of  double  curvature. 

In  the  Second  chapter  the  theory  of  conical  and  cylindrical 
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surfaces  is  discussed,  as  also  that  of  surfaces  of  revolution ; 
and  that  remarkable  case  is  examined,  where  the  revolution 
of  a  straight  line  produces  the  same  surface  as  the  revolution 
of  the  hyperbola,  to  which  this  line  is  an  asymptote.  Through- 
out this  chapter  are  interspersed  many  valuable  and  interest- 
ing applications  of  the  calculus,  chiefly  from  Monge.  The 
Third  chapter  embraces  the  theory  of  the  curvature  of  surfaces 
in  general,  and  will  be  found  to  form  a  collection  of  very 
beautiful  theorems,  the  results,  principally,  of  the  researches 
of  Euler,  Monge,  and  Dupin.  Most  of  these  theorems  have, 
however,  usually  been  established  by  the  aid  of  the  infinitesi- 
mal calculus,  or  by  the  use  of  some  other  equally  objection- 
able principle;  they  are  here  fairly  deduced  from  the  prin- 
ciples of  the  differential  calculus,  without,  in  any  instance, 
departing  from  those  principles,  as  laid  down  in  the  prelimi- 
nary chapter.  Those  who  are  familiar  with  these  inquiries 
will  find  that  I  have  obtained  some  of  these  theorems  in  a 
manner  much  more  simple  and  concise  than  has  hitherto  been 
done.  I  need  only  mention  here,  as  instances  of  this  sim- 
plicity, the  theorems  of  Euler  and  of  Meusnier,  at  pages  179 
and  184. 

The  Fourth  chapter  is  on  twisted  surfaces,  a  class  of  sur- 
faces which  have  never  been  treated  of,  to  any  extent,  by 
any  English  author,  although,  as  has  been  recently  shewn, 
the  English  were  the  first  who  noticed  the  peculiarities  of 
certain  individual  surfaces  belonging  to  this  extensive  class*. 
For  what  is  here  given,  I  am  indebted  to  the  French  mathe- 
maticians, to  Monge  principally,  and  also  to  the  Chevalier  Le 
Roy,  who  has  recently  published  a  very  neat  and  comprehen- 
sive little  treatise  on  curves  and  surfaces. 

The  Fifth  chapter  treats  on  the  developable  surfaces,  or 

*  See  Leybourn's  Repository,  No.  22. 
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those  which,  like  the  cone  and  cylinder,  may,  if  flexible,  be 
unrolled  upon  a  plane,  without  being  twisted  or  torn.  The 
Sixth  chapter  is  on  curves  of  double  curvature;  and  the 
Seventh,  which  concludes  the  volume,  contains  a  few  miscel- 
laneous propositions  intimately  connected  with  the  theory  of 
surfaces.  From  the  foregoing  brief  analysis,  it  will  appear 
evident  to  those  familiar  with  the  present  state  of  mathema- 
tical instruction  in  this  country,  that  I  have  introduced,  into 
a  little  duodecimo  volume,  a  more  comprehensive  view  of  the 
theory  and  applications  of  the  differential  calculus  than  has 
yet  appeared  in  the  English  language.  But  I  have  aimed  at 
more  than  this :  I  have  endeavoured  to  simplify  and  improve 
much  that  I  have  adopted  from  foreign  sources  ;  and,  above 
all,  to  establish  every  thing  here  taught  upon  principles  free 
from  inconsistency  and  logical  objections  ;  and  if  it  be  found, 
upon  examination,  that  I  have  not  entirely  failed  in  this 
endeavour,  I  shall  certainly  feel  a  proportionate  gratification. 

J.  R.  YOUNG. 
May  12,  1831. 
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219.  The  six  edges  of  any  irregular  tetraedron  are  opposed  two  by 
two,  and  the  nearest  distance  of  two  opposite  edges  is  called 
breadth ;  so  that  the  tetraedron  has  three  breadths  and  four 
heights.  It  is  required  to  demonstrate  that  in  every 
tetraedron  the  sum  of  the  reciprocals  of  the  squares  of  the 
breadths  is  equal  to  the  sum  of  the  reciprocals  of  the  squares 
of  the  heights  .  .  .  .  .235 

NOTES  241-2,32 


ERRATA. 

PAGE  17,  Example  14,  for  abzbz,  read  ab  bz. 
29,  line  1  1  from  bottom,  for  ex,  read  e*. 

31,  —  9     —    top,  for  cos.2-'",  read  cos.'"-2. 

32,  Supply  the  line  OA  in  the  diagram. 

33,  line  12  from  bottom,  for  OA,  read  OAWi. 

36,    --    6     -  —     ,/or  +  _,rwa-_- 

43,    -  -    12   —      top,  for  abx,  read  ab*  . 

60,  Example  20,  for  (2^  —  :r)2J,  read  (2o?  —  x 
78,  line  10  from  bottom,  for  2,  read  2t>. 


8fl,  _    9     -      top,for 

137,  -  -    11    —  bottom,  for  2/2,  read  2p,2. 

140,  The  text  points  out  a  slight  defect  in  the  diagram. 

178,  line  12  from  top,  for  Z'  =  z'  +  &c.  read  Z'  =  Z  +  <fec. 

216,  —    7      —     —  ,  for  Ax,  read  Aa. 

225,  —    8     —  bottom,  after  the  word   "  poles,"   add  "  in  the 
point  Q." 


ADDITIONAL    ERRATA 

IN  THE  DIFFERENTIAL  CALCULUS. 


Page  37,  line  12  from  bottom,  for  IT  =  31416,  read7r  =  3. 1416. 

dz  dz 

80,    ...     0     from  top,       ... — dz,read—-dx. 
dx  dx 

du      dx          ,du      dz 
82,    ...    7  ...  ...—-•-—, read—-  '—• 

dz      dz  dz      dx 

119,  lines  3  and  4  from  top,  for  x  =  «ww,  read  r  =  «WM;  and  for 

x  =  —  1 ,  read  n  =  —  1 . 
123,  last  line,ybr  axes,  read  axis. 
139,  line  1 1  from  top,/or  d'2,  readp'*. 
145,  line  8,  dele  x. 
147,  first  line,  for  x  +  #2,  read  x*  +  if. 

ib.   last  line,  ...  *y  _s_i_,  r«,rf  .ty  =  ^JL_. 

171,  The  constants  in  the  left  hand  member  of  equation  (5),  and 
those  in  the  right  hand  member  of  equation  (6),  should  be 
accented. 

243,  line  5  from  bottom,  for  ¥2,  read  Vz. 

244,  ...  7     from  top,        ..  f%.  tyz — ,  read  fz.  "*'z  —  • 

dy  dy 

252,    ...  2  ...  ...  doctrines,  read  doctrine. 

%*  The  series  given  at  page  37  of  the  Differential  Calculus  for  the 
length  of  an  arc  of  45°  as  due  to  M.  Bertrand,  of  Geneva,  and  which  is 
usually  ascribed  to  him,  is,  I  find,  the  tame  as  Mac/tin's  series,  and  de- 
duced too  in  precisely  the  same  way ;  so  that  the  learned  foreigner  was 
anticipated  in  this  discovery  about  a  century  before  he  fell  upon  it.  For 
an  account  of  Mr.  Machin's  discovery,  see  Dr.  Hutton's  Mensuration,  and 
the  Scriptores  Logarithmic!  of  Mr.  Baron  Maseres,  vol.  3. 

The  author  embraces  this  opportunity  to  correct  an  inadvertency 
which  he  has  committed  at  page  104,  where  some  objections  are  made 
to  a  certain  solution  of  Lagrange.  He  is  anxious  to  acknowledge  that 


that  solution  is  not  objectionable  to  the  extent  there  affirmed  ;*  and  that 
the  true  value  of  (x  —  a)2  log.  (x  —  a),  when  x  =  a,  is  0,  and  not  »  ; 
as  will  be  readily  seen  by  putting  this  expression  under  the  form 

°g-  (#      tt)^  an(j  app]yjng  the  method  of  vanishing  fractions.     Lagrange's 


conclusion  is  objectionable  only  in  so  far  as  he  has  neglected  to  shew 
that  neither  this  expression,  nor  its  first  derived  function,  f'x,  can  be 
QO  for  at  =  a  ;  or,  which  is  the  same  thing,  that  fx  is  the  first  function 
which  becomes  QO  .  It  may  be  here  further  remarked,  that  the  result 
foe  •=.<*>  teaches  us  that  the  true  term  of  the  development,  which  ought 
to  supply  the  place  of  this  function,  contains  a  fractional  power  of  A, 
whose  exponent  is  between  1  and  2,  only  when  the  development  is  pos- 
sible according  to  some  powers  or  roots  of  the  increment  A  with  finite 
coefficients;  but  when  no  such  development  is  possible,  then,  of  course, 
such  an  inference  cannot  be  drawn  ;  the  true  inference  will  then  be,  that 
the  coefficient  of  A2  will  contain  some  transcendental  function  of  A  not 
developable  according  to  any  powers  or  roots  of  A,  with  finite  coefficients, 
and  such  a  function  log.  h  is  known  to  be.  The  true  development  of  the 
function  in  question  is 

(«  +  A)*  +  A2  log.  A  =  a*  +  -i-o^A  +  [log.  A  —  JL^-f  J  A2  + 


*  The  author  feels  it  incumbent  on  him  to  state,  that  he  is  under 
obligations  to  BENJAMIN  GOMPERTZ,  Esq.  F.R.S.  <fec.  <fec.  for  having 
first  called  his  attention  to  this  circumstance. 
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THE 

DIFFERENTIAL    CALCULUS. 

SECTION    I. 

ON    THE 

DIFFERENTIATION   OF    FUNCTIONS   IN   GENERAL. 

CHAPTER     I. 
EXPLANATION   OF   FIRST   PRINCIPLES. 

Article  (1 .)  ALL  quantities  which  enter  into  calculation,  may  be 
divided  into  two  principal  classes,  constant  quantities  and  variable 
quantities;  the  former  class  comprehending  those  which  undergo  no 
change  of  value,  but  remain  the  same  throughout  the  investigation  into 
which  they  enter;  while  those  quantities  which  have  no  fixed  or  deter- 
minate value,  constitute  the  latter  class. 

In  algebra  we  usually  employ  the  first  letters,  a,  b,  c,  &c.  of  the 
alphabet,  to  represent  known  quantities,  and  the  latter  letters,  0,  y,  .r,  &c. 
as  symbols  of  the  unknown  quantities;  but,  in  the  higher  calculus,  the 
early  letters  are  adopted  as  the  symbols  of  constant  quantities,  whether 
they  be  known  or  unknown,  and  the  latter  letters  are  used  to  represent 
variables. 

Any  analytical  expression  composed  of  constants  and  variables,  is 
said  to  be  a.  function  of  the  variables.  Thus,  if  y  =  a.r2  -j-  bx  +  c,  then 
is  y  a  function  of  a-,  because  x  enters  into  the  expression  for  y;  y  is  also 
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a  function  of  x  in  the  expressions  y  =  a*  +  b,  y  =  log.  x  +  ax*,  &c. 
and,  as  in  each  of  these  cases  the  form  of  the  function  is  exhibited,  y  is 
said  to  bean  explicit  function  of  x;  but,  in  such  equations,  as 
«#2+  by*  +  cxy  +  x  +  y  +  e=  0,  a*  +  x*y  —  ay*  =  y*  +  bx  +  c,  &c. 
where  the  form  of  the  function  that  y  is  of  x,  can  be  ascertained  only 
by  solving  the  equation,  y  is  an  implicit  function  of  x. 

Similar  remarks  apply  to  the  equations 

z  =  ax*  +  by3  -f-  ex  +  e  =  0,     az*  -j-  by*  +  c#z  +  e  =  0,  &c. 
2  being  an  explicit  function  of  x  and  ^  in  the  first,  and  an  implicit 
function  of  the  same  variables  in  the  second  equation. 

If  we  wish  to  express  that  y  is  an  explicit  function  of  x,  without 
writing  the  form  of  that  function,  we  adopt  the  notation  y  =  FT,  or  y  = 
fx,  or  y  =  $x,  &c.  and,  to  denote  an  implicit  function,  we  write  F(JT,  y} 
=  0,/(*,t/)  =  0,&c. 

(2.)  Let  us  now  examine  the  effect  produced  on  the  function  y,  by 
a  change  taking  place  in  the  variable  -r,  and,  for  a  first  example,  let  us 
take  the  equation  y  —  mx*.  Changing,  then,  x  into  x  -\-  h,  and  repre- 
senting the  corresponding  value  of  y  by  y,  we  have 


_ 
or,  by  developing  the  second  number, 

y  =  mac*  +  Zmxh  -f  mh*. 

As  a  second  example,  let  us  take  the  equation  y  =  x*,  and  putting 
as  before  /  for  the  value  of  the  function,  when  x  is  changed  into  x  -f  A, 
we  have 

y'  =  (a?  +  A)3  =  x3  +  3^2A  +  3^2  +  A3. 

We  thus  see,  in  these  two  examples,  the  effect  produced  on  the  function 
by  changing  the  value  of  the  variable,  and,  on  account  of  this  dependence 
of  the  value  of  the  function  upon  that  of  the  variable,  the  former,  that 
is  y,  is  called  the  dependent  variable,  and  the  latter,  x,  the  independent 
variable. 

Let  us  now  ascertain  the  difference  of  the  values  of  each  of  the  above 
functions  of  x,  in  the  two  states  y  and  y'.  In  the  first  example, 

y'  —  y  =  2mxh  -f-  mh*. 
In  the  second, 


so  that,  in  the  equation  y  ==  mx*,  if  h  be  the  increment  of  the  variable 
x,  we  see  that  2mxh  -f  ml?  will  be  the  corresponding  increment  of  the 
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function  y ;  and,  in  the  equation  y  =  :r3,  if  x  take  the  increment  A,  the 
corresponding  increment  of  the  function  will  be  3  x*h  -f  3  xh?  +  A3. 

We  may,  therefore,  in  each  of  these  cases,  readily  find  an  expression 
for  the  ratio  of  the  increment  of  the  function  to  that  of  the  variable,  that 

is  to  say,  the  value  of  the  fraction  ^——^-. 

h, 

In  the  first  case, 

&£,***** 

In  the  second, 

2-Iiy  —  3*2  -f  Zxh  +  A2. 

It  is  here  worthy  of  remark,  that,  in  both  these  expressions  for  the 
ratio,  the  first  term  is  independent  of  A;  so  that,  however  we  alter  the 
value  of  A,  this  first  term  will  remain  unchanged.  If,  therefore,  A  be 
supposed  to  diminish  continually,  and,  at  length,  to  become  0,  the  said 
first  term  will  then  express  the  value  of  the  ratio.  This  first  term,  then, 
is  the  limit  to  which  the  ratio  approaches  as  A  diminishes,  but  which 
limit  it  cannot  attain  till  A  becomes  absolutely  0. 

In  the  first  of  the  foregoing  examples,  2mx  is  the  limit  of  the  ratio 

y       ^;  or  it  is  the  value  towards  which  this  ratio  continually  approaches 
A 

when  A  is  continually  diminished,  'and  to  which  it  ultimately  arrives 
when  these  continual  diminutions  bring  it  at  length  to  A  =  0.  In  the 
second  example  the  limit  is  3,r2. 

(3.)  We  may  now  understand  what  is  meant  by  the  limit  of  the  ratio 
of  the  increment  of  the  function  to  that  of  the  variable.  It  is  the 
determination  of  this  limit,  in  every  possible  form  of  the  function,  that 
is  the  principal  object  of  the  differential  calculus.  The  limit  itself  is 
called  the  differential  coefficient,  derived  from  the  function;  so  that,  if 
the  function  be  mx*,  the  differential  coefficient,  as  we  have  seen  above, 
is  2mx,  and  the  differential  coefficient  derived  from  the  function,  ^,'is  3x2. 

In  both  these  cases,  as  indeed  in  every  other,  the  respective  differential 
coefficients  are  only  so  many  particular  values  of  the  general  symbol  {}, 

<\if <)J 

to  which  — -— -  always  reduces  when  A  =  0.     In  the  first  example 
A 

above,  $  =  2mx-,  in  the  second,  §  =  3.r2. 
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Instead  of  the  general  symbol  ft,,  a  particular  notation  is  employed  to 
represent  the  limiting  ratio,  or  differential  coefficient,  in  each  particular 
case;  thus,  if  y  is  the  function,  and  x  the  independent  variable,  the 

differential  coefficient  is  represented  thus,  -^.     If  z  were  the  function, 

and  y  the  independent  variable,  the  differential  coefficient  would  be  —  ; 

dy 

the  expressions  ~  and  —  have,  we  see,  the  advantage  over  the  symbol 
dx        dy 

ft,,  of  particularizing  the  function  and  the  independent  variable  under 
consideration,  and  this,  it  must  be  remembered,  is  all  that  distinguishes 

^  or from  ft,  for  dy,  dz,  dx,  are  each  absolutely  0. 

dx      dy 

This  notation  being  agreed  upon,  we  have,  when  y  =  mx*, 
dy  _ 

and, 


As  a  third  example,  let  the  function  y  =  a  +  3ai2  be  proposed,  then, 
changing  x  into  x  +  h  and  y  into  y',  we  have 

y  =  a  +  a*2  -f-  Qxh  +  3A2, 


n 
and,  making  A  =  0,  we  have,  for  the  differential  coefficient, 

£.*» 

dx 

If  in  this  example  the  function  had  been  3.r2,  instead  of  a  +  3.r2,  the 
differential  coefficient  would  obviously  have  been  the  same. 
As  a  fourth  example,  let  y  =  ax2  ±  b, 
.-.    '  =  ax*  ± 


n 

which  would  have  been  the  same  if  the  constant  b  had  not  entered  the 
function. 

As  a  last  example,  take  the  function  y  —  (a  -f-  bxf  or  y  —  a?  +  labx 
+  &2.r2,  which,  when  .r  is  changed  into  x  +  A,  becomes 
y  =  a2  +  2a&  (a?  -f  A)  +  fe2  (*  +  /O2 
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It  should  be  remarked,  that  of  the  two  parts  dy,  dx,  of  which  the 
symbol  -^  consists,  the  former  is  called  the  differential  of  y,  and  the 

latter  the  differential  of  jr.  These  differentials,  although  each  =  0,  have, 
nevertheless,  as  we  have  already  seen,  a  determinate  relation  to  each 
other;  thus,  in  the  last  example,  this  relation  is  such,  that  dy  =  26  (a  +  bx} 
dx,  and,  although  this  is  the  same  as  saying  that  0  =5=  2b  (a  -f-  by)  X  0; 
yet,  as  we  can  always  immediately  obtain  from  this  form  the  true  value 

of  §  or-^-,  we  do  not  hesitate  occasionally  to  make  use  of  it. 

From  the  expression  for  the  differential  of  a  function,,  we  readily  see 
he  propriety  of  calling  —  a  coefficient,  being,  indeed,  the  coefficient 
of  dr. 


CHAPTER    XI. 

DIFFERENTIATION   OF    FUNCTIONS   OF   ONE  VARIABLE. 

(4.)  Lety!r  represent  any  function  of  x  whatever,  then,  if  x  be  changed 
into  x  +  h,  the  general  form  of  the  development  of  f(ic  -f  A),  arranged 
according  to  the  powers  of  h,  will  be 

/  (a?  +  A)  =/»  +  A/i  +  BA2  +  CA3  +  DA4  +  &c. 
as  may  be  proved  as  follows : 

1 .  The  first  term  of  the  development  must  be  fx.     This  is  obvious, 
for  this  first  term  is  what  the  whole  development  reduces  to  when  h  =  0, 
but  we  must  in  this  case  have  the  identity  fx  =fo;  hence,  fx  is  the 
first  term. 

2.  None  of  the  exponents  of  h  can  be  fractional.      For  if  any 
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exponent  were  fractional,  the  term  into  which  it  enters  would  be 
irrational,  so  that  the  development  of  f(x  +  A),  containing  an  irrational 
term,t/(,r  +  A)  itself  would  be  irrational,  since  it  is  impossible  that  there 
should  be  an  equality  between  an  irrational  expression  and  one  that 
is  rational.  But,  if  f(x-\-  A)  were  irrational,  fx  would  likewise  be 
irrational,  for  the  former  function  differs  from  the  latter  only  in  this, 
that  x  -\-  h  occupies  in  it  the  place  of  x  in  the  latter  and,  therefore,  as 
many  values  as  fx  has,  in  consequence  of  the  radicals  that  may  enter 
into  it,  so  many  values,  and  no  more,  must  f  (x  -f-  A)  have.  As,  there- 
fore, the  first  term  of  the  development  off  (x  -|-  A)  has  the  same  number 
of  values  as  f(x  +  A)  itself,  none  of  the  succeeding  terms  can  contain  a 
fractional  power  of  A;  for,  otherwise,  the  development  would  have  more 
values  than  its  equivalent  function,  which  is  absurd. 

3.  None  of  the  exponents  ofh  can  be  negative  in  the  general  develop- 
ment.    For,  on  the  supposition  that  a  negative  power  of  h  enters  any 
term,  that  term  would  become  infinite  when  A  =  0;  but,  when  A  =  0, 
the  function  is  simply  fx9  which  is  not  necessarily  infinite ;  so  that,  that 
development  into  which  a  negative  power  of  h  enters,  cannot  be  the 
general  development  off(x  +  A),  understanding,  by  the  general  develop- 
ment, that  which  does  not  restrict  x  to  any  particular  value  or  values. 
By  supposing  a  negative  power  of  h  to  appear  in  the  development,  we 
have  just  seen  that  such  development  would  restrict  x  to  the  values 

determined,  by  the  equation  fx-=.  oo,  or  by  the  equation  —  =  0,  to  the 

exclusion  of  all  other  values,  and  is,  therefore,  not  general. 

As  to  the  method  of  determining  the  coefficients  A,  B,  C,  &c.  that 
will  be  investigated  hereafter  (in  Chapter  iv.)  /,,  3£  • 

4.  It  must  be  here  remarked,  that,  although  the  general  development 
of  every  function  of  x  is  of  the  above  form,  yet  we  are  not  to  suppose 
that  this  form  will  remain  unchanged  whatever  particular  value  we  give 
to  x,  for  particular  values  may  be  so  chosen  as  to  render  this  form  of 
development  impossible,  and  such  impossibility  will  be  intimated  by 
the  assumed  value  of  x  rendering  some  of  the  coefficients  A,  B,  C,  &c. 
infinite.     The  well  known  binomial  theorem,  which  we  already  know 
to  be  of  the  above  form,  will  afford  an  illustration  of  this.     Thus  the 
general  development  of  fx  •=.  >Jx  -\-  a,  when  we  replace  x  by  x  +  A,  is, 
by  the  above-mentioned  theorem, 


THE   DIFFERENTIAL   CALCULUS. 


a]  =W(*  +  «)+/*  = 
O  +  a)*  -f  £  O  +  a)  -  i  h  -j-  (x  +  a)  ~i/*2  -f-  &c. 
where,  in  the  case  x  =  —  a,  all  the  coefficients  become  infinite,  and  the 
development,  according  to  the  positive  integral  powers  of  A,  becomes  in 
this  case  impossible;  for  the  function  then  becomes  merely  \/h  or  A*, 
in  which  the  exponent  of  h  is  fractional.  The  impossibility  of  the 
proposed  form  of  development  in  such  particular  cases  is  always 
intimated,  as  in  the  example  just  adduced,  by  the  circumstance  of 
infinite  coefficients  entering  it,  for  imaginary  coefficients  would  imply 
merely  that  the  function  f  (x  +  A)  for  the  assumed  value  of  x  becomes 
imaginary,  and  not  that  the  development  failed.  A  particular  examina- 
tion of  the  cases  in  which  the  general  form  of  the  development  fails  to 
have  place,  will  form  the  subject  of  a  future  chapter;  at  present  it  is 
sufficient  to  apprise  the  student  that  such  failing  cases  may  exist. 

(5.)   By  transposing  the  first  term  in  the  general  development  of 
f  (x  +  A),  we  have 

/  O  +  A)  —fx  —  AA  +  BA2  +  CA3  -f  &c. 


hence,  when  h  =  0, 

f=A, 

dx 

from  which  result  we  learn,  that  the  coefficient  of  the  second  term,  in  the 
development  of  the  function  f  (x  -f-  A),  is  the  differential  coefficient 
derived  from  the  function  fx;  so  that  the  finding  the  differential 
coefficient  from  any  proposed  function,  fx,  reduces  itself  to  the  finding 
the  coefficient  of  the  second  term  in  the  general  development  off  (x  +  ^)> 
or  of  the  first  term  in  the  developed  difference^/*  (x  -j-  A)  —  fx. 

Having  obtained  this  general  result,  we  may  now  proceed  to  apply 
it  to  functions  of  different  terms;  but  it  will  be  proper  previously  to 
observe,  that  those  constants  which  are  connected  with  the  variable  in 
the  function  fx,  only  by  way  of  addition  or  subtraction,  cannot  appear 
in  the  coefficient  A;  because  A,  being  multiplied  by  A,  can  contain  no 
quantities  which  are  not  among  those  multiplied  by  x  -j-  A  in  f  (x  -f  A), 
or  by  x  in  fx. 

(6.)  To  differentiate  the  product  of  two  or  more  functions  of  the 
same  variable. 
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Let  y,  Zj  be  functions  of  x,  in  the  expression 

u  -f-  ayz. 
By  changing  x  into  x  -f  h,  the  function  y  becomes 

/=y  +  AA  +  BA!»  +  CA3  +  <fec.  .  .  .  (1), 
and  the  function  *  becomes 

«'  =  «  +  A'A -f  B'A2  +  C'A3  +  &c.  .  .  .  (2). 
Hence,  when  h  =  0,  we  have  from  (1) 


and  from  (2) 


k  dx 

Multiplying  the  product  of  (1)  and  (2)  by  a,  we  have 
u  =  ayz  -f-  a  ( Az  -}-  A'y)  h  +  &c. 


therefore,    a-f-  z  +  —  y  being  the  coefficient  of  the  second  term  of  the 
dx         ax 

development  of  u',  we  have 

du  du  .        dz 

=  az-  +  a- 


.'.  du-=.azdy  +  aydz  .  .  .  (3). 

Hence,  to  differentiate  the  product  of  two  functions  of  the  same 
variable,  we  must  multiply  each  by  the  differential  of  the  other,  and 
add  the  results. 

It  will  be  easy  now  to  express  the  differential  of  a  product  of  three 
functions  of  the  same  variable.     Let 

u  -=.wyz 

be  the  product  of  three  functions  of  or;  then,  putting  v  for  wy,  the 
expression  is 

u=zvz\ 
hence,  by  (3), 

du  =  zdv  +  vdz, 

but  v=;wy;  therefore,  by  (3),  dv  =ydw  +  wdy')  consequently,  by 
substitution, 

du  =  zydw  -f-  zwdy  -\-  wydz  .  .  .  (4), 

and  it  is  plain  that  in  this  way  the  differential  may  be  found,  be  the 
factors  ever  so  many;  so  that,  generally,  to  differentiate  a  product  of 
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several  functions  of  the  same  variable,  we  must  multiply  the  several 
differentials  of  each  factor  by  all  the  other  factors,  and  add  the  results. 
If  we  suppose  the  factors  to  be  all  equal  to  each  other,  we  shall 
obtain  a  rule  to  differentiate  a  positive  integral  power.  Thus  the 
differential  of  the  function 

is 

du  =  xm-1  dx  +  a?7"— 1  dx  +  xm~l  dx  +  &c.  to  m  terms, 
that  is 

du 

du  =  mx™—1  dx  .'.-—=  tnx™—1. 
dx 

This  form  of  the  differential  is  preserved  whether  m  be  integral  or 
fractional,  positive  or  negative;  but,  to  prove  this,  we  must  first 
differentiate  a  fraction. 

(7.)  To  differentiate  a  fraction.     Let  u=^-,y  and  z  being  functions 

of  x\  therefore  uz=y,  .-.  duz  =  dy,  that  is,  by  last  article, 

dy  —  udz 
zdu  -f-  udz  =  dy  .*.  du  = , 

or,  substituting  -  for  u, 

Hence,  to  differentiate  a  fraction,  the  rule  is  this :  From  the  product  of 
the  denominator,  and  differential  of  the  numerator,  subtract  the  product 
of  the  numerator,  and  differential  of  the  denominator,  and  divide  the 
remainder  by  the  square  of  the  denominator. 

(8.)  To  differentiate  any  power  of  a  function. 

The  form  of  the  differential  when  the  power  is  whole  and  positive 
has  been  already  established.  Let  then 


be  proposed,  y  being  a  function  of  x,  and  ~^~  being  a  positive  fraction. 
Since  un  =  ym, 

.'.  MM7*— l  du  =  mym—1  dy, 

y=™.      y^       dy. 

tl  ran  —    m 

y     « 
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Now 


consequently, 

Let  now  the  exponent  be  negative,  or 


m     —  —  i  . 
du=.  —  y  «        dy. 


.•.  du»=d— 
ym 
but 

I  ym—  I 

dun  =  nun~l  du,d-^=  —  m  y  2^    dy=z  —  my-™-*  dy, 
.•.  nit™—1  du  =  —  my—™—1  dy, 

=  --  ™y-^_dy, 

mi*1-1 

m 

or,  substituting  for  u  its  equal  y~~  »  ,  we  have 


n 

Hence,  generally,  to  differentiate  a  power,  we  must  multiply  together 
these  three  factors,  viz.  the  index  of  the  power,  the  power  itself  diminished 
by  unity,  and  the  differential  of  the  root. 

This  rule  might  have  been  deduced  with  less  trouble,  by  availing 
ourselves  of  the  binomial  theorem,  for,  supposing  in  u—y?  that  the 
increment  of  the  function  y  becomes  k  when  the  increment  of  x  becomes 
h,  we  have  u'  =  (y  +  K)P  and,  by  the  binomial  theorem,  the  coefficient 
of  the  second  term  of  the  expansion  of  (y  -\-  K)p  is  pyp~l,  whether  p 
be  positive  or  negative,  whole  or  fractional.  As,  however,  we  propose 
to  demonstrate  the  binomial  theorem  by  means  of  the  differential 
calculus,  we  have  thought  it  necessary  to  establish  the  fundamental 
principles  of  differentiation,  independently  of  this  theorem. 

(9.)  If  it  be  required  to  differentiate  an  expression  consisting  of 
several  functions  of  the  same  variable,  combined  by  addition  or  sub- 
traction, it  will  be  necessary  merely  to  differentiate  each  separately,  and 
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to  connect  together  the  results  by  their  respective  signs.     For  let  the 
expression  be 

u  =  aw  -f-  by  -\-  cz  -f-  &c. 

in  which  w,  y,  z,  are  functions  of  x.    Then,  changing  x  into  x  -\-  h  and 
developing, 

w  becomes  w  +  Ah   +  B/*2  +  &c. 
y  y  +  A'h  +  B'A2  +  &c. 

z  s  +  A"h  +  B"A2  +  &c. 

.-.  w  w  +  (aA  +  bAf  +  eA"  +  &c.)  h  +  &c. 

.-.du=.  aAdx  +  6AUr  +<?A"  c?^  +  &c. 
But 

A<^r  =  c?^,  A.'dx  =  rfy,  A'Wo?  =  dz,  &c. 
therefore 

e/w  =  adw  +  i</y  +  cfi^z  +  *c» 

that  is,  fAe  differential  of  the  sum  of  any  number  of  Junctions  is  equal 
to  the  sum  of  their  respective  differentials. 

(10.)    We   shall  now  apply  the  foregoing   general  rules  to  some 
examples. 


EXAMPLES. 

1.  Let  it  be  required  to  differentiate  the  function 


By  the  rule  for  powers  (8)  the  differential  of  8.r4  is  8  X  4.r3c£r,  and  the 
differential  of  —  3ai3  is  —  3  X  3o;2dLr;  also  the  differential  of  —  5or  is 
—  5dx-,  hence  (9), 

dy  =  32x3dx  —  Qtfdx  —  5dx, 


dx 

2.  Let  y  =  <V>  +  a) 
By  the  rule  for  differentiating  a  product  (6),  we  have 

%  =  <>3  +  a)  rf  (3-r2  +  ft)  +  (3^  +  ft)  rf  (A-3  +  a), 
and  (8), 

rf  (3.T2  +  ft)  =  Gxdx,  d  (x'A  +  a)  =  3  W.T, 
.-.  %  =  (*»  +  a)  Qxdx  -f  (S*2  +  6)  3x*dx, 


ax 
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The  differential  of  the  root  ax  +  x*  of  this  power,  is  adx  -f  Ixdx, 
therefore 

dym*  (a* 


4.  Let  y  =  *Ja  -}-  &«**. 

The  differential  of  the  root  or  function  under  the  radical,  is 
hence 

dy  =  i  (a  +  6*»)-  »  2W»  =  -  -—  -  dip, 

*Ja  -J-  fct3 
«?y  _        bx 

dx~~  ' 


5.  Let  y  =  (a 

The  differential  of  the  root  or  function  within  the  parenthesis,  is 
mbxm—*dx',  hence 

dy  =  n  (a  +  bxmY~l  mbx™-1  dx, 

•''-£,  =  bmn  (a 

6.  Let  v  = 

The  differential  of  the  numerator  of  this  fraction  is  Ixdx,  and  the 
differential  of  a  +  a;3  is  3j:2rfjr,  therefore  the  differential  of  the  denominator 
is  2(«  +  a-3)  3dft£r;  hence  (7), 

</  _  («  +  ^)2  2^to  —  6^4  O 


e/a-  ~     (a  +  A'3)3 
7.  Let  y=  {a  +  >/(&+£)}«. 

The  differential  of  the  root  a  +  V(H-—  )i»i  (6+  4>~  *  rf4'  and 

a-2  a:2  <r 

T    C  2<?         , 

—  -  =  --  -  dx  ;  hence 

-2  13 
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The  differential  of  .r2  +  ^a  +  x*  is  Zxdx  +  (a  +  .r2)-*  xdx, 
du  x  *> 


9.  Lety  = 


Multiplying  numerator  and  denominator  by  ^/a2  +  .r2  +  x,  the  expres- 
sion becomes 

a?       x     i 

y  ™"™"    ^r  "T     o"  ^ 


2d? 


.        _         i 

""~ 


_, 

— —        "T" 


«       a2\/a2  +  *'2' 

11.  y  =  4A-3  —  2a?2  +  7A'  +  3  .-.  -^=12^  — 

12.  y=  (a  +  l>x)  x?  .'.  ~  =  45^  +  Sax2. 


13.  y  =  (a  +  fa?  +  e*3  +  &c.)«  .*•         =  m  (a  +  6  a?  +  ex*  + 
+  «fec.) 


14.  y  =  (a  +  6^  ...  d£=~ 

^.y-»+    V*    ..>-     «0- 
3        ^       «te         3        ^ 


17.  y  =  (ar»  +  5)2  +  2  N/a8—  ^  (-»  —  A)  .-. 
2  (a"  -  c^2  +  to) 
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18.  y  = 


x  +  vl  — 

The  functions  in  these  examples  are  all  algebraic,  we  shall  now 
consider 

Transcendental  Functions. 

(11.)  Transcendental  functions  are  those  in  which  the  variable  enters 
in  the  form  of  an  exponent,  a  logarithm,  a  sine,  &c.  Thus,  ax,  a  log.  .r, 
sin.  #,  &c.,  are  transcendental  functions:  the  first  is  an  exponential 
function,  the  second  a  logarithmic  /unction,  and  the  third  a  circular 
function. 

To  find  the  Differential  of  a  Logarithm. 

(12.)  Let  it  be  required  to  differentiate  log.  x. 

Put  a  for  the  base  of  the  system  of  logarithms  used,  and  let 

then 

log.  (1  +  w)  =  M  (»  —  £  n2  +  |  n3  —  <fec.) 

or,  putting — for  n, 


> 

h  X  2A'2  S^3 

This  is  the  general  expression  for  the  ratio  of  the  increment  of  the 
function  to  that  of  the  variable.  Hence,  taking  the  limit  of  this  ratio, 
we  have 


If  the  logarithms  employed  be  hyperbolic  M  =  1,  and  then 

1 


If  they  are  not  hyperbolic,  write  Log.  instead  of  log.  for  distinction  sake, 
then,  since  by  putting  a  for  \  -\-  n  in  the  series  for  log.  (1  +  n),  we  have 

log.a  =  a—  1  —  ^(a  —  1)2+  |(o—  I)3  —  &c.  =     - 
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it  follows,  from  the  expression  (1),  that 


1 


dx          log.  a  .  x 

Unless  the  contrary  is  expressed,  the  differential  is  always  taken 
according  to  the  hyperbolic  system,  because  the  expression  is  then 
simpler,  log.  a  being  =1. 

From  the  preceding  investigation  we  learn,  that  the  differential  of  a 
logarithm  is  equal  to  the  differential  of  the  function  divided  by  the 
function  itself. 

(13.)  To  differentiate  an  exponential  Junction. 

1.  Let  y  =  a*  then  log.  y  =  x  log.  a  .*.  d  log.  y=.dx  log.  a,  that  is, 

—  =  dx  log.  a  ,'.  dy=.y  log.  adx  =  log.  a  .  a*  dx. 

Hence,  to  differentiate  an  exponential,  we  must  multiply  together  the 
hyp.  log.  of  the  base,  the  exponential  itself,  and  the  differential  of  the 
variable  exponent. 


EXAMPLES. 


a?  .-.  log.#=log.  x  +  log.  (o 
+  i  log.  (a2  -,**), 

dy  _  dx        %xdx  xdx  a4  -j-  a2  a?  —  4#4      •. 

'  '  ~y  =  T      a2  +  ^  ~~  a2—  x*  ~x  (a2  +  a*)  (a2  —  a-)2  *' 
therefore,  substituting  for  y  its  value,  we  have 


2.  .^ 


a  -f-  a?  —  va  +  a? 
Multiplying  numerator  and  denominator  by  the  denominator,  the 
expression  becomes 


y  =  log  ---  -  --  log.  a?  —  log.  (a  —  «/«?—**) 

2a_2\/a2—  ^ 

^__rj  ,  aN/a2  —  ^r2—  a2 


16  THE    DIFFERENTIAL    CALCULUS. 

-  .-.    log.  y  =  £log.  (a»  +  2«*)  -  |  log. 


—  *), 

...^__*±a_rf 

y        #*  +  2a<»  3  («»  +  ,r2  —  a?) 

(1—  8a)a»—  (g—  1)*  —  a,, 


4.  y  =  *»J  ...  log.  y  =  m  V 


From  this  example  it  appears,  that  the  rule  at  (8)  applies  when  the 
exponent  is  imaginary. 

5.  y  =  a**. 

In  this  example  the  variable  exponent  is  xx'}  hence,  calling  it  g  and 
taking  the  logarithms,  we  have 

log.  2  =  of  log.  x  .-.  —  =  log.  xdx  4-  ^-  .-.dz  =  x"  (1  -f  log.  A')  rf,r  ; 
hence,  by  the  rule, 

^=  log.  a  .  a*  .  of  (1  +  log.  *). 

6.  y  =  ex*—1  +  e—**—1,  where  e  is  the  base  of  the  hyperbolic 


system 


7.  y=.  log.  (log.  *).*     Put  s  for  log.  #  .*.  y  =  log.  s  .•.  </y  =  — 


*  This  means  the  logarithm  of  the  logarithm  of  #,  but  the  notation  we 
shall  hereafter  adopt  will  be  (log.)2.*1,  and  which  we  shall  extend  to  cir- 
cular functions  ;  thus,  instead  of  sin.  (sin.  #),  we  shall  write  (sin.)2*1, 
the  square  of  the  sine  being  written  without  the  parenthesis,  thus,  sin.2,*1. 
We  may  call  such  expressions  as  (log.)M  x,  (sin.)M  x,  &c.  the  wth  log.  of 
X)  the  wth  sine  of  x,  &c. 


8.      =: 
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=  ^.-.^==_^_.«.^  =  -i_. 
x  xlog.x      ax      xlog.x 

du       mn  (log.  a171)"1—  l 


9.  y  =  log.  {(a  +  *)»  (a'  +  *)""  (a"  + 


«'  -f  x       a"  +  x 
10.  y  =  loi 


/a  —  ^/x      dx      (a 
12.  y=(log.)«*.-.^  = 


x  log.  cr  (log.)2  a? .  .  .  (log.)"-'  x. 


13.  log.y 


N/1-f-.r2    .  «?y  = 


A1  cto         V    1  -|-  A12 

14.  y=abz,  z  being  a  function  of  a1,  .•.  -/-'==^ 

15.  w  =  at*  +'  .*.  —  ~-~ log.  a  .  log.  6 

dx  x 

lT.jr»< 


^        log.  ^r  (log.)2^-  .  .  .  .  (log.)"-1  x 
18.  t/  = 


. 

(14.)  To  differentiate  circular  functions. 

Let  a:  represent  the  versed  sine  of  an  arc  of  a  circle  whose  radius  is  /*? 
then  r  —  x  will  represent  the  cosine  of  the  same  arc,  and,  by  trigonometry, 
tan.  _        r 
sin.        r  —  x 

In  this  expression,  x  is  the  independent  variable,  and  as  this  diminishes, 
the  arc  itself  diminishes,  both  vanishing  simultaneously,  and  the  ultimate 

ratio  of  —  ~  is  -  =  1  ;  that  is,  the  sine  and  tangent  of  an  arc  approximate 

to  each  other  as  the  arc  diminishes,  and  at  length  become  equal.    As 
the  arc  is  between  the  sine  and  tangent  when  these  become  equal,  the 

c  2 
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arc,  also,  must  become  equal  to  each;  therefore,  we  may  conclude,  that 
the  ultimate  ratios  are  as  follows : 

tan.  arc  ~  arc  arc sin. tan. j   » 

sin.  "~     '  sin.  "~     '  tan.  ~~    '  chord  ""     '  chord  "~      '    chord  ~ 

1.  Let  it  now  be  required  to  find  the  differential  of  sin.  x.     Changing 
x  into  x  -{-  h,  we  have  (Gregory's  Trig.  p.  48) 

sin.  (x  -f-  A)  =  sin.  x  +  2  sin.  £  A  cos.  (#  -f-  2  ^)> 
sin.  (#  +  A)  —  sin.  a?      sin.  A  A 


,   „  ,       n  sin.  *  h      ,     .  e?  sin.  a? 

when/i=0,  _  _  -jf_=l,  .•.  —  _  —  =  cos.  x  .•.  e?sm.  #  =  cos.  xdx. 
\h  dx 

2.  To  differentiate  cos.  #, 
rf  cos.  xi=.d  sin.  (i  TT  —  a?   =  —  cos.    £  TT  —  a?   cfo?  =  —  sin.  #  </* 


Cor.    As  f/WKL,  =  —  d  ver.  sin.  .•.  d  ver.  sin.  a;  =  sin.  x  dx. 
3.  To  differentiate  tan.  x. 

,,  ,sin.#      cos.  x  d  sin.  x  —  sin.  xdcos.  x 

a  tan.  <r  =  «  -  =  ----  , 

cos.  x  cos.V 

that  is 


cos.<r 

4.  To  differentiate  cot.  x. 

d  cot.  *'  =  d  tan.  (  £  TT  —  #)  =  —  sec.3  (  |  TT  —  x}  dx=.  —  cosec.2A'  dx. 

5.  To  differentiate  sec.  x. 

dsec.  x  =  d  -  =  -  '.  —  dx  =  tan.  x  sec.  x  dx. 
cos.  A1       cos.2# 

t>.  To  differentiate  cosec.  a:. 

d  cosec.  x  —  d  -  =  -  1—  dx  =  cot.  x  cosec.  #  dx. 
sin.  a-       sm.2a? 

These  six  forms  the  student  should  endeavour  to  preserve  in  his  memory. 


EXAMPLES. 

1.  y  =  sin.2  x  .'.  dy=.  2  sin.  #  c?  sin.  a'=  2  sin.  x  cos.  it1  cfa'  =  sin. 
2^^, 

"  'dx 

*  The  differentiation  of  circular  functions  may  be  obtained  independently 
of  these  results.     See  the  note  (A)  at  the  end  of  the  volume. 
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2.  y  =  sin.n,r  .*.  dy=.n  sin.*'—1  x  dsin.  a*=  n  sin."—1  x  cos.  xdx, 

dy 

«'•  ~~  =  n  sin."—1  x  cos.  x. 
dx 

3.  y  =:  cos.  mo,1  ,'.dy  =  —  sin.  mxdmx  =  —  m  sin.  mxdx, 

dy 

•*•  -p-  =  —  m  sin.  wr. 
eto 

4.  u-=.y  tan.  aiW,  y  being  a  function  of  x,  .*.  cfo  =  tan.  xn  dy  -{- 
#  rftan.  xn,  now  rf  tan.  x11  =  sec.3  #n  rf^  =  nxn—  l  sec.3  AIW  dx, 


...      =  tan.  «« 
dx  dx 


-.  sec.2  xnd>K, 


5.  «^  =  cot.  xv  .'.du-=  —  cosec.2  xv  dxv.     Put  z  = 


y  log.  a?. 


log.  2 


.-.      =y       4.  log. 


=  rf^  =  (y  —  +  log.  * 


*f  =-  cosec.2  ^  (  *L  +  log.  x  f^ 


6.    y   =   a?ecos'« 
co».*  (1  —  #  sin.  x)  dx, 


T.    V  =   lOff 

(l  —  a?  sin.  # 
8.     =  cos. 


du 

-j-=e  cos.*  (i  —  gg  sin.  #). 

CGS.X  ~      •  ^  g  c<>8-* 


dx 


cos.*    d  cos.  x  = 


^  e  COSl  »     __ 


1  —  a?  sin.  x 


dy 


_ 
—  1,  .-.     -  =  —  sin.  a?  +  cos.  a:  v  —  l. 


9.  y  =  cos.  x  -f  cos. 
2  sin.  2A1  +  3  sin.  3.r  +  &c.) 


+  &c.  .•.  -      =  —  (sin. 


10.  v  = 


dx 


1  +  «* 
n  sin^J?t.>^  =  m{_sin.^-^ 

//.*?  roe  w— 1  v 


COS. 


12. 


dx 
du 


.^  ...  —  =  tan.^  sec.  &  (I.  +log.  ^}. 
do?  x  dx 


(15.)  In  the  preceding  trigonometrical  expressions,  the  arc  is 
considered  as  the  independent  variable,  and  the  lines  sine,  cosine, 
&c.  as  functions  of  it;  we  shall  now  consider  the  inverse  functions  as 

3 
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they  are  called,  that  is,  those  in  which  the  arc  is  considered  as  a  function 
of  the  sine,  the  cosine,  &c.  A  particular  notation  has  been  proposed  for 
inverse  functions  :  thus,  if  y  =  F,r  be  the  direct  function,  then  x  =  F-1  y 
is  the  inverse  function,  that  is,  if  we  represent  the  function  that  y  is  of 
x  by  y  =  fx,  the  function  that  x  is  of  y  will  be  denoted  by  x  =  F-1  y. 
By  thus  representing  these  inverse  functions,  we  may  return  immediately 
to  the  direct  functions,  considering,  for  the  moment,  F-1  in  the  light 

of  a  negative  power  of  F,  or  an  equivalent  to  -;  for  then  x  =  7~1i  y 

immediately  leads  to  y  =  F.r.  Thus,  if  x  =  log-*y  ,'.y  =  log.  .r,  the 
inverse  function  log~ly  meaning  the  number  whose  log.  is  y.  In  like 
manner,  y=.  sin.  —  l  x  means  that^  is  the  arc  whose  sine  is  #;  that  is, 
returning  to  the  direct  function,  sin.  y=x. 

1.  To  differentiate  y  =  sin.-1  x. 

Here  the  direct  function  is  sin.  y  =  x  .-.  d  sin.  y  =.  dx,  that  is, 


a      cos.y      Ni-sin.^  l  _  & 

2.  To  differentiate  y  —  cos.-1  x. 

dy  \  1 

cos.  y  =  x  .'.  —  sin.  ydy  —  dx  .*.  -^-  =  ---  = 


dx  sin.  y  >/  i  __  cos.2j/ 

3.  To  differentiate  y  =  versin.-1  x. 

versin.  y  =  x.'.  sin.  ydy  =  tfo, 

.  rfy_      1  1^ 

dx      sin.y " 

4.  To  differentiate  y  =  tan.-1  x. 


tan.  y=x  .•.  sec.*  ydy=zdx  .  .  ^   —        2 


dx      sec.'ty 
5.  To  differentiate  y  =  cot.-1  x. 


dx  cosec.2^        1  + 

6.  To  differentiate  y  =  sec.-1  x. 

jc.  y  =  x,  .'.  tan.  y  sec.  ydy  =  eta  .*.  -^  =  --  =  - 

rf*      tan.  y  sec.  y        x 

7.  To  differentiate  ^  =  cosec.-1  .r. 

cosec.  y  =  x  .•.  —  cotan.  y  sec.  ydy  =  e?.r  .•.  ^  =  -  H  -- 

<fc?      cot.  y  sec.  y 
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EXAMPLES. 


1.  y  =  sin.—1 

9 


dy 
.».  -  —  = 


dnix 


2.  y  =  x  sin.-1  a2  .-.  -~  =  sin.-1 
(I  sin.-1  x2 


^±£a»j 
A 


1  — 


3.  y  =  cos.—1  x  VI  —  .t2.     Put  x  VI — a;2=2  .'.  dy=z- 


dz 


c,  and  \/  1  —  &  =  N/l  —a,2  +  a:4, 


1.  y  =  tan.-1  —. 

dy 
%dx- 


,    /j 
2 


dy  _        8 


4        x2 


5. 


-^.,  and 


xm 

.vii 

</x 


v  a*  —  a;"™* 

\/  ]    I   X2 
7.  ^  =  cosec.-— !  — —  •*•  dy  =  —  ^ 


UTT-*      ,  *  ^^  *  .  ,J 

7—  c-^; — ^ 
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'       f^5  1 


==  — d ! • ^ ,  butrf 


8    v 
9.  ^ 
10.  i 

rfx  ~~  1  +  xs 
\  ~\2   .     y  —  2  sin  —  1 

,       i          rfy         i 

•m  cos. 

,    I    1   —  a:       «?y                       1 

.—  '  AJ  .*.  _£  —  ,  ...  —  

13.  v  =  cosec.-1  mxz  .'.  -?-  = 


-,_. 

(16.)  In  the  preceding  expressions  the  radius  of  the  arc  is  always 
represented  by  unity,  but,  as  the  differentials  are  frequently  required  to 
radius  r,  we  shall  terminate  this  chapter  with  the  several  formulas  in 
(15)  accommodated  to  this  radius.  We  must  observe,  that  as  y  and  x 

are  homogeneous  in  each  of  those  forms,  -  is  always  a  number,  so  that 

this  ratio  in  the  limit,  that  is  — ,   is  a  number.      Hence,   r  must  be 
dx 

introduced  so  as  to  render  the  numerator  and  denominator  of  each 
expression  of  the  same  dimensions.    The  formulas,  therefore,  become 

rdx 


d  sin.—1  x  = 


d  cos.—1  £  =  — 


\/    7-2   _    X2' 

rdx 


r*  — 
rdx 
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r8  dx 


d  tan.—1  x  = 


Ow  successive  Differentiation. 

(17.)  Since  the  differential  coefficient  derived  from  any  function  of  a 
variable  may  contain  that  variable,  'this  coefficient  itself  may  be  differ- 
entiated, and  we  thus  derive  a  second  differential  coefficient.  In  like 
manner,  by  differentiating  this  second  coefficient,  if  the  variable  still 
enters  it,  we  obtain  a  third  differential  coefficient,  and  in  this  way  we 
may  continue  the  successive  differentiation  till  we  arrive  at  a  coefficient 
without  the  variable,  when  the  process  must  terminate. 

Thus,  taking  the  function  y  =  ax*,  we  have,  for  the  first  differential 

coefficient,  —  =  4ar3,  as  this  coefficient  contains  x,  we  have,  by  differ- 

entiating it,  the  second  differential  coefficient  =  12ax2';  continuing  the 
process,  we  have  24ax  for  the  third  differential  coefficient,  and  24a  for 
the  fourth,  which  being  constant  its  differential  coefficient  is  0. 

If  we  were  to  express  these  several  coefficients  agreeably  to  the 
notation  hitherto  adopted,  they  would  be 

first  diff.  coef.       =4az3, 


second  diff.  coef.  -  —  =  12  aa2, 
dx 

4 

dx 


third  diff.  coef. ^ =  24  ax, 

ax 

&c. 

But  this  mode  of  expressing  the  successive  coefficients  is  obviously  very 
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inconvenient,  and  they  are  accordingly  written  in  the  following  more 
commodious  manner: 

first  diff.  coef.  — ~, 
dx 

second  diff.  coef.  — -^-> 
dx* 

third  diff.  coef.  ~^-t 
dny 


nth  diff.  coef. 


dx" 

in  which  notation  it  is  to  be  observed,  that  d2,  d3,  &c.  are  not  powers 
but  symbols,  standing  in  place  of  the  words  second  differential,  third 
differential,  Sec.  The  expressions  dx*,  dx3,  &c.  are  on  the  contrary 
powers,  not,  however,  of  x,  but  of  dx  :  to  distinguish  the  differential  of 
a  power  from  the  power  of  a  differential,  a  dot  is  placed  in  the  former 
case  between  d  and  the  power. 

(18.)  The  following  are  a  few  illustrations  of  the  process  of  successive 
differentiation  : 


--  =  m  (m  —  1)  (w  —  2) 


&c.  &c. 

2.  u=yz,  both  y  and  %  being  functions  of  x, 


*., 

dx 

dz 
'~dx~ 

+  2 

4-2 
4-3 

dy 
dx 
dydz 

zd*y 

,   dzdy 

dx*  —  J 
d?u 

'   dx* 

dx* 
dydz 

dx* 
zd*y 

dx* 

dh 

dx* 
dyd*i    ,   3 
dx3 

dx* 
dnd*y 

dx3  —  ' 

dx* 
&c. 

dx3 
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3. 
4. 

y  =  log.  x. 
dy           1 

d*y            2-3 

dx    ""  x 
d*y                1 
~dx*~~      ~~x* 
d3y   __   2 

d5y         2*3-4 
~dx*~=     ~~oT~~ 
c?6i/        2  •  3  •  4  •  5 
dx6                 x6 
c. 

<%   —  e* 
rfx3 

& 

.     dy    __ex 
dx 

dx3 


.  —  c 


&C. 


If  instead  of  e  the  base  were  a,  the  several  coefficients  would  be 

log.  a  •  a*,  log.2a  •  a*,  log.3a  •  ax,  log.4a  •  a*,  &c. 
It  appears,  therefore,  that  exponential  functions  possess  this  property, 

dny 

viz.  that  —^--^.y  is  always  constant. 
dxn 


5.     =  sin.  x. 


— -  —  sin.  a; 


dx* 


=  —  COS.  ar 
.  =  sin.  x 


&c. 


We  need  not  multiply  examples  here,  as  the  process  of  successive 
differentiation  will  be  very  frequently  employed  in  the  next  two 
chapters. 
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CHAPTER,     IZZ. 

ON  MACLAURIN'S  THEOREM. 

(19.)  If  y  represent  a  function  of  #,  which  it  is  possible  to  develop 
in  a  series  of  positive  ascending  powers  of  that  variable,  then  will  that 
development  be 


where  the  brackets  are  intended  to  intimate  that  the  functions  which 
they  enclose  are  to  be  taken  in  that  particular  state,  arising  from  taking 
tf  =  0.* 
For,  since  by  hypothesis. 

.  .  (1), 


.  --  =  B    +  2C*  -f        3D*2  +  4E*3  +  &c. 

ax 

-^-  =  2C     -f-  2  •  3Dx  -f-        3  •  4Ex2  +  &c. 

d3u 

-—.  =  2  •  3D    +  2  •  3  •  4Ea    +  &c. 

<fec.  <fec. 

Let,  now,  x  =  0,  then 

[2/1     =A 


cur 


2      dx* 


2-3      da3 
<fec.  &c. 


*  This  plan  of  enclosing  the  differential  coefficient  in  brackets  we  shall 
usually  adopt,  when  we  wish  to  express  not  the  general  state  of  this 
function,  but  that  state  which  arises  from  the  variable  taking  a  particular 
value.  What  that  value  is  will  generally  be  made  known  by  the  nature  of 
the  inquiry. 
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Hence,  by  substitution,  equation  (1)  becomes 


which  is  Maclaurin's  theorem  for  the  development  of  a  function, 
according  to  the  ascending  powers  of  the  variable.  We  shall  apply  it 
to  some  examples. 


EXAMPLES. 


(20.)  1.  Let  it  be  required  to  develop  («  +  ^)w,  the  exponent  n 
being  any  number  whatever,  either  positive  or  negative,  whole  or 
fractional,  rational  or  irrational. 

Put  y    =  (a  +  r)«    .     .    therefore    . 


u 
-£-  =  n  (n  -  1)  (n  -  2)  (a  +  ^O"-3,  [-g-]  = 

W(ra_i)(w_2)  aM^ 
&c.  &c. 

Substituting  these  values  for  the  coefficients  in  the  foregoing  theorem, 
there  results 


2  2  •  3 

-f&c. 

and  thus  the  truth  of  the  Binomial  Theorem  is  established  in  its  utmost 
generality. 

2.  To  develop  log.  («  -f-  x). 

Put  y  =  log.  (a  +  a),  therefore    [  y  ]     =X    -  ^  ct 
dy  1  r  <fy  -,  __   1 


2  '  3 

'    a* 
&c. 
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...  log.  <«  + 


If  y  =  log.  x  were  proposed,  then,  since  [y],  [—],  &c.  are  infinite,  we 

infer,  for  reasons  similar  to  those  assigned  at  page  6,  that  the  develop- 
ment in  the  proposed  form  is  impossible. 
3.  To  develop  sin.  x. 

y     =  sin.  a-      ....        [y]      =  0 

-^-  =  cos.*      [4-]=1 

dx  dx 

dx*  dx* 


&c.  &c. 

•    sin    r  —  r  — \~ <fec. 

1-2-3^  1-2-3-4-5 

4.  To  develop  cos.  x. 

y  =  COS.  x       ....        [  y  ]  =  1 

dy  dy  ^ 

dx  dx 

d?y  d?y  _         , 

dx*  =~cos'x      '     '     •     t  dj?.  J  - 

&C.  <fec. 

...  cos.  ,  =  !  _  _f_  +  __fL__  _  &c. 

5.  To  develop  a*. 

y     =  a*        therefore          [  y  ]     =1 

du  r  dy  _. 

-/-  =  *Aax     ....     [-^-]  =A 
dar  da?  J 


*  A  is  put  here  for  the  hyperbolic  logarithm  of  the  base  a,  that  is,  for 
the  expression 
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&C.  &C. 

A2-.2  A3  T3 

,...=  1  +  A,  +  —  +rT^+*c. 

which  is  the  Exponential  Theorem. 

Since  A  =  log.  a,  we  may  give  to  the  development  the  form 

a*  =  1  +  x  log.  a  +  i  <*  log.  a)2  +  ^  (*  log.  «)3  +  <fec. 

For  a.  =  1,  we  have  the  following  expression  for  any  number,  o,  in  terms 
of  its  Napierian  logarithm  : 

a  =  1  +  log.  a  +  -  log.2  a  +  -  —  -  log.3  a  -f-  &c. 

**  *t    *     O 

changing  a  into  the  Napierian  base,  e,  we  have 


which,  when  ,T  =  1  ,  gives,  for  the  base  e,  the  value 


(21.)  From  the  development  of  ex  may  be  immediately  derived 
several  very  curious  and  useful  analytical  formulas,  and  we  shall  avail 
ourselves  of  this  opportunity  to  present  the  principal  of  them  to  the 
notice  of  the  student. 

If,  in  the  development  of  e*,  we  put  z  N/ —  1  for  .1 ,  we  shall  have 


and,  changing  the  sign  of  the  radical, 


If  these  expressions  be  first  added  and   then  subtracted,  there  will 
result  the  following  remarkable  developments,  viz. 


_. 

^ 


1  -21  •  2  •  3  •  4 

D  2 


30  THE   DIFFERENTIAL    CALCULUS. 


2N 

Now  it  has  been  seen  (examples  4  and  3)  that  these  two  series  are  also 
the  respective  developments  of  cos.  z  and  sin.  z;  hence,  putting  x 
instead  of  z  we  ma  conclude  that 


=  -----  (1) 


2  V  —  1 


2 

where  the  sine  and  cosine  of  a  real  arc  are  expressed  by  imaginary 
exponentials. 

These  expressions  were  first  deduced  by  Euler,  and  are  considered 
by  Lagrange  as  among  the  finest  analytical  discoveries  of  the  age. 
(Calcul  des  Fonctions,  page  114.^) 

(22.)  If  for  the  real  arc  x  we  substitute  the  imaginary  arc  x  N/  —  1 
we  shall  have 

sin.  (zN/  —  1,)  =  - — ~~€    ....  (3) 

2 

Also,  since  — -  =  tan.,  i  follows,  from  (1)  and  (2),  that 
cos. 


tan.  ,  = 


By  multiplying  equation  (1)  by  N  —  1,  and  adding  the  result  to  (2), 
we  have 

cos.  x  ±  sin.  x  \/  —  1  =  e^^1^  .  .  .  .  (5  ;) 
or,  if  we  change  x  into  w,r, 

cos.  mx  ±  sin.  ma:  N/  —  1  =  e—  mx  ^~l  ....  (6), 

but  e^mx   -1  is  e^xV-i  ^ised  to  the  with  power.     Hence  this  singular- 
property,  viz. 

(cos.  x  ±  sin.  x  \/  —  1)™  =  cos.  ;wa;  ±  sin.  mx  N/  —  1   ....  (7), 

which  was  discovered  by  De  Moivre,  and  is  hence  called  De  Molvre't 
formula. 
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If  the  first  side  of  this  equation  be  developed  by  the  binomial 
theorem,  it  becomes 

cos."1*  ±  m  cos.WJ— l  xp  +  m  >m^ cos.™-2  xp-  ±  &c. 

p  being  put  for  the  imaginary  */  —  1  sin.  x. 

Now  in  any  equation,  the  imaginaries  on  one  side  are  equal  to  those 
on  the  other,  (Alg.  p.  126J;  hence,  expunging  from  this  expression  all 
the  imaginaries,  that  is,  all  the  terms  containing  an  odd  power  of  p,  we 
have,  in  virtue  of  (7), 

cos.  mx  =  cos.OT  x  —       m 1  cos.2—™  *  sin.2*  + 

-(— DO— ;x— »)  cos._ ,  ,,„,,_  &c. 

2*3*4 

In  like  manner,  equating  sin.  m  x  N/  —  1  with  the  imaginary  part  of  the 
above  development,  and  then  dividing  by  N/ —  1,  we  have 

sin.  mx  =  m  cos.™-1  x  sin.  x  —  — ^— — ~~ cog.7"— 3  x  sin.  3x  +  <fec. 

m    *    3 

From  these  two  series  the  sine  and  cosine  of  a  multiple  arc  may  be 
determined  from  the  sine  and  cosine  of  the  arc  itself. 

(20.)  If  in  the  formula  (2)  we  represent  (***— l  by  y,  then  er-*"^—1  = 

-;  therefore, 

y 

2  cos.  x  •=.  y  -| 

or,  if  in  the  same  formula  mx  be  put  for  or,  we  have 

2  cos.  mx  =  ym  -j 

ym 

and  from  these  two  equations  we  deduce  the  following,  viz.  W<£      ^ 
!/2-2ycos.x-|-l=0     ...     (1)  ^^ 

yZm 2ym  cog>  wx  ^-  1  =  0      .       .       .       (2). 

Since  these  equations  exist  simultaneously,  the  latter  must  have  two 
of  its  roots  or  values  of  y  equal  to  the  two  roots  of  the  former,  and  must, 
therefore,  be  divisible  by  it ;  or,  putting  9  for  mx,  we  have 

y*»>  —  2y  cos.  0  +  1  =  0     .     .     .     (3), 
divisible  by 
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i/2  —  2y  cos.  —  4-1=0     .     .     .     (4). 
m 

But  cos.  9  =  cos.  (9  4-  2?i7r),  n  being  any  whole  number,  and  TT  — :  1 80° ; 
hence,  making  successively  w=0,  =1,  =  2,  &c.  to  n  =  m — 1,  we 
have,  since  the  first  equation  continues  to  be  divisible  by  the  second  in 
these  cases, 

y*m  _^  2ym  C0gt  Q  _|.  L  =  (t/2  —  2#  COS. —  +  1 ) 


—  2j/cos, 


m 

0  +  47T 


0 


/)      I      /} 

X  (t/2  —  2y  cos. (-  l)&c.  to  m  factors. 

The  truth  of  this  equation  is  obvious,  for,  while  the  substitution  of 
0  -f-  2tt7r  for  9  causes  no  alteration  in  the  expression  (3),  the  same 
substitution  in  (4)  gives  to  that  expression  a  new  value,  for  every  value 


fl 

of  w,  from  /z  =  0  to  n  =  m —  1,  for  the  arcs  -, 


+  27T 

' 


&c.  are  all 


different.     As,  therefore,  the  expression  (3)  is  divisible  by  (4)  under  all 
these  m  changes  of  value,  it  is  plain  that  these  are  its  m  quadratic  factors. 

In  this  way  may  any  trinomial  of  the  form  y2"1  —  2kym  -f-  1  be 
decomposed  into  its  quadratic  factors,  provided  k  does  not  exceed 
unity,  for  then  k  may  always  be  replaced  by  the  cosine  of  an  arc. 

(24.)  The  geometrical  interpretation  of  the  foregoing  equation, 
presents  a  curious  property  of  the  circle,  first  discovered  by  De  Moivre. 
To  exhibit  this  property,  let  P  be  any  point  either  within 
or  without  the  circle  whose  centre  is  O,  and  let  the 
circumference  be  divided  into  any  number  of  equal 
parts,  commencing  at  any  point  A.  Join  the  points  of 
division,  A,  B,  C,  Sec.  to  P,  then,  since  in  the  foregoing 
analytical  expression  the  radius  OA  is  expressed 
by  unity,  we  shall  have,  by  introducing  the  radius 
itself  so  as  to  render  the  terms  homogeneous,  the 
following  geometrical  values  of  the  above  factors, 
where  it  is  to  be  observed  that 
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£_  POA=  —  andOP  =  y, 
—  2ym  cos.  04-1  =  OP2"*  —  2OP«»  X  OA^cos.  m  (AOP)  +  AO2'" 

Q 

f-  1  =  OP2  —  2OP  X  O  A  cos.  A  OP  -f-  AO2  =  PA2* 


i/2—  2j/  cos.  7r  +  l  =  OP2  —  2OP  x  OA  cos.  BOP  +  B02=  PB2 


i/2—  2y  cos.  +  1  =  OP2  —  2OP  x  O  A  cos.  COP  +  CO2  =  PC* 

m 

&c.  &c.  <fec. 

Hence, 

OP2*  —  2OP«  X  OA™  cos.  m  (AOP)  +  OA2»»=PA3  x  PB2  X  PC2  x  &c. 

and  this  is  Demoivre's  property  of  the  circle. 

(25.)  If  AOP  =  0,  that  is,  if  P  be  upon  the  radius  through  one  of 
the  points  of  division  A,  then  cos.  m  (AOP)=  1.     Hence, 

OP2«  —  2OP™  X  O  A"1  +  OA2w  =  PA2  X  PB2  x  PC2  X  &c. 

consequently,  extracting  the  square  root  of  each  member, 
OP'"  ~  OA^=  PA  X  PB  x  PC  X  &c. 

If  the  arcs  AB,  BC,  &c.  be  bisected  in  A',  B',  &c.  the  circumference 
will  be  divided  into  2;»  equal  parts,  and,  by  the  equation  just  deduced 

OP2'»  ~  OA2"'  =  PA  X  PA'  X  PB  x  PB'  X  &c. 
that  is 

OP2'»  ~  OA««;=  (OP«  ~  OA»»)  PA'  x  PB7  x  &c. 

therefore, 

OP2m  ~  OA2"* 

OP»"^70A="  =  °PWt  +  °Am  =  PA/  X  PB/  X  PC/  X  &C* 

and  these  are  Cotes's  properties  of  the  circle. 

/>-  3o  TT 

(26.)  If  now  we  return  to  the  expression  (5),  and  suppose  x-=.  -,  it 

becomes 


.-.  log.  \=  -     N 


*  Gregory's  Trigonometry,  p.  54. 
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and 

(V^T)^^-? 

From  the  second  of  these  equations  we  get 

^_2  lose.  V^T^log.  (V^ 

N/^TT  >/^TT 

From  the  third 


21-24        1-2-3      8 
Two  very  singular  results;  first  obtained  by  John  Bernouilli 
6.  To  develop  tan.  a?. 

y     =  tan.  r,  therefore       .     .     .       [  y  ]     =0 


— —  =2gec.**  (1  4-3tan.  2.r)    .     [——1  =2 
dx  u/x^ 

We  thus  see  that  the  first  two  terms  of  the  development  are  x  + 

,  but  we  shall  not  continue  the  differentiation,  since  it  does  not 

1-2-3 

make  known  the  law  of  the  series.  The  development  will  be  more 
readily  obtained  by  means  of  those  already  given  for  sin.  x  and  cos.  -r, 
as  follows : 

.T3  T5 


j 

I 


1-2-3    '    1 -2-3 -4 • 5 
tan.  x  = ; ; 


Ac. 


2  1-2-3-4 

therefore  the  development,  found  by  actual  division,  is 
2^  16x* 

^•-f'-rri+nFi^- 

but,  to  obtain  the  law  of  the  terms  and  thus  be  enabled  to  continue 
them  at  pleasure,  it  will  be  best  to  apply  the  method  of  indeterminate 
coefficients.  Assume,  therefore,  this  fraction,  equal  to  the  series 

+  &c. 
3 
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Multiplying  this  by  the  denominator,  we  have  this  expression  for  the 
numerator,  viz. 

A3  X5 

i   ..i_M     I 


1-2-3    '    1  -2  -3 • 4  -5 


A3 

A. 

1  •  2 


Xs  -f  &C. 


1    1-2-3-4 

Hence,  equating  the  coefficients  of  the  like  terms,  there  results 
A,  =  1  therefore  A!  =  1 

AT  A  I 

I  1  4 A.  1 


1 

'  2             1  -2-3                                        1  • 

A3     ,           A,                          1                . 

2       1-2-3       1-2-3 

1 

•  2n    1-2-3-4       1  •  2  •  3-4  -5 

1   •  2   1     1  •  2  •  3-4 

the  law 

1  -2-3  -4  •  5 
&c. 
of  these  coefficients  being  such,  that 

A^n-i                 A2n—  3           . 

&c. 

Al                         .    4- 

1-2         1-2-3-41                   —  1- 

2-3  .  .  2n 

7 

y   — 
dv 

1-2-3  .  .  (2w  +  l) 
.  To  develop  tan.—1  x. 
tan.—1  x     ....     therefore     .     .     . 
1 

-       [2/]    =0 

r  dy  i    i 

dx 
Py 

1  +x2 
2x 

dx 
dzy 

df 

2                2  •  4X2 

r  d*y  -i 

dr3 

(1  -|-x2)2  '  (l+x2)3 

Lrfx3  J 

dx* 

23  .  3            25.32x2         27  •  3  x4 

rfx4  ]- 

die5   ~~ 
&c. 

(1  +x2)3      (1+x2)4  '   (1  +*2)5     ' 

'     C  dr»  ]       2      3 
&c. 
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.«.  y  =  tan.  y  —  j  tan.3i/  -f-  £  tan.5?/  —  |tan.7i/  -j-  <fec. 
If  j/  =  45°,  then  tan.  y  =  1  ; 

.-.  arc  45°  =  1  —  |  +  £  —  }  +  <fec. 

(27.)  From  this  series  an  approximation  may  be  made  to  the 
circumference  of  a  circle,  but,  from  its  very  slow  convergency,  it  is  not 
eligible  for  this  purpose.  Euler  has  obtained  from  the  above  general 
development  a  series  much  more  suitable,  by  help  of  the  known 
formula,  (Gregory's  Trig.,  page  46,) 

..       tan.  a  -f-  tan.* 

tan.  («  +  £)  =  -  —  -—-'—-  -  - 

1  —  tan.atan.6 

for,  when  a  +  b  =  45°,  tan.  (a  -j-  6)  =  1  ;  therefore, 

tan.  a  +  tan.  b—l  —  tan.  a  tan.  b. 

If  either  tan.  a  or  tan.  b  were  given,  the  other  would  be  determinable 
from  this  equation.  Thus,  if  we  suppose, 

1    ,         1     ,  tan.  b  n  —  l 

tan.  a  =  —  ,  then  --  ^-  tan.  b  =  1  ---  ,  .•.  tan.  b  =  —  —  -• 

n  n  n  n  +  1 

Now  the  value  of  n  is  arbitrary,  and  our  object  is  to  assume  it  so  that 
the  sum  of  the  series,  expressing  the  arcs  a,  6,  in  terms  of  their  tangents, 
may  be  the  most  convergent.  This  value  appears  to  be  n  =  2  or  n  =  3  ; 
therefore,  taking  n  =  2,  we  have 

tan.  a  =  |,  tan.  b  =  j. 

Hence,  substituting  in  the  general  development  a  for  y  and  A  for  tan.  y, 
and  then  again  b  for  y  and  |  for  tan.  b,  the  sum  of  the  resulting  series 
will  express  the  length  of  the  arc  a  +  b  =  45°,  that  is 

i--1-3  + 


(28.)  Another  form  of  development,  still  more  convergent  than  this, 
has  been  obtained  by  M  .  Bertrand  from  the  formula 

2  tan.  a 

tan.  2a  =  -  -  -  —  — 
1  —  tan.2  a 

For  put  tan.  a  =  §,  then  tan.  2a  =  ^,  therefore  2a  <  45°,  because  tan. 
45°=  1  :  from  this  value  of  2a  we  deduce 


THE    DIFFERENTIAL    CALCULUS.  37 

2  tan.  2a   _  120 
""]—  tan.22^""Il9 

.-.  4a  >  45°. 

Let  now  4a  =  A,  45°  =  B,  A  —  B  =  b  =  excess  of  4a  above  45°,  then 
we  have  45°  =  A  —  6.  But 

tan.  A  —  tan.  B        1 
tan.  (A-B)=tan.6  =  1+t)m-AtimB=2T9W  . 

Consequently,  if  in  the  general  development  we  replace  y  by  a  and 
tan.  y  by  ^,  and  then  multiply  by  4,  we  shall  have  the  length  of  the  arc 
4a,  and,  since  this  arc  exceeds  45°  by  the  arc  b,  if  we  subtract  the 
development  of  this  latter,  which  is  given  by  substituting  ^  for  tan.  y, 
the  remainder  will  be  the  true  development  of  45°.  Thus 


_  _&c 


239       3  •  2393      5  •  239s 
This  series  is  very  convergent,  and,  by  taking  about  8  terms  in  the 
first  row  and  3  in  the  second,  we  find,  for  the  length  of  the  semicircle, 
the  following  value,  viz. 

7r  =  3  •  141592653589793. 

If  we  take  but  three  terms  of  the  first  and  only  one  of  the  second,  we 
shall  have  ?r  =  3*1416,  the  approximation  usually  employed  in  practice. 
(29.)  The  following  examples  are  subjoined  for  the  exercise  of  the 
student: 

8.  To  develop  y  =  sin.-1  x. 

sin.3y  32  sin.5i/  32>52sin.7i/ 

1-  y  +  i  .2-3  ~*~  1  -2-3  •  4  •  5  +1  •  2  -3  •  4'5-  6  •  7 

9.  To  develop  y  =  cos.—1  x. 

cos.3y  3  cos.5*/  . 

j,  =  f  -  cos.  ,  +  j-^  -  TT¥7JT775  +  ' 

10.  To  develop  y  =  cot.  x  by  the  method  of  indeterminate  coef- 
ficients, as  in  example  6.    9-  34  • 

cot.I=lIT_^L_-?^_&c. 
x         3        3a-5        32-5-7 

11.  To  develop  y  =  (a  +  bx  +  cxz  +  <fec.)". 

(a  +  bx  +  ex*  +  &c.)"  = 
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'  +  &C. 


2 


2  •  3 


-f-  Ma"-1 

+ 

This  is  the  multinomial  theorem  of  De  Moivre.     It  is  given  in  a  very 
convenient  practical  form  in  my  Treatise  on  Algebra,  page  249. 


CHAPTER    XV. 

ON  TAYLOR'S  THEOREM,  AND  ON  THE  DIFFERENTIATION 
AND  DEVELOPMENT  OF  IMPLICIT  FUNCTIONS. 

(30.)  In  the  second  chapter  we  established  the  form  of  the  general 
development  of  the  function  F  (x  -\-  fi).  We  here  propose  to  investi- 
gate Taylor's  theorem,  which  is  an  expression  exhibiting  the  actual 
development  of  the  same  function.  The  following  lemma,  must,  how- 
ever, be  premised,  viz.  that  if  in  any  function  of  p  +  q  one  of  the  quan- 
tities p,  q,  is  variable,  and  the  other  constant,  we  may  determine  the 
several  differential  coefficients,  without  inquiring  which  is  the  constant 
and  which  the  variable,  for  these  coefficients  will  be  the  same,  whichever 
be  variable.  This  principle  is  almost  axiomatic.  For  as  the  function 
contains  but  one  variable  we  may  put  p  -f-  q  =  x  or  F  (p  +  <?)  =  For, 
and  whichever  of  the  parts  p,  q9  takes  the  increment  h,  the  result  F  (x  -\-  h) 
is  necessarily  the  same  ;  hence  the  development  of  this  function  is  the 
same  on  either  hypothesis,  and  therefore  the  second  term  of  that  develop- 
ment, and  hence  also  the  differential  coefficient.  The  first  differential 
coefficient  being  the  same,  the  succeeding  must  be  the  same  ;  therefore 
generally 


dpn  dqn 

whatever  be  the  value  of  n. 

Let  now  y  =  F,r,  and  Y  =  F  (*  _j-  ft),  and  assume,  agreeably  to 
art.  (4) 

Y  =  y  -f-  AA  +  BA2  +  CA3  +  &c. 
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A,  B,  C,  &c.  being  unknown  functions  of  x,  which  it  is  now  required 
to  determine. 

Suppose,  first,  h  to  be  variable  and  x  constant,  then,  differentiating  on 
that  supposition,  we  have 


=  A  +  2BA  -f  3CA«  +  &c. 
an 

Suppose,  secondly,  that  x  is  variable  and  h  constant,  then  the  differ- 
ential coefficient  is 


__  k+ 

dx  dx          dx  dx  dx 

But  by  the  lemma_  these  two  differential  coefficients  are  identical, 
hence  equating  the  coefficients  of  the  like  powers  of  h  there  results 

=  _^L,    &c. 


dx  2dx 

that  is 

A==^,   B-^..i,   C--^-._L,  &c. 
dx  dx*       2  ~  dx3        2-3 

Hence  the  required  development  is 

Y  =  v  +  ^.A4_^   .J^!_  |     *9   .      h*       .   *- 
<te      1  ^    dr4      1  •  2^    dr»      1-2-3^ 

If  A  is  negative,  the  signs  of  the  alternate  sums  will  be  negative. 

When  we  wish  for  the  development  of  the  function  Y=F  (x  -j-A)  in 
any  particular  state,  that  is  when  x  takes  a  given  value,  we  have  only  to 
substitute  this  value  for  x  in  the  general  expressions  for  the  coefficients 
previously  determined,  and  we  shall  have  the  development  according 
to  the  above  form,  that  is,  provided  of  course,  that  the  development  in 
such  form  is  possible.  But  if  the  value  chosen  for  x  render  the  develop- 
ment impossible,  the  impossibility  will  be  intimated  to  us  from  the  cir- 
cumstance of  some  of  the  terms  becoming  infinite,  as  explained  in 
art.  (4).  It  may,  however,  be  proper  here  to  remark,  that  even  in 
these  cases  of  impossibility,  the  leading  terms  of  the  development  as 
given  by  Taylor's  theorem,  are  still  true  as  far  as  the  first  term  that  be- 
comes infinite.  But  as  we  propose  to  devote  hereafter  an  entire  chapter 
to  the  examination  of  tiie  failing  cases  of  Taylor's  theorem,  we  shall  not 
enter  into  the  inquiry  here. 
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(31.)  The  theorem  of  Maclaurin  may  be  easily  deduced  from  that  of 
Taylor  thus  : 

Let  x  take  the  particular  value  x  =  0,  then 


Now  each  of  these  coefficients  is  constant,  and  therefore  independent 
of  the  value  of  h,  hence  h  may  take  any  value  whatever,  without  affect- 
ing these  coefficients  ;  we  may  therefore  call  it  x,  it  being  observed  that 
although  x  appears  in  the  notation  of  the  coefficients,  it  does  not  appear 
in  the  coefficients  themselves.  It  follows,  therefore,  that 


L  dx   J  L  dx2  J   1  •  2    '     L  da:3  J   1  •  S 

which  is  Maclaurin's  theorem,  before  investigated.     •*«*• 


EXAMPLES. 


(32.)    1.  To  develop  sin.  (x  -\-  h}  in  a  series  of  powers  of  the  arc  A. 

dv  dzti  d3y 

Let  y  =  sin.  x  .-.  -g  =  cos.  x,  -^-f-  =  —  sm.  a:,  -^f-  =  —  cos.  x,  &c. 

hence,  by  Taylor's  theorem, 

A2  h3 

sin.  (x  -f  A)  =  sin.  x  +  cos.  x  h  —  sin.  a:  p-^  —  cos.  x  1.2.3+  &c- 


=  sin. 


The  series  within  the  parentheses  are  respectively  equal  to  cos.  h  and 
sin.  h  (p.  28,)  hence  the  property 

sin.  (x  +  A)  =  sin.  x  cos.  h  +  sin.  A  cos.  a:. 
2.  To  develop  cos.  (a;  -f-  A). 

dw  d2v  d3y 

«/  =  cos.  a?  .•.  -f-  =  —  sin.  a?,  -7^-  =  —  cos.  .T,  -— -=:sin.  x,  <fec. 
dx  dxr  aar 

Hence 

cos.  (x  +  A)  =  cos.  x — sin.,  x  h  —  cos.  x  -r-^s  +  sin<  x      .  2  .  3  ~^~  &c> 
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A2  A4 


=  cos.x(l- 


i.g.».  4 

Hence  the  property  * 

cos.  (i  -{-  A)  =  cos.  #  cos.  A  —  sin.  a:  sin.  h. 

From  this  property,  and  the  analogous  one  for  the  sine  of  x  +  /*  de- 
duced in  last  Example,  the  whole  theory  of  trigonometry  flows.  By 
putting  h  =  (m  —  1)  .r,  these  two  properties  become 

sin.  mx  =  sin.  x  cos.  (m  —  1)  x  -f-  sin.  (m  —  1)  a:  cos.  x. 
cos.  mx=  cos.  x  cos.  (m  —  1)  x  —  sin.  a:  sin.  (m  —  1)  x. 
two  equations  which  will  be  employed  to  abridge  the  expressions  for 
ihe  differential  coefficients  in  the  next  Example. 
3.  To  develop  tan.-1  (z  +  A). 
y    =tan.~1x 
dy  1 


dx         sec.2?/ 


=  COS.2j/. 


——-  =  —  2  sin.  y  cos.  y  -^  =  —  sin.  2  y  cos.*y. 

—J£  =  —  2  (cos.  2y  cos.2t/  —  sin.  2y  sin.y  cos.  y)  ^g  •• 

du 
=  —  2  cos.  By  cos.  T/  ~ 

=  —  2  cos.  3j/  cos.3j/ 
— -^-  =:  2  •  3  (sin.  3y  cos.3y  -f-  cos.  3i/  sin.  y  cos.2y)  -^ 

=  2-3  sin.  4y  COP.SJ/  -j-  —  2  •  3  sin.  4y  cos.  4«/ 
— ^  —  2  '3*4  (cos.  4y  cos.*y —  sin.  4y  sin.  y  cos.3*/)  •  •    - 


*  It  should  not  be  concealed  from  the  student  that  the  property  here 
deduced  is,  in  fact,  involved  in  that  which  we  have  employed  to  obtain  the 
differential  of  a  sine.  If,  however,  we  consider  this  differential  deduced 
as  in  Note  A  at  the  end,  then,  the  inference  above,  fairly  establishes  the 
property  in  question. 

E  2 
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=  2  •  3  •  4  cos.  5y  cos.3y  -p  =  2  •  3  •  4  cos.  5y  cos.5y 

<fec.  <fec. 

hence 

tan-  («  +  A)  =  y  +  cos.2y  A  -  sln> 

cos.  3y  cos.3y  sin.  4i/  cos.4y  cos.  5t/  cos.5y 

3  4  o 

4.  To  develop  log.  (a;  -{-  h)  according  to  the  powers  of  h. 


5.  To  develop  tan.  (x  +  A)  according  to  the  powers  of  h. 
tan.  (x  -j-  A)  =  tan.  a;  +  sec.2o;  .  h  -f  2  sec.2x  tan.  x  --  [- 

2  sec.2x  (1+3  tan.2x)        ^        +  &c. 
1*^*3 

(33.)  By  means  of  the  theorem  of  Taylor  may  be  obtained  a  very 
commodious  and  useful  form  for  the  representation  and  subsequent  de- 
termination of  the  differential  coefficient,  when  the  function  is  compli- 
cated, thus  : 

Let  u  =  F*/,  y  being  any  function  of  x,  which  we  may  represent  by 

y  —fX)  and  let  it  be  required  to  find  the  expression  for  —  .     Let  ,r 

take  the  increment  h,  then  since  y  =fo,  the  corresponding  increment 
of  y  will,  by  Taylor's  theorem,  be 

dy  d*y       h*          d*y          h* 

d~x       *~~d^~T~2^   dv>     1-2-3   H 
Call  this  increment  /c,  then  the  corresponding  increment  of  u  will  be 

w+w*&v'£*:* 

that  is,  restoring  the  value  of  k 
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Hence  dividing  by  the  increment  h  of  the  independent  variable,  and 
taking  the  limit  as  usual,  we  have 

dFy        du du      dy  du      dy 

— j — ~~~~7~  ~~~~i —  •  ~T~  •*•  du  =  — —  .  —f—dx 
•  ax         ax       ay      ax  ay       ax 

It  appears,  therefore,  that  the  differential  coefficient  —  is  found  by 

differentiating  the  function,  on  the  hypothesis  that  y  is  the  independent 
variable,  and  then  multiplying  the  coefficient  thus  obtained,  by  that 
derived  from  y  considered  as  a  function  of  x. 

(34.)  The  following  examples  will  suffice  to  illustrate  this  mode  of 
finding  the  differential  coefficient. 

1 .  Let  u  =  a,y  where  y  =  bx 

1st.  ^  —  a.v  log.  a,  2nd.  ^=  b*  log.  b 
du      du      dy 

.•.—=—    .    -/•=«**  6*  lOg.  ab  bfrrri~r 

ax       ay      ax  • 

2.  Let  u  —  log.  y,  where  y  =log.  x 


4.  Let  u  =  cot.  av,  y  being  =  log. 


<^«  dy  a2 

•  '.  7-  =  —  cosec.2«y  .  (tv  los.  a,  —  =  --  • 
dy  '  dx      i(as+ia) 


(35.)  Let  us  now  take  the  more  general  function  u  =  F  (/?,  9),  jt>  and 
9  being  functions  of  .r,  and  suppose  that  when  x  becomes  x  -f  h,  p  and  q 

2 
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become  p  +  k  and  q  +  k'.     Call  this  latter  q',  then  in  consequence  of 
the  proposed  change  in  the  independent  variable,  the  function  will  be- 
come F  (q',  p  +  /c),  in  which  it  is  to  be  observed  q'  enters  as  if  it  were 
a  constant,  since  it  is  unaffected  by  the  increment  k  of  the  variable  p. 
Hence  by  Taylor's  theorem 


+  &C.    .    .    .    (1) 

JBut  if  in  F  (qf,  p}  we  substitute  for  q'  its  equal  q  -\-  k'  we  have 

+  <fe'-  .  ..(2) 


d    - 


dp  dp  dp 

and  thus  by  continuing  the  differentiation  may  all  the  coefficients  in  (1) 
be  developed  according  to  the  powers  of  k',  but  this  first  will  be  sufc 
ficient  for  our  purpose. 

Substitute  in  the  first  two  terms  of  (1)  their  developments  (2),  (3) 

and  we  have 

• 

F(?-f-^^  +  ^)  =  w  +  ^'  +  &c.-f^-i-&c.  ...  (4) 

But  k  being  the  increment  of  the  function  p,  arising  from  x  taking 
the  increment  h,  and  k'  being  the  increment  which  the  function  q  takes 
from  the  same  cause,  it  follows  that 


Hence  by  substitution  in  (4)  we  have  finally 

F 


du  _  du      d$       du      dp 
dx       dy       dx       dp      dx 


(36.)  Again  :  let  there  be  three  functions  of  xt  viz.  v  =  F  (p,  q,  r) 
then  when  x  becomes  x  +  h  let  p,  q,  r  become  p  -4-  k,  q-{-k'}  r  -f-  k" 
respectively,  and  put  r'  for  the  latter,  then  in  the  function  F 
q  4-  k'y  r'\  r'  enters  as  a  constant,  hence  as  above. 
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where  u  =  F  (p,  q,  r')  .'.  putting  r  4-  /c"  for  r'. 


d    - 


., 
dr  dy      dq  dq 

!" 

dp      dp 


But  k''=  —  h  +  &c.  consequently 


+  &C. 

dy  _  dv       dr       dv       dq       dv       dp 
dx       dr  '    dx       dq       dx       dp       dx 

and  so  on  for  any  number  of  functions.  Hence  the  rule  is  to  differen- 
tiate the  expression  with  regard  to  each  of  its  constituent  functions 
severally,  as,  if  all  the  others  were  constants,  their  sum  will  be  the  re- 
quired differential. 

Cor.  lip  is  simply  x  then  in  the  function  u  =  F  (x,  <?), 

du  _  du      du       dy 

dx       dx       dq       dx 
and  in  the  function  u  =  F  (x,  q,  r\ 

du  _  du      du       dq      du      dr 

Tx~~~dx~*~~dq  '  dx  ~^~dr  '  Tx 

(37.)  We  must  not  confound  here  the  —  on  the  left,  with  that  on  the 

dx 

right,  in  these  equations,  for  the  former  denotes  the  total  differential  co- 
efficient, of  which  the  latter  forms  but  a  part,  and  is  therefore  called  a 
partial  differential  coefficient.  It  is  to  be  regretted,  however,  that 
analysts  are  not  agreed  as  to  the  best  means  of  distinguishing  total  from 
partial  differential  coefficients,  and  accordingly  in  most  works  on  the 
calculus  the  same  symbol  is  applied  indiscriminately  to  both  ;  a  circum- 
stance likely  to  prove  a  frequent  source  of  perplexity  to  the  learner;  and 
to  avoid  which  we  shall,  throughout  this  volume,  always  distinguish  the 
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total  differential  coefficient  by  enclosing  it  in  braces,  so  that  the  two 
equations  above  will  be  written  thus : 

dtt~  du       du       dq 

^Tx*  ~~~Tx^"dq  '  ~dx 

du,  du      du       dq      du       dr 

*-dx*  ~~~dx^~~dq  '  Tx~^~dr  '  ~dx 

(38.)  We  shall  now  add  a  few  examples,  showing  the  application  of 
the  rule  deduced  in  last  article. 


EXAMPLES. 


1.  Let  K  =  cot.*,.-.  =+.. 

ldxj  dx      dy       dx 

—  =  —  cosec.*xv  —  —  =  —  cosec.2*y  yxv-1 
dx  dx 

du       du  dxV        dv 

-7-  •  /  =  —  cosec.2**  _—  -  .  ™=  —  cosec.2*?  .  x- 

Ay      dx  dy        dx  dx 


V*2+  (x-f  ^/x 
Put  x  -f-  ^  x  -f  */  x  +  J  x  =  q  .-.  u  =  F  O,  q),  and 


t/M      dq  _         «;r2  rf^          rfy  _        __  1  1        .  __  1_ 

4'^V^'*?     *         V*"1"   3J     4,* 

hence 

.du     __ax*—agx  1  1  1    , 

{-7-)  =  -  1  O  H  --  r  H  --  r  "i  --  r^ 

(A'24-y2)2  2^5          3a;3         4.T4 

3.  Let  u  =  log.  tan.  —  ,  y  being  a  function  of  x 

x  nx        dr 

d  tan.  —         sec.2  —  .  —  , 


dr  X  X  .          X  X 

tan.  —  tan.  —      y  sin.  —  cos.  — 

y  y  y         y 
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*dy 

xdy 


x  x 

t/2  sin.  —  cos.  — 

y       y 


V2  sin.-  cos.  JL     dx 

y        y 

4.  Let  u  =  log.  (or  —  a  +  N/x2  —  2ar) 


5.  Let  #  =  cos.  z»« 
rflfr 

-r- 

dx 


rflfr^  ,  sin.V 

'.    f-r-J     =   COS.  X«"  »    (COS.  I  log.  COS.  X  --  ) 

*  7 


Implicit  Functions. 

(39.)  Hitherto  we  have  considered  explicit  functions  only,  or  those 
whose  forms  are  supposed  to  be  given.  We  shall  now  consider 
implicit  functions,  or  those  in  which  the  relation  between  the  indepen- 
dent variable  x,  and  function  y,  is  implied  in  an  equation  between  the 
two,  and  which  may  be  generally  expressed  by 


The  deductions  in  article  (36)  will  enable  us  very  readily  to  find  the 
coefficient  —  from  such  equations,  without  being  under  the  necessity  of 

solving  them,  a  thing  indeed  often  impossible. 

If  we  turn  to  the  corollary  in  the  article  just  referred  to,  and  substitute 
y  for  q,  we  find 

du~  _  du       du     dy 
'd*    ~~Tx  +  dy  '  d7' 

But  here  u  =  F(.r,  y}  =  0,  therefore  {-^}  =  0,  for  u'  —  u  being  always 
0,  U  -^-^  is  always  0  ;  hence, 
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du       du    ^    dy_Q 

dx  T  dy        dx 

from  which  equation  the  differential  coefficient  is  immediately  deter- 
minable:  it  is 

dy  _        du    ,   du . 
dx  dx        dy 

hence,  having  transposed  the  terms  all  to  one  side  of  the  equation,  we 
must  differentiate  the  expression  as  if  y  were  a  constant,  and  then  divide 
the  resulting  coefficient,  taken  with  a  contrary  sign,  by  that  derived  from 
the  same  expression,  on  the  supposition  that  x  is  a  constant. 


EXAMPLES. 

1  .  Let  y*  —  2mxy  +  .r2  —  a  =  0. 

du  du  dy       my  —  x 

-'  ---  r  =  2my  —  2x,  —  -  =  2y  —  2mx  .'.  -r=  —  -  - 
dx  dy  dx      y  —  mx 

2.  Let  *»  +  3axy  +  y3  =  0. 

...  _  dJL  —  _  3*2-  Say,  *L  =  3«.r  +  3y*  .'.  ^  = 

dx  dy  dx  ax+y'2 

If  the  second  differential  coefficient  be  required,  we  have 

^  (ax  +  2/2)  (2*  +  «^)  +  (.r2  +  ay)  (a  +  2y±) 

dx*    ~  (ax  +  t/2)2 

or  substituting  for  JL  its  value  just  found 
dx 


(ax  +  y*}* 


(ax  +  1/2 


that  is,  since  a3  +  3axy  +  y3  =  0, 


3.  Let  wy3  —  .ry  =  m  to  develop  y,  according  to  the  ascending 
powers  of  ac, 
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du  du  dy  y 

=y,  —  =  3my*  —  a?  .*.  —  = 

dx  dy  dx       3my* —  x 

therefore,  calling  the  successive  differential  coefficients;?,  q,  r,  <fec. 


y—-       _ 

•  3  myp2  -\-  xq       (y  —  3my*p  —  xp)  (1 2myp  —  2 ) 
(3m/-*)2 
<fec. 


Therefore,  by  Miiclaurin's  theorem, 


4.  Lety3*1  —  m3(y  +  a?)=0,  to  develop  y  according  to  the  as- 
cending powers  of  x. 

Representing,  as  in  last  example,  the  successive  differential  coefficients 
by  p,  q,  r,  &c.  we  have 


_  2  •  3ypa       2  -3m3  (2yp  +  ay2)  _ 
a—    »  2  —    3a 


_      2  •  3j93         2-3-3m3/?2_       2-3-4 
~~  3xy*— m3  . '  (3^2  —  m3)2  ""  m3 

&c.  &c. 


Hence,  by  Maclaurin's  theorem, 


dx 


6.  Let        »         =2y^_a"  -  x  +  b  to  find  ^ 

F 
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.    dy_3x  —  2b  —  a 

dx        2^/x  —  b 

7.  Lett/3  —  3y-{-x  =  0,  to  develop  y  according  to  the  ascending 
powers  of  a, 


8.  Let  my3x  —  y  =  m,  to  develop  y  according  to  the  ascending 
powers  of  a:, 

y  =  —  m  —  m*x  —  3m7  a?  —  &c. 

9.  Let  my3  —  xsy=i  mx3,  to  develop  y  in  a  series  of  descending* 
powers  of  x, 

m*      3^7        „ 

y  —  —  m  --  -  --  -  --  <KC. 

a,J         x 


CHAPTER    V. 

ON   VANISHING  FRACTIONS. 

« 

(40.)  It  is  here  proposed  to  determine  the  value  of  a  fraction  —  in 

t/ 

the  case  in  which,  by  giving  a  particular  value  a  to  the  variable,  both 
numerator  and  denominator  vanish,  the  fraction  then  becoming 

Fa  _  0 

fa  ~  0 

As  such  a  form  can  arise  only  from  the  circumstance  of  the  same  factor 
x  —  a  being  common  to  both  numerator  and  denominator,  it  is  plain 
that  if  we  can  by  any  means  eliminate  this  factor  before  our  substitution 
of  a  for  cT,  we  shall  then  obtain  the  true  value  of  the  fraction. 


*  This  will  be  effected  by  substituting  —  for  A3,  which  will  transform 

the  equation  into  myh  —  y  =  m,  then  developing  y  according  to  the 
ascending  powers  of  x,  and  afterwards  restoring  the  value  of  x. 
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Sometimes  the  vanishing  factor  is  manifest  at  sight,  and  may  be 
immediately  expunged,  as,  for  instance,  in  the  fractions 
Q—  a)x      x*—a?      at  — 


which  each  become  -  when  x  =  a,  and  which  each  obviously  contain 

the  factor  x  —  a  in  both  numerator  and  denominator.  In  these  cases, 
therefore,  we  at  once  see  that  the  values  of  the  fractions  when  x  =  a 
are,  severally, 

-,  —  oe  ,  0,  &c. 


In< 
forego 


In  certain  other  cases  the  value,  although  not  so  easily  seen  as  in  the 
ing  instances,  may,  nevertheless,  be  soon  ascertained,  by  perform- 
ing a  few  obvious  transformations  on  the  proposed  fractions.  Take  the 
following  example: 

^  x  —  *J  a  -f-  ^  (x  —  «) 


which  becomes  $  when  x  =  a. 
This  fraction  is  the  same  as 


and  the  first  of  these  is  the  same  as 

x  —  a  v  x  —  « 


V        - 


and  this  when  x  =  a  is  =  0,  therefore  the  value  of  the  proposed  fraction 
when  x  =  a  is 


(41  .)  But  the  most  direct  and  general  method  of  proceeding  depends 
upon  the  differential  calculus,  and  upon  the  development  of  functions, 
and  this  it  is  the  principal  object  of  the  present  chapter  to  explain. 

We  shall  premise  the  following  lemma,  viz.  In  the  general  develop- 
ment 
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it  is  impossible  that  any  particular  value  given  to  x  can  cause  F.r,  and 
at  the  same  time  all  the  differential  coefficients,  to  vanish. 

For  if  such  could  be  the  case,  then,  for  that  particular  value  a  we 
should  have 


\vhateverbe  the  value  of  A;  but  Fa  =  0,  and  therefore  the  preceding 
equation  can  exist  only  when  h  ==  0,  whereas  the  hypothesis  supposes  it 
to  exist  independently  of  the  value  of  h. 

Let  now,  in  the  proposed  fraction,  x  be  changed  into  x  +  h,  then,  by 
developing  both  numerator  and  denominator,  it  becomes 
Fx  +  F'a-A  +  F"^2  +  F"^3  H-  &c. 
fx  +f'x/i  +f"xh'i  +"*  ' 


where  F',r,  F".r,  &c.  f'x,f"x,  &c.  are  put  for  the  successive  differential 
coefficients  divided  by  as  many  of  the  factors  1  •  2  •  3  &c.  as  there  are 
accents. 

If  in  this  we  substitute  a  for  x,    then,  since  both  7x  and  fx  vanish, 
the  fraction  becomes,  after  dividing  numerator  and  denominator  by  h, 
F'a  +  F"ah  -f  Y"atf  +  &c. 
fa  +f"ah  +f"ah?  +  &c.  ' 

and  this  fraction  when  h  =  0  must  obviously  be  equal  to  —  ,  that  is 

Fa  __  F'a 
~W^J^ 

If,  however,  both  F'a  and  fa  are  also  0,  then,  expunging  these  terms 
from  the  fraction  (2)  and  dividing  numerator  and  denominator  again 
by  ^,  we  have,  when  h  =  0, 

Fa  _  F"a 
fa  ~  fa 

and  so  on,  till  we  at  length  obtain  for  —  a  fraction  of  which  the 

numerator  and  denominator  do  not  both  vanish,  and  such  a  fraction  we 
eventually  shall  obtain  in  virtue  of  the  preceding  lemma. 

Hence  the  following  rule  to  determine  the  value  of  a  fraction  whose 
numerator  and  denominator  both  vanish  when  x  =  a,  viz.  For  the 
numerator  and  denominator  substitute  their  jirst  differential  coefficients, 
their  second  differential  coefficients,  and  so  on  till  we  obtain  a  fraction 
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in  which  numerator  and  denominator  do  not  both  vanish, for  x  ='/,  this 
will  be  the  true  value  of  the  vanishing  fraction. 


EXAMPLES. 


gx  _ 

1.  Required  the  value  of  -  when  x  =  0. 

V'x  F'a  (i 

—  —  =  log.  a  .  ax  —  log.  b.fc.'.—fT-  =  log.  a  —  log.  6  =  log.— 
f'x  J  « 

2.  Required  the  value  of  -4_~2_^_    when  a?=  1. 


..__. 
'*'  /'a  = 

differentiating  again 


60? 


—  12 


3.  Required  the  value  of     --  when  x  = 

sm.  an  +  cos-  *  —  1 

F'x  __  _  cos,  x  -f  sin,  a?  $    F'a  _ 
f'x  ~~       cos.x  —  sin.  x'  *  fa  ~~ 

4.  Required  the  value  of 

x  -f  ^—  (n  -f 


(i—  * 

when  #  ^  1  . 

F'a- 


M  -f  2)  (2M2  +  2^  —  1)  .rn+1  —  n2  (n  +  3) 


.  _ 

"*"  fa        0~ 


F*g  _  0 
fa  ~~0 

F2 
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F"* 


5.  Required  the  value  of  -      —  -  -  when  x  =  0. 


6.  Required  the  value  of          '     ~"        when  j  =  90a. 


7.  Required  the  value  of  ---  when  x  =  1. 

cot.  *  £ 

Fa  _  2 

/'a  ~~~  TT 

8.  Required  the  value  of  ,  —  ?——^  -  when#  =  tf. 

log.  a—  log.  x 


(42)  If,  in  the  application  of  the  foregoing  rule,  we  happen  to  arrive 
at  a  differential  coefficient,  which  becomes  infinite  for  the  proposed 
\ralue  #  =  «,  we  must  conclude  that  the  development  according  to 
Taylor's  Theorem  is  impossible  for  that  particular  value  of  the  variable  ; 
and  that,  therefore,  the  rule  which  is  founded  on  the  possibility  of  this 
development  becomes  inapplicable.  The  process,  however,  to  be 
adopted  in  such  cases  is  still  analogous  to  that  above,  depending  upon 
the  development  of  the  numerator  and  denominator  of  the  proposed 
fraction  ;  but  here  this  development  must  be  sought  for  by  the  common 
algebraical  methods. 

As  before,  let  —  be  a  fraction  which  becomes  ^  when  we  change  x 

Jx 
into  a.    Substitute  a  +  h  for  x,  and  let  the  terms  of  the  fraction  be 
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developed  according  to  the  increasing  powers  of  h,  either  by  involution, 
the  extraction  of  roots,  or  some  other  algebraical  process,  then  we  shall 
have 


F  (q 


«  and  a  being  the  smallest  exponents  in  each  series,  ft  and  /3'  the  next 
in  magnitude,  and  so  on.     Now  these  three  cases  present  themselves,  viz. 

1°.  a  >  a?',  2°.  «  =  «';  3°.  a.  <  a' 

In  the  first  case  by  dividing  the  two  terms  of  the  fraction  by  ha  ,  and 
then  supposing  h  =  0,  there  results 

F«  -  °  -o 

/«  ""A'"" 

In  the  second  case  the  result  of  the  same  process  is 
F«  __  A 
fa'-  A' 

In  the  third  case,  by  dividing  the  two  terms  of  the  fraction  by  Aa,  and 
then  supposing  h  =  0,  the  result  is 

Fa        A 
Ja~  =  -0  = 

It  appears  from  these  results  that  the  development  of  the  numerator 
and  denominator  need  not  be  carried  beyond  the  first  term,  or  that 
involving  the  lowest  exponent  of  h,*  and  according  as  the  exponent  in 
the  numerator  is  greater  than,  equal  to,  or  less  than  that  in  the  denomi- 
nator, will  the  true  value  of  the  fraction  be  0,  finite,  or  infinite.  We 
have,  therefore,  the  following  rule: 

Substitute  a  +  h  for  x,  in  the  proposed  fraction.  Find  the  term  con- 
taining the  lowest  exponent  of  h,  in  the  development  of  the  numerator, 
and  that  containing  the  lowest  exponent  of  h  in  the  development  of  the 
denominator.  If  the  former  exponent  be  greater  than  this  latter,  the 
true  value  of  the  fraction  will  be  0,  if  less,  it  will  be  infinite.  But  if 


*  The  first  term  which  actually  appears  in  the  development  is  of  course 
meant  here.  Those  which  may  vanish  in  consequence  of  the  coefficient 
vanishing  not  being  considered. 
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these  exponents  are  equal,  divide  the  coefficient  of  the  term  in  the 
numerator  by  the  coefficient  of  that  in  the  denominator,  and  the  true 
result  will  be  obtained. 

This  method,  which  is  applicable  in  all  cases,  may  frequently  be 
employed  advantageously,  even  where  the  preceding  rule  applies. 


— 

9.  Required  the  value  of  --  ;  -  when  x  =  «. 
(*--0*)* 

Substituting  a  -f-  h  for  oc,  we  have 

F       +  A)  h%    h  —  qt*  _qA 


/  (a 

Since  the  exponent  of  A  in  the  numerator  exceeds  that  in  the  denomi- 
nator, we  have 


10.  Required  the  value  of  N/J~  N/  «          _   —      wfaen  AI 

V 
(seep.  51.) 

Substituting  a  -j-  A  for  x. 


.  Fa=     ] 
'"'/a"  (8B)* 

11.  Required  the  value  of  ^"^^J^-  when  «  =  «. 
Substituting  a  +  A  for  a?. 

-f  A       A  +  &c. 
3A  +  &c. 

*  To  develop  this  according  to  the  ascending  powers  of  h  we  must  write 
it  thus:  (  —  a  +  A)t  and  apply  the  binomial  theorem  when  we  have  the 
series  (  —  a)f  -f-  1  rt-^  A  +  &c. 

2 
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12.  Required  the  value  of  *(*»'  +  ***)*  -«*=!*  when 

(2a2  +  2z2)s  —  a  —  x 
Substituting  a  +  A  for  x. 

—  2a2  —  aA 


—  2a  — 
which,  by  actually  extracting  the  roots  indicated, 

-      +  &c.  —  2«  —  A 


2a  +  A  +    -  +  &c.  —  2a  —  h 
4a 


Fa         T 

^  = 

T 


This  example  is  perhaps  more  easily  performed  by  differentiation,  ac- 
cording to  the  first  rule  :  thus 

F'#_    a  (4a3  +  ^3)  ~%  4sa  —  a     t   F'a_0 
J7x~        (2a2  *          """" 


—  a  (4a3  +  4i3)~3  32i4  +  a  (4aa  -f 
—  (2o2  -|-  2x2)~i  4a2  +  2  (2a2  +  2 
^  Fja  __  ^-  —  2a 

'''~ 


(43.)  Having  thus  seen  how  to  determine  the  value  of  any  fraction  of 
which  the  numerator  and  denominator  become  each  0  for  particular 
values  of  the  variable,  we  readily  perceive  how  the  value  may  be  found 
when  particular  substitutions  make  the  numerator  and  denominator 

each  infinite.     For  if  —7-=°?.  then  obviously 

ja      co 


fa~~   J_ 
Fa 
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So  that  if  we  find,  by  the  preceding  methods,  the  value  of  this  last  frac- 
tion, the  value  of  the  proposed  fraction  will  be  also  obtained. 
The  following  example  will  illustrate  this. 

tan.  (1  ,  .  | ) 
13.  Required  the  value  of  ^      l       2        when  x  =  a. 

In  this  case  the  fraction  takes  the  form  g.,  therefore, 


J_        cot.  a'.-)        JX      -cosec.'GTr.^ 


____       _ 

fa  7T  7T 

~~2a 

(44.)  By  the  same  principles  we  may  also  find  the  true  value  of  a 
product  consisting  of  two  factors,  which  for  a  particular  value  of  the 
variable  becomes  the  one  0  and  the  other  oo  .  For  if  F«  =  0  and 
fa  =  oo  ,  then, 

Fa        0 
Fax/a=-j-=T 

fa 
We  shall  give  an  example  of  this. 

14.  Required  the  value  of  the  product  (1  —  x)  tan.  (%TTX)  when 
*=]. 

In  this  case  the  first  factor  becomes  0  and  the  second  oc  . 
Fx  l—x  1  —x  1 


fx        tan.  (£TTZ) 

.-.  F'aX/'«  =  -^-=-- 

37T  7T 

(45.)  And  finally,  by  the  same  principles,  the  true  value  of  the  dif- 
ference of  two  functions  may  be  ascertained  in  the  case  where  the  sub- 
stitution of  a  particular  value  for  the  variable  causes  each  of  them  to 
become  infinite. 

For  if  Fa  =  co  and  fa  =  co,  then 


THE    DIFFERENTIAL    CALCULUS.  59 


Fax  fa 
The  following  example  belongs  to  this  case  : 

15.  Required  the  true  value  of  the  difference  a?  tan.  x  —  £  TT  sec.  x, 
when  x  =  90°. 

-I—I  1  1 

fx      Fx  _  £  TT  sec.  a?        a-  tan.  x  _  x  sin.  x  —  £  TT 

1  1  ~~          cos.  a? 

Fx  x  fx     x  tan.  a?  X  5  TT  sec.  a? 

by  substituting  -  for  sec.  x,  and  then  dividing  numerator  and  deno- 

COS*  X 

minator  by 


TT  x  tan.  a? 

x  cos.  a?  +  sin.  x 
' 


...  Fa—  a  =  — 


.. 

—  sin.  x 

It  should  be  remarked  that  in  this,  as  well  indeed  as  in  the  preceding 
cases,  the  transformation  requisite  to  reduce  the  expression  to  the  form  n 
in  many  instances  at  once  presents  itself  to  the  mind,  when  of  course  it 
will  be  unnecessary  to  recur  to  the  preceding  formulas.  The  example 

iust  eriven  is  one  of  these  instances,  for  since  tan.  x  =  —  —  ,  and 

cos.* 

sec.  x  =  -  ,  the  proposed  expression  at  once  reduces  to 
cos.  x 

x  sin.  x  —  5  TT 

COS.  X 

which  is  the  required  form. 

(46.)  We  shall  terminate  this  chapter  with  a  few  miscellaneous 
examples  for  the  exercise  of  the  student. 


16.  Required  the  value  of — ,  when  x  = 


Ans.     1. 


1 7.  Required  the  value  of  "   .       „. rrT  when  x  =  c. 

bx3  —  2bcx  +  be2 


a 
Ans.     — 

0 
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18,  Required  the  value  of  ^~a^^^+  a',  when  *  =  a. 

Am.     0. 

19.  Required  the  value  of  C^3*-*4)*  -«(«**)*,  when  x  _  fl. 

16a 


1  —  x-\-  log.  x 
20.  Required  the  value  of  --  r,  when  #=  1. 


21.  Required  the  value  of  -  -  —  ,  -  ,  when  x  =  1. 

1  —  x  +  log-  x 

Am.    —  2. 

22.  Required  the  value  of  —  —  :  —       '    ,  when  a?  =  0. 


23.  Required  the  value  of  X  °^' °°      ; -^>  when  x  =  1 . 

(x—  l)log.  x 

Ans.    £. 

/.2_a2xi 

21.  Required  the  value  of  1 1-,  when  x  =  a. 

Ans.     -2a? 

25.  Required  the  value  of  — ,  when  x=  1. 

x— 1      log.,r 

ax ^2 

26.  Required  the  value  of  — — -.>  when  x  =  a. 

a4  —  2aJ#  +  2aa3 — a;4 

Ans.      ao. 

27.  Required  the  value  of  — — ,  when  x=l. 

log.x      log.rf? 

Ans.     —  1. 

28.  Required  the  value  of  a        a  .  tan.  —  when  x  =  a. 

a2  2a 


Ans. 

7T 


THE    DIFFERENTIAL    CALCULUS.  61 


29.  Required  the  value  of  — ^— - — — ,  when  x  =  1. 
cot.  5  TT  a; 


ex esm.x 

30,  Required  the  value  of : ,  when  x  =  0. 

x — sin.*' 


A  2« 

Ans.    —  • 

7T 


Ans.     1. 


CHAPTER    VI. 

ON  THE  MAXIMA  AND  MINIMA  VALUES  OF  FUNCTIONS 
OF  A  SINGLE  VARIABLE. 

(47.)  In  any  function  y  =  Fx  let  the  independent  variable  take  a 
particular  value  .r  =.a,  as  also  a  preceding  and  succeeding  value  x  = 
a  —  h  and  .r  =  a  +  A,  then  the  corresponding  values  of  the  function, 
arranged  according  to  those  of  the  variable,  will  be 

F(a  —  h),  Fa,  F(a  +  A); 

and  if  a  be  such  that  for  any  finite  value  of  h,  however  small,  and  for 
all  intermediate  values  between  this  and  0,  the  middle  value  Fa  exceeds 
that  on  each  side,  the  value  x  =  a  is  said  to  render  the  function  a  max- 
imum; but  if  the  middle  value  continue  less  than  that  on  each  side 
between  the  same  limits  of  h,  the  value  x  =  a  is  said  to  render  the 
function  a  minimum;*  so  that  we  are  not  always  to  understand  by  the 
expression,  maximum  value  of  a  function,  the  greatest  value  such  function 
can  possibly  take,  the  term  being  of  more  "comprehensive  meaning, 
applying  to  every  state  of  the  function  which  exceeds  its  immediately 
preceding  and  succeeding  state.  In  like  manner,  the  minimum  value 
of  a  function  does  not  always  imply  the  least  possible  value  of  such 


*  This  definition  of  a  maximum  and  a  minimum  is  but  a  slight  alteration 
of  that  given  by  Dr.  Lardner  in  his  Differential  Calculus,  p.  103. 
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function,  but  equally  characterizes  every  state  of  the  function  which  is 
less  than  its  immediately  preceding  and  succeeding  state. 

Before  proceeding  to  the  general  method  of  determining  the  values  of 
,r,  necessary  to  render  any  proposed  function  a  maximum  or  a  minimum, 
we  must  premise  this  lemma  : 

If  the  function  F(a  +  fi)  be  developed  according  to  the  ascending 
powers  of  A,  a  value  so  small  may  be  given  to  h  that  any  proposed  term 
in  the  series  shall  exceed  the  sum  of  all  that  follow. 

Of 

(48.)  Let  AA   be  any  proposed  term  in  the  development,  and  let 

Bh  ,Ch  ,  &c.  be  those  which  follow,  each  exponent  being  greater 
than  that  which  precedes  it.  We  are  to  prove  that  h  may  be  taken  so 
small  that 

Ah"  >  //  (B  +  C/J-P  +  DA*-^  +  &c.) 
Putting  S  for  the  sum  of  the  series  within  the  parentheses,  it  is  obvious 

3—  a, 
that  h  may  be  taken  so  small  that  SA          may  be  less  than  any  pro- 

posed quantity  A,  and  that  therefore  if  h'  be  such  a  value  we  must  have 


which  establishes  the  proposition.  As  SA  is  less  than  A  for  h=h', 
the  expression  continues  less  than  A  for  every  value  of  h  less  than  h'. 

(49.)  Let  us  now  inquire  by  what  means  we  may  determine  those 
values  of  x  which  render  any  proposed  function  J?x  a  maximum  or  a 
minimum.  In  order  to  do  this,  let  x  be  changed  into  x  ±  h,  then  by 
Taylor's  theorem 

dy  ,          d*y         tf          cPy          h3 

F(*±A)=F*±£A+^|-  —  -±-^   f—  + 

#9  A4  &c 

dx*      1  •  2  •  3  •  4  ;* 

Now  if  .r  =  a  render  the  proposed  function  a  maximum)  then  there 
exists  for  h  some  finite  value  A',  such  that  for  all  the  intermediate  values 
between  this  and  0  we  have 

Fa  >  F  (a  ±  A), 

and,  consequently, 
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But  if  this  value  render  the  function  a  minimum,  then,  for  all  the  inter- 
mediate values  of  h  between  h  =  h'  and  h  =  0,  we  have 

:Fa<F(ait/0 
and,  consequently, 


It  has,  however,  been  proved  above,  that  a  value  may  be  given  to  h 
small  enough  to  render  the  first  term  in  each  of  the  series  (1)  and  (2) 
greater  than  the  sum  of  all  the  other  terms,  and  that  this  first  term  will 
continue  greater  for  all  other  values  of  h  between  this  small  value  and 
0,  so  that,  for  each  of  these  values  of  h,  the  sign  belonging  to  the  sum 
of  the  whole  series  is  the  same  as  that  of  the  first  term;  it  is  impossible, 
therefore,  that  either  of  the  conditions  (1)  or  (2)  can  exist  for  both  -{- 

r  _^]  h  and  —  f-f-]  h,  unless  f-f-l  =  0  ;    we  conclude,  therefore,  that 
ax  ax  ax 

those  values  of  x  only  can  render  the  function  a  maximum  or  minimum 
which  fulfil  the  condition 


expunging,  therefore,  the  first  term  from  each  of  the  series,  (1),  (2),  we 
have,  in  the  case  of  a  maximum,  the  condition 

[•±'•1+*-  <••••«• 


and  in  the  case  of  a  minimum, 


Now  the  former  of  these  conditions  cannot  exist  for  any  of  the  values 
of  h  between  h  =  h'  and  h  =  0,  by  virtue  of  the  foregoing  principle, 

unless  f—  I  is  negative,  nor  can  the  latter  condition  exist  unless  F^M 
Ldxz  <fa2 

is  positive,  that  is,  supposing  that  these  coefficients  do  not  vanish  from 
the  series  (3)  and  (4). 

We  may  infer,  therefore,  that  of  the  values  of  x  which  satisfy  the 

condition  --  =  0,  those  among  them  that  also  satisiy  the  condition 
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-^  <  0  belong  to  maximum  values  of  the  function,  while  those  fulfill- 
ing the  condition  — ^-  >  0  belong  to  minimum  values  of  the  function. 
It  is  pos:>ible,  however,  that  some  of  the  values  derived  from  the  equation 

—  =  0  may,  when  substituted  for  x  in  — — ,  cause  this  coefficient  to 
dx  dx* 

vanish,  in  which  case  the  conditions  (1),  (2),  become 


and 


which  are  both  impossible  unless  [ — ^-]  =  0,  for  reasons  similar  to 

those  assigned  above,  and,  unless,  also  [ — — ]  <  0  in  the  case  of  a 

dx* 

maximum,  and  [-7^-]  >  0  in  the  case  of  a  minimum;  that  is,  on  the 

supposition  that  this  coefficient  does  not  vanish  from  the  series  (5)  and 
(6).     If,  however,  this  coefficient  does  vanish,  then,  for  reasons  similar 

to  those  assigned  in  the  preceding  cases,  the  following  coefficient  — ^- 

dx5 

/76^* 

must  also  vanish,  and  the  condition  of  maximum  will  then  be  [—j^- 

<  0,  and  the  condition  of  minimum  [ — — ]  >  0,  and  so  on. 

It  hence  appears,  that  to  determine  what  values  of  x  correspond  to 
the  maxima  and  minima  values  of  the  function  y  =  Kr,  we  must  proceed 
as  follows: 

Determine  the  real  roots  of  the  equation  -^  =  0,  and  substitute  them 

dx 

one  by  one  in  the  following  coefficients  — ^-,   —¥,  &c.  stopping  at  the 

first,  which  does  not  vanish.     If  this  is  of  an  odd  order,  the  root  that  we 
have  employed  is  not  one  of  those  values  of  x  that  renders  the  function 
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either  a  maximum  or  a  minimum;  but  if  it  is  of  an  even  order,  then, 
according  as  it  is  negative  or  positive,  will  the  root  employed  correspond 
to  a  maximum  or  to  a  minimum  value  of  the  function. 

(50.)  It  must  however  be  remarked,  that,  should  any  of  the  roots  of 

the  equation  j^  =  0  cause  the  first  of  the  following  coefficients,  which 

does  not  vanish,  to  become  infinite,  we  cannot  apply  to  such  roots  the 
foregoing  tests  for  distinguishing  the  maxima  from  the  minima,  because 
the  true  development  of  the  function  for  any  such  value  of  x  begins  to 
differ  in  form  from  Taylor's  development,  at  that  term  which  is  thus 
rendered  infinite  (4),  so  that  we  cannot  infer,  from  Taylor's  series, 
whether  the  power  of  A,  which  ought  to  enter  this,  is  odd  or  even. 

In  a  case  of  this  kind,  therefore,  we  must  find,  by  actual  involution, 
extraction,  .&c.  the  true  term  that  ought  to  supply  the  place  of  that 
rendered  infinite  in  Taylor's  series  for  x  =  a.  If  this  term  take  an 
odd  power  of  A,  or,  rather,  if  its  sign  change  with  the  sign  of  h,  then 
x  =  a  does  not  render  the  function  either  a  maximum  or  a  minimum  ; 
but  if  the  sign  does  not  change  with  that  of  A,  then  the  value  of  x 
renders  the  function  a  maximum  or  a  minimum,  according  as  the  sign 
of  this  term  is  negative  or  positive. 

To  illustrate  this  case,  suppose  the  function  were 

y  =  *  +  (*  —  a)* 

..._*L=±^a)* 

dx          3  V 


Now  the  equation  JL  =  o  gives  x  =  a,  so  that  if  any  value  of  x 
could  render  the  proposed  function  a  maximum  or  a  minimum,  this 

most  likely  would  be  it.    By  substituting  this  value  of  x  in  —  2-  the 

dxz 

result  is  infinite,  and  we  cannot  infer  the  state  of  the  function  from  this 
coefficient;  therefore,  substituting  a  ±  h  for  x  in  the  proposed,  we  have 


G  2 
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and,  as  A3  obviously  changes  its  sign  when  h  does,  we  conclude  that 
the  function  proposed  admits  of  neither  a  maximum  nor  a  minimum 
value. 
Again,  let 


.•.-*.=-*<.-«)* 
dx    3  V 


dx*        9 

The  equation  -^  =  0  gives  x  =  a,  a  value  which  causes  -~-  to 
dx  ax* 

become  infinite;  therefore,  substituting  a  ±  h  for  x  in  the  proposed, 
we  have 

F  (a  ±  h}  =  b  +  $ 

and,  as  the  sign  of  A3  is  positive  whatever  be  the  sign  of  A,  we  conclude 
that  the  value  x  =  «  renders  the  function  a  minimum. 

(51.)  There  remains  to  be  considered  one  more  case  to  which  the 
general  rule  is  not  applicable,  and  which,  like  the  preceding,  arises 
from  the  failure  of  Taylor's  theorem.  We  have  hitherto  examined  only 
those  values  of  x  for  which  Taylor's  development  is  possible,  as  far  at 
least  as  the  first  power  of  A,  but  we  cannot  say  that  among  those  values 
of  x,  which  would  render  the  coefficient  of  this  first  power  infinite)  there 
may  not  be  some  which  cause  the  function  to  fulfil  the  conditions  of 
maxima  or  minima;  therefore,  before  we  can  conclude  in  any  case  that 

the  values  of  x,  deduced  from  the  condition  J£  =  0,  comprise  among 

dx 

them  all  those  which  can  render  the  function  a  maximum  or  minimum, 

we  must  examine  those  values  arising  from  the  condition  -^  =  co  by 

dx 

substituting  each  of  these  +  A  for  x  in  the  proposed  equation,  and 
observing  which  of  the  results  agree  with  the  conditions  of  maxima  and 
minima  in  (47.) 
(52.)  If  the  function  that?/  is  of  x  be  implicitly  given,  that  is,  if 


then,  by  (39),  we  have,  for  the  differential  coefficient, 
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^—-.—  -L.—  fi\ 

dx  dx  '   dy  ' 

and  therefore,  when  —  =  0,  we  must  have  —-=0:  hence,  the  values 
dx  dx 

corresponding  to  maxima  and  minima  are  determinable  from  the  two 
equations* 


,dx 

Having  found  from  these  the  values  of  x  that  may  render  y  a  maximum 
or  a  minimum,!  as  also  the  corresponding  values  of  y  itself,  we  must 

&y 

substitute  them  for  x  and  y  in  -TY»  wnen  tnose  values  of  y  will  be 

maxima  that  render  this  coefficient  negative,  and  those  will  be  minima 
that  render  it  positive.    But  those  values  that  cause  it  to  vanish,  belong 

d3y 

neither  to  maxima  nor  to  minima,  unless  the  same  values  cause  also  - 

dx3 

to  vanish,  and  so  on  . 

The  second  differential  coefficient  may  be  readily  derived  from  (1), 
for,  putting  for  brevity 

d  M 


we  have 


.  -  _---. 

<Py  _^  _         dx          dy       dx  dx          dy        d 

d^  ~~  '    N2 


*  Other  values  may  be  implied  in  the  condition  -j-  =  »,  which  leads 

to  —  =  0,  but  to  ascertain  which  of  these  are  applicable  would  require 
us  to  solve  the  equation  for  y. 

t  Gamier,  at  p.  27 1  of  his  Calcul  Differentiel,  says,  that,  by  means 
of  the  equations  (2)  "on  obtient  les  valeurs  de  x  et  y  par  lesquelles 
F  {x,  y)  devient  ou  peut  devenir  maximum  ou  minimum;"  but  this  is 
evidently  a  mistake,  since,  by  hypothesis,  F  (x,  y)  is  always  =  0. 
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which,  because  -—  =±  0,  becomes  for  the  particular  values  of  x  resulting 
from  this  condition, 

r-^-i-  -r—  i-r-i        <n 
1  d**]~     L  ^J~LV  • 

d?u 
By  differentiating  the  above  expression  for  —  ~  we  should  find 


and  so  on. 

(53.)  Before  we  proceed  to  apply  the  foregoing  theory  to  examples, 
we  shall  state  a  few  'particulars  that  may,  in  many  instances,  be 
serviceable  in  abridging  the  process  of  finding  maxima  and  minima. 

1  .  If  the  proposed  functionappears  with  a  constant  factor,  such  factor 
may  be  omitted.  Thus,  calling  the  function  Ay,  the  first  differential 

coefficient  will  be  A—  ,and  A  —  =s  0  leads  to  —  =  0,  also  —  -  =  0 
dx  dx  dx  dy 

Adx 
leads  to  —  =  0,  so  that  A  may  be  expunged  from  the  function. 

Tx 

2.  Whatever  value  of  x  renders  a  function  a  maximum  or  minimum, 
the  same  value  must  obviously  render  its  square,  cube,  and  every  other 
power,  a  maximum  or  minimum;  so  that  when  a  proposed  function  is 
under  a  radical,  this  may  be  removed.     The  rational  function  may, 
however,  become  a  maximum  or  a  minimum  for  more  values  of  x  than 
the  original  root;  indeed,  all  values  of  x  which  render  the  rational 
function  negative  will  render  every  even  root  of  it  imaginary;  such 
values,  therefore,  do  not  belong  to  that  root;  moreover,  if  the  rational 
function  be  =  0,  when  a  maximum,  the  corresponding  value  of  the 
variable  will  be  inadmissible  in  any  even  root,  because  the  contiguous 
values  of  the  function  must  be  negative. 

3.  The  value  x  =  co  can  never  belong  to  a  maximum  or  minimum, 
inasmuch  as  it  does  not  admit  of  both  a  preceding  and  succeeding  value. 


I 
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EXAMPLES. 

(54.)     1.  To  determine  for  what  values  of  x  the  function 


becomes  a  maximum  or  minimum, 


From  the  second  equation  it  appears  that,  whatever  be  the  values  of  r, 

dy 

given  by  the  condition  -f-  =  0,  they  must  all  belong  to  maxima. 
ax 

From  b3  —  2c2#  =  0  we  get  x  =  —  —  ;  hence. 

when  x  =  -^-  -'-y  =  a4  +  -^-,  a  maximum. 

The  equation  -^-  =  «  would  give,  in  the  present  case,  *  =  «  ,  a  value 

which  is  inadmissible  (53). 

2.  To  determine  the  maxima  and  minima  values  of  the  function 


putting 


Substituting  each  of  these  values  in        2-  we  infer  from  the  results  that 

i2  2b6 

when  x=  —  .  .  .  .  y  =  c5 >  a  mm« 

3a  9a 

h2  2A6 

Lr — ; u  —  c5  -I >  a  max. 

3a  '•  *  r  9« 

3.  To  determine  the  maxima  and  minima  values  of  the  function 

y  =  \/2aI\ 
Omitting  the  radical 

du 
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as  this  can  never  become  0  or  oo,  we  infer  that  the  function  has  no 
maximum  or  minimum  value. 

4.  To  determine  the  maximum  and  minimum  values  of  the  function 

y  =  N/  4aa,r2  —  2ax3. 

Omitting  the  radical  and  the  constant  factor  2a  (53), 
u  =  2aw2  —  A'3, 


.•.  x  (4a  —  3#)  =  0  .•.  x  =  0,  or  x  =  — 

o 

/7^// 

Substituting  each  of  these  values  in         ,  the  results  are  4a  and  —  4a  ; 

hence 

when  x  =  0  .  .  .  y  =  0,  a  minimum, 

4a  8 

#  =  —    .  .  y  =  -a2,  a  maximum. 

•  >  o 

If,  instead  of  the  preceding,  the  example  had  been 


—  4«2«»2. 
we  should  have  had 


.*.  a?  (3d?  —  4a)  =  0,  .•.  x  =  0,  or  x  =  — 

• 

the  same  values  as  before  ;  but  the  first  corresponds  here  to  a  maximum, 

cPu 
since  it  makes  negative;  this  value,  therefore,  must,  by  (53),  be 

rejected.     If,  indeed,  we  substitute  0  ±  h  for  x,  in  the  proposed  function, 
it  becomes 

y  =  N/_4a2A2T2aA3, 

where  h  may  be  taken  so  small  as  to  cause  the  expression  under  the  radical 
to  be  negative  for  all  values  of  h  between  this  and  0. 

5.  To  determine  the  maxima  and  minima  values  of  the  function 
y  =«  +  ?/  a?—  2«2a:4-a,T2. 

If  y  is  a  maximum  or  minimum,  y  —  a  will  be  so  5  therefore,  transposing 
the  «,  and  omitting  the  radical  (53), 
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u=za?  —  2a?a;  +  aa? 


.•.  —  2a2  +  2ax  =  0  .'.  x  =  a, 
.•.  when,r  =  a  .  .  .  y  =  a,  a  minimum. 
6.  To  determine  the  maxima  and  minima  values  of  the  function 


In  solving  this  example  we  shall  employ  a  principle  that  is  often  found 
useful,  when  the  proposed  function  is  a  fraction  with  a  denominator  more 
complex  than  the  numerator.  Instead  of  the  function  itself  we  shall  take 
its  reciprocal,  which  will  give  us  a  more  simple  form,  and  it  is  plain  that 
the  maxima  and  minima  values  of  the  reciprocal  of  a  function  correspond 
respectively  to  the  minima  and  maxima  of  the  function  itself.  Omitting, 
then,  the  constant  a2,  and,  taking  the  reciprocal,  we  have 

a* 
=  --  2a  +  x 


X 

du  a2  d?u         2aa 


hence  x  =  a  makes  u  a  minimum,   and  x  =  —  a  makes  it  a  maximum, 
therefore 

when  #=a  .  .  .  y  =  »,  a  maximum, 

<r  =  —  a  .  .  .  y  =  —  £  a,  a  minimum. 
7.  To  determine  the  maxima  and  minima  values  of  the  function 


Omitting  b  and  the  radical 

u  =  (x  —  a)5 

.•.£-«<.->s£=4.«(.-.>* 

.•.5(x-a)4  =  0/.x  =  «.-.  [~]=0 

As  this  coefficient  vanishes,  we  must  proceed  to  the  following,  which 

d5u 
however  all  contain  x  —  a,  and  therefore  vanish,  till  we  come  to    .  r>- 
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=  2  •  3  *  4  •  5  j*  as  therefore  the  first  coefficient  which  does  not  vanish 
is  of  an  odd  order,  the  function  does  not  admit  of  a  maximum  or  a  mi- 
nimum. 

8.  To  determine  the  maxima  and  minima  values  of  the  function 

y=x* 

^  =  x*  (1  +log.«),  ^  =  **{^  +  (l+log.*)2} 

The  factor  xx  can  never  become  0,  therefore, 

(1  +log.  #)=<).•.  log.  #  =  —  1. 


1  1    e 

.-.  when  x  =  —  ,  xx  =  (—  )   ,  a  minimum. 

<?  6 

9.  To  determine  the  maxima  and  minima  values  of  y  in  the  function 

=  0 


=  0  or  a;  =  a  */  2  .-.  (52) 


2 

or-yf=i 


*  All  the  coefficients  preceding  the  wth  will  always  obviously  vanish 
from  the  function  (x  ±  a)n  so  that  if  n  be  odd,  x  =  T  a  renders  the 
function  neither  a  maximum  nor  a  minimum.  Hence  this  apparent 
paradox :  viz.  that  the  value  which  renders  \/  (* — a)2  a  minimum,  will 
not  render  x  —  a  a  minimum.  The  former  is  a  minimum  for  x  =  a,  for 
putting  x  =  a  ±  h  it  becomes  N/~(±  A)3  while  the  latter  becomes  ±  //. 

2 
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.•.  when  a;  =  0  .  .  .  .  y  =  0,  a  minimum. 

x  =  a  v  2  .  .  .  .  y  :=  a  N/4,  a  maximum. 

10.  To  divide  a  given  number  a,  into  two  parts,  such  that  the  pro- 
duct of  the  wth  power  of  the  one  and  the  wth  power  of  the  other  shall  be 
the  greatest  possible. 

Let  x  be  one  part,  then  a  —  x  is  the  other,  and 
y  =  X™  (a  —  x)n  =  maximum, 

dv 
.-.  -j-  •=.  mx™-1  («  —  x)n  —  nxm  (a  —  x)"-1 

=  x™-1  (a  —  tf)"-1  {ma  —  (m  +  n)  x}  =  0, 
.•.  #  =  0,  or  a  —  a;  =  0,  or 

ma  —  (m  +  n)  x  =  0. 
which  give 


=  0,  i  =  a,  x  =  • 


m  -j-  n 

The  first  and  second  of  these  values  are  inadmissible,  because  the  num- 
ber is  not  divided  when  x  =  0  or  when  x  =  a. 
Substituting  the  third  value  in 


we  have 


which  is  negative  because  each  factor  is  positive,  hence  the  two  required 
parts  are 


and  — • being  to  each  other  as  m  to  n. 


m  -j-  n        m  -j-  n 
Cor.     If  m  =  n  the  parts  must  be  equal. 
An  easier  solution  to  this  problem  may  be  obtained  as  follows  : 

Put  —  =/>  and  determine  a;  so  that  we  may  have 
U  =  XP  (a  —  x)  =  A  maximum, 
.•.  —  =pxP-1  (a  —  x)  —  xf 

[pa  —  dp  +  1)  *}  =  0, 
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This  last  value  substituted  in 

-^-  =  ^-2  {pa-(p  +  1)  *}  -  O  +  1)  a*-* 
causes  the  first  term  to  vanish  ;   the  result  is  therefore  negative,  so  that 

,  ---  1^  —  =  -  corresponds  to  a  maximum  value  of  w,  and  there- 
-  p  4.  i        »»  +  n 

fore  (53)  to  a  maximum  value  of  un  =  a?"1  (a  —  x)». 

Another  easy  mode  of  solution  is  had  by  using  logarithms,  for  it  is  ob- 
vious that  since  the  logarithm  of  any  number  increases  with  the  number, 
when  this  number  is  the  greatest  possible,  its  logarithm  will  be  so  also. 

.«.  m  log.  »  +  n  log-  («  —  ®)  = 


m  n 

---  —  —  =  0  .*.  ma  —  (w  +  ft)  x=Q 


m-\-n 
as  before. 

The  expression  for  the  second  differential  coefficient  is  —  (m  +  w) 
showing  that  the  foregoing  value  of  x  renders  the  logarithmic  expression  a 
maximum. 

11.  To  divide  a  number  a,  into  so  many  parts,  that  their  continued 
product  may  be  the  greatest  possible. 

It  is  obvious  from  the  corollary  to  the  last  example  that  the  parts  must 
be  equal,  for  the  product  of  any  two  unequal  parts  of  a  number  is  less 
than  that  of  equal  parts. 

Let  x  be  the  number  of  factors,  then, 

(  —  )*  =  a,  maximum, 
.«.  log.    (  —  )*  =  x  log.    (  —  )  =  a  maximum, 


a        ...  a 

—  =  log.—1  1  =  e  .«.  x  =  — 
x  e 


*  There  is  obviously  no  necessity  to  recur  to  the  second  differential  co- 
efficient to  ascertain  whether  this  value  render  the  function  a  maximum 
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hence  the  proposed  number  must  be  divided  by  the  number  e  = 
2-718281828. 

12.  To  determine  those  conjugate  diameters  of  an  ellipse  which 
include  the  greatest  angle. 

Call  the  principal  semi-diameters  of  the  ellipse  a,  b,  the  sought  semi- 
conjugates  x,  x'  and  the  sine  of  the  angle  they  include  y.  Then  {Anal. 
Geom.  p.  78.) 


+  x1*  =  a2  +  bz  .-.  tf  =  N    a2  •+•  b*  — 

ab 
xxy=.ab  .-.y  =  — 

ab 
.•.  y  =  -  .  —          =  max. 


Omitting  the  constant  ab,  inverting  the  function  (ex.  6.)  and  squaring, 
we  have 

u  =  a2*2  +  6V  —  a?4  =  max. 


The  first  of  these  values  is  inadmissible,  from  the  second  we  find  that 

*a  =  #/2 

hence  the  conjugates  are  equal.     For  the  second  differential  coefficient 
we  have 


This  being  negative,  shows  that  x  =  N corresponds  to  a  max- 
imum value  of  u,  or  to  a  minimum  value  of  y,  so  that  the  conjugates  here 
determined,  include  an  angle  whose  sine  is  the  least  possible ;  and  this 
happens  when  the  angle  itself  is  the  greatest  possible  (being  obtuse),  as 
well  as  when  it  is  the  least  possible. 

13.  To  divide  an  angle  0  into  two  parts,  such  that  the  product  of 


or  a  minimum,  since  it  is  plain  that  there  is  no  minimum  unless  one  of 
the  parts  may  be  0. 


76  THE    DIFFERENTIAL    CALCULUS. 

the  nth  power  of  the  sine  of  one  part  by  the  mth  power  of  the  sine  of  the 
other  part  may  be  the  greatest  possible. 

Let  x  be  one  part,  then  9  —  a1  is  the  other,  and 

sin.w#  .  sin.™  (0  —  x)  =  maximum, 
.•.  n  log.  sin.  x  +  m  log.  sin.  (0  —  x)  =  maximum, 

n  cos.  x       m  cos.  (0  — <r) 
'  '   sin.  x          sin.  (0  —  x)     ==   ' 

.•.  n  tan.  (0  —  #)  =  m  tan.  #, 
.•.  n   :    m    :  :    tan.  x   :   tan.  (0  —  x), 

.'.n  +  m   :  n — m   ::  tan.  x  +  tan.  (9  —  x}   :   tan.  a?  —  tan.  (9  —  x), 
: :  sin.  9  :  sin.  (Zx  —  9)  \ 

.-.  sin.  (2#  —  9)  =  ^I^L  sin.  0 , 

n  -f-  m 
which  determines  x. 

14.  Given  the  hypothenuse  of  a  right-angled  triangle  to  determine 
the  other  sides,  when  the  surface  is  the  greatest  possible. 

Call  the  hypothenuse  a,  and  one  of  the  sides  x,  then  the  other  will  be 
N/  a2  —  &  and  the  area  of  the  triangle  will  be 


:  maximum. 
.*.  u  =  a2#2  —  x*  =  maximum. 

.-.  —  =  2a2,r—  4^  =  0.-.  x  =  0orx  =  -^—  . 
dx  */  2 

Substituting  the  second  value  in 

-S-=2<"-'^ 

the  result  being  negative,  shews  that  the  above  value  of  x  corresponds  to 
a  maximum.     Therefore  the  required  sides  are  each 

15.  To  determine  the  maxima  and  minima  values  of  the  function. 

y  =  a?—  18^  +  96^  —  20. 
when  x  =  4  .  .  .  .  y  =  356  a  maximum. 
x  =  8  .  .  .  .  y  =  128  a  minimum. 


*  Dr.  Gregory's  Trigonometry,  p.  47,  Equation  (S). 

2 
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16.  To  determine  a  number  x,  such  that  the  #th  root  may  be  the 
greatest  possible. 

Ans.x=.e  =  2-71828  .... 

17.  What  fraction  is  that  which  exceeds  its  wth  power  by  the 
greatest  possible  number? 


TO— 1    1 

Ans.  \/ — 
m 


18.  Given  the  equation 

t/2  —  2mxy  +  x2  =  a2 
to  determine  the  maxima  and  minima  values  of  y. 


When  x  = 


.     -  •  •  •  '  y  =  -  r        ,  a  maximum, 

1  —  m2  V  1  —  m? 

—  nta 

— y- 


v  i— 

19.  Given  the  position  of  a  point  between  the  sides  of  a  given  angle 
to  draw  through  it  a  line  so  that  the  triangle  formed  may  be  the  least 
possible. 

Ans.    The  line  must  be  bisected  by  the  point. 

20.  The  equation  of  a  certain  curve  is  azy  =  ax2  —  a;3  required  its 
greatest  and  least  ordinates. 

When  a  =  fa  .  .  .  .  y  =  maximum, 
x  =  0    .  .  .  .  y  —  minimum. 

21.  To  divide  a  given  angle  0  less  than  90°  into  two  parts,  x  and 
6  —  x,  such  that  tan.71  x  .  tan.m  (0  —  a;)  may  be  the  greatest  possible. 

tan.  (2*  —  9)  =  n~~m  tan.  9. 
n  -f-  m 

22.  To  determine  the  greatest  parabola  that  can  be  formed  by  cut- 
ting a  given  right  cone  *. 

SCHOLIUM. 

(55.)  It  will  be  proper,  before  terminating  the  present  chapter,  to 
apprise  the  student  that  in  the  application  of  the  theory  of  maxima  and 
minima  to  geometrical  inquiries,  care  must  be  taken  that  we  do  not 

*  It  will  be  shown  hereafter  that  a  parabola  is  equal  to  |  of  a  rectangle 
of  the  same  base  and  altitude. 
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adopt  results  inconsistent  with  the  geometrical  restrictions  of  the  pro- 
blem. We  know,  indeed,  from  the  first  principles  of  Analytical 
Geometry,  that  when  the  geometrical  conditions  of  a  problem  are  trans- 
lated into  an  algebraical  formula,  that  formula  is  not  necessarily  re- 
stricted to  those  conditions,  but,  in  addition  to  all  the  possible  solutions 
of  the  problem,  may  also  furnish  others  that  belong  merely  to  the  ana- 
lytical expression,  and  have  no  geometrical  signification*.  If,  therefore, 
among  these  latter  solutions  there  be  any  belonging  to  maxima  or  mi- 
nima, they  are  inadmissible  in  the  application  of  this  theory  to  Geome- 
try. The  following  example  is  given  by  Simpson,  at  art.  47  of  his 
Treatise  on  Fluxions,  to  illustrate  this. 

From  the  extremity  C  of  the  minor  axis  of  an 
ellipse  to  draw  the  longest  line  to  the  curve.  Sup- 
pose F  to  be  the  point  to  which  the  line  must  be 
drawn,  and  call  the  abscissa  CE^r  then  the  geo- 
metrical restrictions  of  this  variable  are  such  that 
its  values  must  always  lie  between  the  limits  x  =  0 
and  x  =  2,  a  and  b  denoting  the  semi-axes. 

By  the  equation  of  the  curve. 

EF2  =     =        2&c—  a3 


CF2  =  u  =  xs  + 


a3) 


—  a2)  =  maximum. 


'a2  — 


and  since  -7-5-  =  2  (1 p  )  it  follows  that  the  foregoing  expression  for 

x  renders  u  a  maximum  for  all  values  of  b  less  than  «,  and  a  minimum 
for  all  values  of  b  greater  than  a.     Hence  if  the  relation  between  a  and 

6  be  such  that   a ,a  may  exceed  2fr,  the  analytical  expression  for  CF 


See  the  Analytical  Geometry,  pp.  3,  4, 
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will  admit  of  a  maximum  value,  although  such  value,  not  coming  within 
the  geometrical  restrictions  of  the  problem,  is  inadmissible.  If  the  rela- 

a*b 
tion  between  a  and  b  be  such  that  ^  _  ^  =  2 6,  that  is,  if  a2  =  2fc2,  the 

solution  will  be  valid,  and  in  the  ellipse  whose  axes  are  thus  related  CD 
"will  be  the  longest  line  that  can  be  drawn  from  C,  agreeably  to  the 
analytical  determination,  and  the  solution  will  always  be  valid  if  the 

G26 

axes  of  the  ellipse  are  related  so  that    2 ,a  is  not  greater  than  2b, 

which  leads  to  the  condition  2&2  not  greater  than  a2. 


CHAPTER     VIZ. 

ON   THE   DIFFERENTIATION   AND    DEVELOPMENT   OF 
FUNCTIONS  OF  TWO  INDEPENDENT  VARIABLES. 

Differentiation  of  functions  of  two  independent  variables. 

(56.)  LET  z  =  F  (x,  y}  be  a  function  of  two  independent  variables ; 
then  since  in  consequence  of  this  independence,  however  either  be  sup- 
posed to  vary,  the  other  will  remain  unchanged  :  the  function  ought  to 
furnish  two  differential  coefficients ;  the  one  arising  from  ascribing  a  va- 
riation to  x  and  the  other  from  ascribing  a  variation  to  ?/,  y  entering  the 
first  coefficient  as  if  it  were  a  constant,  and  x  entering  the  second  as  if 
it  were  a  constant.  The  differential  coefficient  arising  from  the  variation 

dz 
of  x  is  expressed  thus,  — ;  and  that  arising  from  the  variation  of  y  thus, 

-^-;  and  these  are  called  the  partial  differential  coefficients,  being  analo- 
gous to  those  bearing  the  same  name  considered  in  chapter  IV.  We  f>. 
have  seen,  in  functions  of  a  single  variable,  that  if  that  variable  take  an 
increment,  and  the  function  be  developed,  what  we  have  called  the  dif- 
ferential coefficient  will  be  the  coefficient  of  the  first  power  of  the  incre- 
ment in  that  development;  so  here,  as  will  be  shortly  shown,  the  partial 
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differential  coefficients  are  no  other  than  the  coefficients  of  the  first 
power  of  the  increments  in  the  development  of  the  function  from  which 
they  are  derived.  As  to  the  partial  differentials  they  are  obviously 

—  Ax  and  —  dy  and  hence  we  call  —  dx  +  —  dy  the  total  differential 
of  the  function,  that  is, 


and  we  immediately  see  that  this  form  becomes  the  same  as  that  given 
in  chapter  IV.  for  the  differential  of  F(j£<?)  as  soon  as  we  suppose  y  to 
be  a  function  of  .r,  for  we  then  have  *" 

dz_  i_dz_      dz_     dy 
*dx*~djc~rdy'  dx 
as  indeed  we  ought. 

In  a  similar  manner,  if  the  function  consist  of  a  greater  number  of 
independent  variables  as  u  =  F(x,  y,  z,  &c.)  we  should  necessarily  have 
as  many  independent  differentials,  of  which  the  aggregate  would  be  the 
total  differential  of  the  function,  that  is 

du  .     .   du  du  . 

du=  —  dx  -f  —  dy  -f-  —  -  dz  +  &c. 
doc  dy  dz 

Hence,  whether  the  variables  are  dependent  or  independent,  we  infer, 
generally,  that 

The  total  differential  of  any  function  is  the  sum  of  the  several  partial 
differentials  arising  from  differentiating  the  function  relatively  to  each 
variable  in  succession,  as  if  all  the  others  were  constants. 

We  shall  add  but  few  examples  in  functions  of  independent  variables, 
seeing  ^hat  the  process  is  exactly  the  same  as  for  functions  of  dependent 
variables. 


d  .  xy—ydx-\-xdy 
x 
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j      y  ydx  —  3yzdy  —  xdy 

3y*-x  (3y>  —  #)2 

d.a*byc*  =  a*  by  cz  (dx  log.  a  +  dy  log.  b  +  dz  log.  c) 
d  log.  tan.  * 


y2sin.  -    cos.   -  v2sin.  -*- 

y         y  y 

dy*=y*  log.  ydx  +  y*-»  xdy. 

(57.)  If  the  function  that  x,  y  is  of  z  is  given  implicitly,  that  is  by 
the  equation 

u  —  F  O,  y,  2)  =  0, 
then 


but  (39), 

,du^          du      du     dz 


tdu.     _  du      du     dz 
dy  dy       dz     dy 

,  du      du    dz .    .  du      du     dz 

=(  —  -}-—  •  — -)  dx  +  (  —  + - 

x  dx      dz    dx  dy  *    dz     dy 

.du.  .du. 


*  The  brackets  are  employed  here  for  the  same  purpose  as  at  (37),  viz. 
to  imply  the  total  differential  coefficient  derived  from  u,  considered  as  a 
function  of  a  single  variable.  This  form  it  will  be  necessary  to  adopt 
whenever  u  contains,  besides  x,  other  variables  that  are  functions  of  a:, 
provided  we  wish  to  express  the  total  coefficient  with  respect  to  x.  No 
ambiguity  can  arise  from  our  calling  these  same  coefficients  partial  in  one 
sense,  and  total  in  another.  They  are  partial  coefficients  in  relation  to 
the  whole  variation  of  u,  but  they  are  total  coefficients  as  far  as  that 
variable  is  concerned  whose  differential  forms  the  denominator,  and  it  may 
be  remarked  here,  once  for  all,  that  when  we  enclose  a  differential  coefficient 
in  brackets,  we  mean  the  total  differential  coefficient  to  be  understood, 
arising  from  considering  the  function,  whose  differential  is  the  numerator, 
as  simply  a  function  of  the  variables  whose  differentials  form  the  deno- 
minator. 
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Thus  :  let  A,r2  +  By2  -f  Cz2  —  1=0, 


(By  +  0)^  =  0. 

(58.)  If  M  =  F£,  z  being  a  function  of  x  and  y,  the  two  differential 
coefficients  are  (33) 

du  _  du     dz    du      du     dz 
dx       dz     dx,     dy      dz     dy 

and  the  total  differential  is,  therefore, 

du    dz    ,        du     dz  , 
du—  —  >—dx  +  -—  •  —  dy  . 
dz     dx  dz     dy 

Now  it  is  worthy  of  notice,  that  the  ratio  of  the  two  partial  differential 
coefficients  is  independent  of  F,  so  that  this  may  be  any  function  what- 
ever. Thus 

du  m  du      du     dz  t  du     dz  _  dz  ^   dz 
dx  *    dy       dz     dx  '  dz      dy       dx  '   dy 

which  is  an  important  property,  since  it  enables  us  to  eliminate  any 
arbitrary  function  F  of  a  determinate  function  f(x,  y)  of  two  variables. 
We  shall  often  have  occasion  to  employ  it  in  discussing  the  theory  of 
curve  surfaces.  By  means  of  this  property  too  we  may  readily  ascertain 
whether  an  expression  containing  two  variables  is  a  function  of  any 
proposed  combination  of  those  variables.  For,  calling  this  combination 
2  and  the  function  u,  we  shall  merely  have  to  ascertain  whether  or  not 
the  above  condition  exists,  or,  which  is  the  same  thing,  whether  or  not 
the  condition 

du      dz       du      dz  _ 

dx      dy      dy      dx 

exists.     For  instance,  suppose  we  wished  to  know  whether  u  =  x*  -}- 
2.r2y  -f-  y1  is  a  function  of  z  =  x*  -f-  j/2. 
Here 
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consequently,  since  the  proposed  condition  exists,  we  infer  that  u  is  a 
function  of  z. 

We  shall  now  proceed  to  apply  Taylor's  theorem  to  functions  of  two 
independent  variables. 

Development  of  Functions  of  two  Independent  Variables. 

(59.)  In  the  function  z  =  F(.r,  y]  suppose  x  takes  the  increment  A, 
the  function  will  become  F  (x  +  A,  y\  y  remaining  unchanged,  since  it 
is  independent  of  x,  then,  by  Taylor's  theorem, 


But  if  y  also  take  an  increment  k,  then^/will  become 

dz  d?z         A-2          d%          A-3 

*"3*     ~~d"  r^2  +  ~"F2^3  + 


so  that  in  the  expression  (1)  we  must  for  —  substitute 


dx  I  •  2  •  3 


and  so  on.    Before,  however,  we  actually  make  these  substitutions,  we 
shall,  for  abridgment,  write 
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dz 


' 


-T^   for-^ 

dy  dx  dx 


dP.- 


dh     .  dy*  dv+Pz  ,         '    dyi 

— — -  for          J     and  generally  r— 

d^tfc  efa  ^yfldxf 


for  • 


this  last  expression  implying  that  after  having  determined  the  <?th  diffe- 
rential coefficient  of  the  function  *  relatively  to  the  variable  y,  the  jrth 
differential  coefficient  of  this  is  taken  relatively  to  the  other  variable  x. 
Hence,  the  result  of  the  proposed  substitutions  in  (1)  will  be 


+_£_._*!_ 

r    dx2       1  •  2 
JtA 

^1 

"d7^" 

I  -2-3 
kk? 

flfy  d  x 
dh          k* 

I  -2 

<fy2       1-2 

dy*dx 

J  •  2 

£3 

dys 

1-2-3 

The  general  term  of  the  development  being 


dyidxf     (1  -2  .  .  .  )  (1  .2.  .  .p) 

If  in  the  proposed  function  z  =  F  (#,  3/)  we  had  supposed  t/  to  vary 
first,  then,  instead  of  (1),  we  should  have  had 

dy  dy*      \  •  2        dy3      1 

But,  if  .r  take  the  increment  h,  z  will  become 


+  &c. . . .  (2). 


e,       \          t My        {_      9     I  _         ^     _  j       Ar(» 

r  dx  dx*'     1  •  2"1"  </x3       1  -2-3  ^ 

and,  therefore,  we  must  substitute,  agreeably  to  the  foregoing  notation 

.     dz 

for  — 

dy 


dy^~ dxdy      "*"   dxz  dy   '  1  .  2~*~ dx3dy  '  1  •  2  •  3 


for 


dy2 


for 
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A2  d'>Z  A3 


A  + 


+-r^r*  + 


1  •  2 


1  -2 
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+  &C. 


A3 
2  '    dx*dy3     1  -If7  3 

and  so  on;  so  that  the  development  would  be 


+  &c. 


dH         £ 

•       rf- 

h* 

^   dx*      \  "2 

d*Z     .  JiJr 

dx3 

1  -2.3 

tfk 

dxdy 
d*z         k* 

dx2dy        1  •  2 

df      1-2 

</xriy2 

1  -2 

'  1-2-3 

dy* 

+  &C. 


the  general  term  being 


IIP  . 


As  this  development  must  be  identical  with  that  exhibited  above,  we 
have,  by  equating  the  like  powers  of  //  and  A*, 

d*s  _  dzz          d3z  d3z 

dy  dx      dx  dy      dy  dxz        dx2  dy 
and  generally 


dyidxP      dxP  dy9 

we  conclude,  therefore,  that  if  we  first  determine  the  <?th  differential 
coefficient  relatively  to  the  variable  y,  and  then  the  pth  differential 
coefficient  of  this  relatively  to  the  variable  x,  the  final  result  will  be  the 
same  as  if  we  first  determine  the  p\h  differential  coefficient  relatively  to 
j,  and  then  the  <?th  differential  coefficient  of  this  relatively  to  y,  so  that 
Ihe  result  is  the  same  in  whichever  order  the  differentiations  are  performed. 
(60.)  We  see  from  the  foregoing  development,  that  the  partial  diffe- 
rential coefficients  of  the  first  order  are  the  coefficients  of  h  and  A-,  the 
first  power  of  the  increments,  so  that  the  term  containing  these  first 

i 
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powers  is  in  this  respect  analogous  to  that  containing  the  first  power  of 
the  increment  in  the  development  of  functions  of  a  single  variable,  and, 
by  a  very  slight  transformation,  it  will  be  seen  that  the  same  analogy 
extends  throughout  all  the  terms  of  the  two  developments.  For  the 
development  just  given  may  be  put  under  the  form 


_  -  **   +     -- 

-2         dx2  dxdy  dylz 


4-     &c. 

where  the  partial  differential  coefficients  in  each  term  are  identical  with 
those  which  appear  in  the  differential  of  the  preceding  term,  as  the 
actual  differentiation  shews,  thus: 


. 

the  coefficients  —  ,  —,  being  functions  of  x  and  y,  we  have 
ax   ay 

dz        d*z     ,          dh 


and,  consequently, 


r     dz        d*z     ,  d*z 

d  .  —  =-r-r  dz  +  —  — 
dy      dy  dx  dy2 


In  like  manner,  these  coefficients  being  functions  of  x  and  y,  we  have 
d*z          dh  dh 


d3z  tPz 

'~~  dx2  dy  +  dx  dy2     y 


dy*  ~~  dfdx  "*      dy3       y 


so  that 
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(3), 


dy* 

and  so  on;  the  numeral  coefficients  agreeing  with  those  in  the  corre- 
sponding powers  of  the  expanded  binomial. 

(61.)  Having  now  applied  Taylor's  theorem  to  functions  of  two 
variables,  we  may  equally  extend  Maclaurin's  theorem.  For,  if  in  the 
foregoing  development,  we  suppose  x  and  y  each  =  0,  the  development 
will  become  that  of  the  function  F  (A,  k}  according  to  the  powers  of  A 
and  k ;  or,  substituting  x  and  y  for  the  symbols  A  and  k,  since  these  are 
indeterminate,  we  have 


S'  +  E-SFJ  *•>+*«• 

The  principles  by  which  we  have  thus  extended  the  theorems  of 
Taylor  and  Maclaurin  are  sufficient  to  enable  us  to  extend  these 
theorems  still  further,  even  to  the  development  of  functions  of  any 
number  of  variables  whatever,  but  this  is  unnecessary.  It  may  be 
remarked,  however,  that  if  we  wish  to  develop  a  function  of  several 
variables  according  to  the  powers  of  one  of  them,  it  may  be  done 
independently  of  any  thing  taught  in  this  chapter;  for,  if  all  the  variables 
but  this  one  were  constants,  the  development  would  agree  with  that 
already  established  for  functions  of  a  single  variable,  and,  as  these 
constants  may  take  any  value  whatever,  they  may  obviously  be  replaced 
by  so  many  independent  variables.  We  shall  give  one  instance  of  this 
extension  of  Maclaurin's  theorem  to  a  function  of  two  independent 
variables,  choosing  a  form  of  extensive  application  and  of  which  the 
development  is  known  by  the  name  of 

Lagrange's  Theorem, 

(62.)  The  function  which  we  here  propose  to  develop  according  to 
the  powers  of  .r,  is 
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u  =  Fs,  in  which  z  =  y  +  a/z, 

z  being  obviously  a  function  of  the  independent  variables  x  and  y.  We 
shall  first  develop  z  =  y  -f-  xfz  according  to  the  powers  of  x  :  this 
development  is  by  Maclaurin's  theorem 

llz  /F*Z  T2  lJ3V  T3 

.=  [  •  ]  +  [f  1  *  +  ["£]  ^2  +  O  JTI7-,  +  *'• 

and  if  we  denote  according  to  the  notation  of  Lagrange  the  successive 
differential  coefficients  off*,  relatively  to  x  by  fz,  f"z,  f"'z,  &c.  we 
shall  have 


^  =  2/^,/,=2-f  ._* 

--=3/^^  =  3^. 


cfeC.  &C. 

Consequently,  when  j;  =  0, 


**  1  _  ,^A  /A,^  4.  3 
]-  3~('y)  ~    * 


&c. 
Hence 


&c  .....  (1). 

Now,  instead  of  this  development,  we  should  obviously  have  obtained 
that  of  F.z  =  F(3/  -f  .r/z),  if  in  place  of  z  and  its  differential  coefficients 
we  had  employed  F.Z  and  its  differential  coefficients.  We  should  then 
have  had 

u  =  F  (y  -f-  xfz)      .     .     therefore      .     .       [  u  ]    =  Fy 
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tlu  du       dz  du     dit 

dzu dzu    ,  dz  2        du       d*z  dzu     d*u  2 

,7^2 J»-2      ^77Z'       ~l~  T7Z.  '     ^7 ,,2  *       '       '        L~~T~2~J  ==     ,/.  o     (/,!//     T 


dy         dy  dy 

&c.  <fec. 

Hence 


and  this  is  Lagrange's  Theorem* 

From  this  remarkable  expression,  which  includes  that  marked  (1), 
other  forms  may  be  readily  deduced  as  particular  cases.  Of  these  the 
two  following  are  the  most  important. 

Put  x  =  1,  then  the  formula  (1)  becomes 


</y         1-2  <fy2          1  •  2  •  3 

&c (3), 

and  the  formula  (2), 

,  du  . 


(63.)    We  shall  terminate   the  present  section  with  one   or  two 
examples  of  the  application  of  these  formulas,  referring  the  student 

*  For  another  and  very  complete  demonstration  of  this  theorem  see 
note  (B)  at  the  end. 

I  2 
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for  more  ample  details  on  this  subject  to  Lagrange's  Resolution  des 
Equations  Numeriques,notexi.;  and  Jephson's  Fluxional Calculus,\o\.  i. 


EXAMPLES. 


1  .  Given  z3  —  qz  -\-  r  =  0,  to  develop  z  according  to  the  powers  of  r. 

Since  here  z  =  —  +  —  ,  we  have  y  =  —,/&=—  z3  .-.  /y  =  —  (—  )3 
99  99  99 


?2  ^  '        %2  y3       -dy*  ~  f        dy 


Hence,  by  the  formula  (3),  we  have,  by  putting  for  y  its  value  — 


2.  Given  the  radius  vector  of  an  ellipse,  viz.  (Anal.  Geom.  p.  133,) 
1—  e2 


r=*=« 


-f-  e  cos.  w 
to  develop  rn,  according  to  the  powers  of  cos.  w. 

Since  r  =  a  (1  —  e2)  —  e2  cos.  w  .  r,  we  have,  by  putting  y  for  a  (1  —  e2) 
and  a;  for  —  e  cos.  w, 

Fr  =  F(y  +  */r)  =  F(y  +  *-r)  =  (y  +  .t-r)» 
Hence,  by  the  formula  (2) 

dyH 
dvn        x        rf'-f-  !/2        2 

r-^y  +  ^Ly.  ^  +  ^__  .^L  + 

dy  dy  1  •  2  ^ 

rf2-^V3 
d'dyy  *> 


?  1-2-3 
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n  (n  +  1)  (»  +  2)  y"  .  —  —  -f  &c. 

1        A       O 


1*2*3 
3.  It  is  required  to  revert  the  series 


that  is,  to  express  the  value  of  z  in  terms  of  the  coefficients.     Here 

s  =  -~-™(r  +  ^  +  &c.)  =  y+/s 
therefore,  by  the  formula  (3), 

.    i  rf.^(r  +  ^y  +  &c.)2 

.-,-i(y  +  %r  +  ^>>:          -^-         --jr 


•s 


where  t/  = 5- .  consequently 
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4.  Given  1  —  %  -j-  az  ==  0  to  develop  log.  z,  according  to  the 
powers  of  a. 

log.  s  3=  a  +  i  a2  +  |  a3  -f  4  a4  +  &c.* 


CHAPTER    VZZX. 

ON  THE  MAXIMA  AND  MINIMA  VALUES  OF  FUNCTIONS 

OF  TWO  VARIABLES,  AND  ON  CHANGING 

THE  INDEPENDENT  VARIABLE. 

(64.)  It  remains  to  complete  the  theory  of  maxima  and  minima  by 
applying  the  principles  established  in  chapter  vi.  to  functions  of  two 
independent  variables. 

The  same  character  belongs  to  a  maximum  or  minimum  function  of 
two  variables  that  belongs  to  a  maximum  or  minimum  function  of  one 
variable,  that  is,  the  maximum  value  exceeds  the  contiguous  values  of 
the  function,  and  the  minimum  value  falls  short  of  them. 

Hence,  if 

S  =  F(x,t/) 

be  any  function  of  two  variables,  which  becomes  a  maximum  for  certain 
particular  values  of  them,  then  h  and  k  being  finite  increments,  however 
small  the  condition  is  that,  between  such  finite  values  and  0,  we  must 
always  have 


*  This  we  know  from  other  principles  ;  for,  since  the  proposed  expres- 

sion reduces  to  z  t=  -  .•.  log.  z  =  —  log.  (1  —  a)  and  this,  in  the 
1  —  a 

hyperbolic  system,  is  equal  to  the  above  series,  (See  the  Essay  on  Loga- 
rithms, p.  3.) 
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and,  consequently,  (60), 


If,  therefore,  of  the  small  values  which  we  suppose  h  and  k  to  take, 
h  be  the  smallest,  a  part  of  k  may  be  taken  so  small  as  to  be  less  than 
h,  or,  which  is  the  same  thing,  equal  to  one  of  the  values  of  h  between 
the  proposed  value  and  0,  so  that  we  have  h'  =  k';  therefore,  the  above 
condition  is 


This  condition  being  similar  to  (1)  art.  (49),  we  infer,  by  the  same 
reasoning,  that 

dz      dz 

±T*±d-y=0> 

which  cannot  be  for  both  the  signs  ±  unless 


By  continuing  to  imitate  the  reasoning  in  (49),  we  find  that  these  same 
conditions  must  exist  for  all  the  values  of  the  variables  that  render  the 
function  a  minimum. 

Hence  (49),  we  have,  in  the  case  of  a  minimum,  the  condition 


and  in  the  case  of  a  minimum, 


so  that,  supposing  these  first  terms  do  not  vanish  for  the  values  of 
and  y  given  by  (1),  the  condition  of  maximum  is 


and  the  condition  of  minimum, 

d2z  d2z         d"z 


In  either  case,  therefore,  the  expression  within  the  brackets  must  have 
the  same  sign  independently  of  the  sign  of  the  middle  term.     To  deter- 

2 
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mine  upon  what  other  condition  this  depends,  let  us  represent  the 
expression  by 


B2       B2 
Adding  —  --  -  =  0  to  the   quantity  within  the   parenthesis,   its 

form  is 


Now  this  expression  will  always  have  the  same  sign  as  A  provided 

C       B2 

C  has,  and  that  —  >  --,  that  is,  AC  >  B2  or  AC  —  B2  >  0,  because 
A        A' 

then  the  factor  of  A  will  be  necessarily  positive.     Hence,  beside  (1), 
the  condition  that  a  maximum  or  a  minimum  may  exist  is 


and  we  are  to  distinguish  the  maximum  from  the  minimum  by  ascertaining 
whether  the  proposed  values  of  x  and  y  render 

-^  «>or>0, 
or,  which  amounts  to  the  same,  whether 


since  -  and  -  have  the  same  sign. 
dx2  dy* 

Should  any  of  the  values  determined  from  (1)  cause  the  coefficient 
of  h'*  to  vanish,  there  will  be  no  maximum  or  minimum  for  those 
values  unless  the  coefficient  of  the  following  term  vanishes  also. 


EXAMPLES. 

(65.)     1 .  To  determine  the  shortest  distance  between  two  straight  lines 
situated  in  space. 

Let  the  equations  of  the  two  lines  be 

f  and 
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then  the  expression  for  the  distance  between  any  two  points  (x,y,  :), 
<Y/  =')  is  (Anal.  Geom.  p.  22tf.) 

D2  =  u  =  CT  -a')2  +  (y  -  2/')2  +  0  -  O2 
=  (a  _  tt'  +  as  _  «'  £' 


and  this  expression,  containing  the  two  independent  variables  :,  z'  is  to  be 
a  minimum.     Hence  by  the  condition  (1) 


«-«'  +  as—  «'=' 
^,  =  -  2  (  s—  z'(  +2a'  («—  a'+as—  a  V)  +26'  (/3—  /3'+4s—  fr' 


+bz— fcY)=OJ 


and  from  these  equations  the  proper  values  of  z,  z  may  be  readily  deter- 
mined^ which  substituted  in  the  expression  for  u,  render  it  the  least  pos- 
sible. That  these  values  really  belong  to  a  minimum  is  evident,  because, 


and  this  proves  that  -—  -  >  —  -  are  both  positive,  and  that 


_  _( 

dz*    '    dz'*  *    > 


Since  the  equations  of  a  straight  line  passing  through  two  points  (  j  ,  y,  z), 


we  have,  by  substitution,  when  these  points  are  on  the  lines  (1) 

hence,  if  this  line  be  that  in  question,  we  have,  by  combining  the  equations 
(2)  with  these,  the  conditions 

1  _|_  aa"  +  bb"  =  0,  1  +  a' a"  +  b'b"  =  0, 

which  conditions  shew,  that  this  minimum  straight  line  is  perpendicular 
to  both  the  lines  (1).  (See  Anal.  Geom.  p.  228.)  From  these  conditions 
we  get 

a,,_    b'  —  b      b,,_    a'  — a 

a'b  —  ab  a'b  —  ab' 

by  means  of  which,  and  the  equations  (3),  the  expression  for  D  becomes 
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D  =  N    (a  -  a')2  +  (b  -  6')2  +  (a'b  -  ab'f, 

a  o  —  (to 

in  which,  if  we  substitute  the  value  of  z  —  z'  deduced  from  (2),  we  ob- 
tain, finally, 


If  the  numerator  of  this  expression  vanish,  we  shall  have  D  =  0 ;  so 
that,  in  this  case,  the  lines  will  intersect.  Indeed,  the  condition  of  inter- 
section of  the  two  lines,  (1),  we  know  (Anal.  Geom.  p.  225,)  to  be 

2.  Among  all  rectangular  prisms  to  determine  that  which,  having 
a  given  volume,  shall  have  the  least  possible  surface. 

Representing  the  three  contiguous  edges  of  the  prism  by  x,  y,  z,  and  the 
volume  by  a3  we  have 

u  =  2xy  -f-  2x3  -{-  2yz  =  minimum, 
but  since 

3  <  r_«3_ 

XyZ'-  ~xy 

2a3         2a3 
.•.  M  =  2ry  -1 1 =  minimum. 

therefore  we  must  have  the  conditions  , 

du       ^  du 
—  =0,  —  =  0 
dx  dy 

that  is, 

_  2a3   _  2a3   _ 

from  which  we  obtain 

If  these  values  really  correspond  to  a  minimum  they  must  fulfil  the  con- 
ditions 


and  these  conditions  are  fulfilled,  since 

d*u  r^-i-4  rn- 

l~d^]-      '  l~dy*~]  '      '  l~]- 
Hence  the  required  prism  must  be  a  cube. 


THE    DIFFERENTIAL   CALCULUS.  97 

In  the  preceding  example  we  might  have  concluded,  without  recurring 
to  these  conditions,  that  the  results  obtained  belong  to  the  required  mini- 
mum, there  being  obviously  no  other  maximum  or  minimum,  except  that 
which  belongs  toa'  =  0,  ;y  =  0,  z=  »,  these  being  the  values  which 
cause  the  differential  coefficients  to  become  infinite,  (see  art,  50.) 

3.  To  divide  a  given  number,  or,  into  three  parts,  such  that  the  con- 
tinued product  of  the  mih  power  of  the  first  part,  the  nth  power  of  the 
second  part,  and  the  ;>th  power  of  the  third,  may  be  the  greatest  possible. 

ma  no,  pa 

The  three  parts  are  — • —  >  — ; ; —  >  — ~ — • — so  that  the 

m-\-n-{-p      m -\-n-\-p     m  -f-  n  -\- p 

three  parts  are  to  each  other  as  the  exponents  of  the  proposed  powers. 

4.  To  determine  the  greatest  triangle  that  can  be  enclosed  by  a 
given  perimeter. 

The  triangle  must  be  equilateral*. 


On  changing  the  independent  variable. 

(66.)  It  is  frequently  requisite  to  employ  the  differential  coefficients 
—  >  -y4-  &c.,  in  which  x  is  considered  as  the  principal  variable  under 

a  change  of  hypothesis,  x,  and  consequently  y,  being  assumed  as  a  func- 
tion of  some  new  variable  t. 

It  is  therefore  of  consequence  to  ascertain  what  changes  take  place  in 
the  expressions  for  these  coefficients  in  such  cases.  This  we  may  do  as 
follows : 

Since  according  to  the  new  hypothesis 

y  =  Fx  and  x  =ft 
therefore  (33) 

du      dy      dx      dy dy  .   dx (dy) 

dt       dx      dt       dx      dt   '  dt       (dx) 

dy  dx 

where  for  brevity  (dy}  is  put  for  -j-  and  (dx)  for  —  • 


*  For  more  examples  the  student  may  refer  to  Jephson's  Fhtxional 
Calculus,  to  Garnier's  Calcul  Differentiel,  or  to  Piassant's  Problemes 
de  Geometric. 
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_d*y___d*y_       dx*_       dy        d?x_ 
dt*  ~  dx*    '    dP   +  'da?  '  ~~dP 


In  a  similar  manner  we  might,  if  necessary,  find  the  expression  for 

dfy 

'  -  .     It  appears,  therefore,  that 

dy    _(dy) 
dx          (dx) 


dx2  (dxf 

&c.  &c. 

If  t=.y  the  hypothesis  requires  that  y  be  considered  as  the  principal 
and  x  as  the  dependent  variable.     In  this  case 


=--—-,  &c. 


^/  __  1  _     1 

dx      dx      (dx) 
dy 


dx2  ~        (dx)3 
&c.  &c. 

These  formulas  will  be  brought  into  use  in  the  second  section. 


CHAPTER    XX. 
ON  THE  CASES  IN  WHICH  TAYLOR'S  THEOREM  FAILS. 

(67.)  IT  has  been  shown,  in  Chapter  II.,  that  the  general  develop- 
ment of  the  function  F  (x  -\-  h)  always  proceeds  according  to  the  ascend- 
ing positive  powers  of  A,  and  the  principle  upon  which  this  fact  has 
been  established  is  this :  viz.  that  F#  and  F  (x  -f-  h)  must  necessarily 
contain  the  same  number  of  values ;  or  in  other  words,  the  same  radi- 
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cals  that  enter  FJ:  must  also  enter  F  (x  -{•  A)  but  no  others.  Hence  we 
might  extend  the  proposition  established  in  (4),  and  say,  that  not  only 
the  general  development  proceeds  according  to  the  increasing  positive 
powers  of  A,  but  also  every  particular  development,  provided  the  par- 
ticular value  F  (a  +  ti)  contain  the  same  radicals  as  F«,  and  no  more  ; 
and  provided,  moreover,  that  Fa  is  not  infinite,  which  we  have  seen  it 
must  be  for  the  true  development  of  F  (a  -f-  A)  to  contain  a  negative 
power  of  A,  or  a  log.  A,  a  cot.  A,  &c. 

(68.)  As  F  (x  -}-  A)  must  contain  the  same  radicals  as  F.r  and  no 
others,  it  follows  that  F  (x  -j-  A)  —  Fa',  must  contain  the  same  radicals 
as  F.r.  Now,  as  multiplying  or  dividing  an  expression  by  any  rational 
quantity,  can  neither  introduce  nor  destroy  radicals  in  that  expression. 

we  infer  that  the  expression  for  —      —  -  —    —  ,  A  being  rational,  must 

contain  the  very  same  radicals  as  F.r,  and  no  others,  whatever  be  the 
value  of  A  ;  but  when  A  =  0 


A  dx 

hence  the.  first  differential  coefficient  must  contain  the  same  radicals  as 
the  function  F.r,  and,  by  the  same  reasoning,  the  second  differential  co- 
efficient must  contain  the  same  radicals  as  the  first  ;  consequently  the 
same  radicals  must  enter  each  differential  coefficient  that  enter  into  the 
original  function.  If,  therefore,  there  be  given  to  x  such  a  particular 
value  o,  that  any  one  of  the  expressions  that  may  be  under  radicals  in 
Fx  may  become  0,  that  radical  will  of  course  vanish  from  the  function, 
and  consequently  from  its  differential  coefficients.  But  if  a  -\-  A  be 
substituted  for  x  instead  of  a,  the  same  radical  will  necessarily  »be  pre- 
served in  F  (a  -f-  A),  although  it  will  still  vanish  from  Fa  and  the  dif- 
ferential coefficients.  It  follows,  therefore,  that  F  (a  -f-  A)  will  have 
more  values  than 


so  that  this  cannot  be  the  true  development  of  F  (a  -f-  A).  It  is  easy  to 
explain  why,  in  such  cases  as  this,  one  of  the  coefficients  and  indeed  all 
that  follow  this,  must  become  infinite,  for  x  =  a.  For  the  exponent  of 
the  radical  which  vanishes  for  this  value,  is  diminished  by  unity  at  each 
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differentiation,  and  being  fractional  the  expression  under  it  will  at  length 
appear  with  a  negative  exponent,  and  will  continue  to  have  a  negative 
exponent  in  all  the  succeeding  coefficients ;  *  so  that  these,  when  a  is 
put  for  x,  become  infinite.  We  have  observed  above,  that  the  failing 
cases  of  which  we  are  speaking,  arise  from  the  circumstance  of  x  =  a 
causing  an  expression  to  disappear,  which  is  under  a  radical  in  F.r. 
The  student  must  not  confound  this  disappearance  of  a  radical,  with 
that  which  may  arise  from  a  factor  by  which  it  is  multiplied  becoming 
0  for  x  =  o,  for  though  a  radical  may  disappear  in  this  way  from  F,r,  it 
will  not  disappear  .from  all  the  differential  coefficients,  and  therefore 
Taylor's  development  will  hold.  Thus  if  a  radical  in  Fx  is  multiplied 
by  (x  —  «)"*,  m  being  a  positive  whole  number,  this  radical  will  dis- 
appear when  x  =  a,  but  in  the  mth  differential  coefficient  the  factor  will 
be  (x  — a)m—m,  which  does  not  vanish  when  x  =o,  but  becomes  =  1, 
and  thus  the  radical  with  which  it  is  connected  will  appear  in  this  co- 
efficient. 

We  conclude,  therefore,  that  there  are  but  two  classes  of  values  for 
which  Taylor's  development  fails ;  1°  those  which,  put  for  x,  render 

Fx  =  oo  ;    that  is,  those  which  are  roots  of  the  equation  — —  =  0  : 

and  2°  those  which  substituted  for  x,  cause  an  expression  under  A, 
radical,  to  vanish  from  F.r,  and  not  from  F  (x  -f  A).  To  this  latter  class 
belongs  the  value  x  =  a  for  every  function  containing  ^  x  a  for  ^e 
value  x  =  a  causes  this  radical  to  vanish  from  F.r,  but  in  F  (x  -f-  h)  it 
enters  as  >^h. 

(69.)  In  order  to  examine  these  cases  more  completely,  let  in  general 

F  (a  4-  A)  =  A  +  BA  +  CA2  -f-  DA3  + MA"  -f-  NA*  +  '+  <fec.  .  (1) 

represent  the  true  development  of  F  (x  -f-  K)  for  x  =  o,  in  which  n  _|_ 

*  This  does  not  invalidate  the  previous  assertion,  that  the  same  radicals 
enter  the  coefficients,  that  appear  in  the  original  function  ;  for  the  radical 
still  remains,  however  we  increase  or  diminish  the  fractional  exponent  by 

-±P        i/~±r> 
integers,  for/r H         =    fx     ' 
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denotes  a  fraction  falling  between  the  numbers  n  and  n  -f  1  .  We  shall 
show  that  the  n  4-  1th  differential  coefficient  derived  from  the  function 
FT  becomes  infinite  for  x  =  a,  as  also  all  that  follow  this,  but  the  pre- 
ceding coefficients  are  all  finite. 

Since  in  the  development  (1),  h  has  no  fixed  value,  we  may  differen- 
tiate relatively  to  h,  and  we  shall  have, 

=B  4-  2CA  4-  3DA2  +  .  .  .  .  +  M,***-1  +  N,/*""1"'  ~  '  +  <fcc- 


d/t 

gr       2  •  3A  +  ......  +  M/,«-2  +  N"^"'      &c. 


<fec.  &c. 

Now,  by  (30),  these  several  differential  coefficients  are  the  same  as 


f 

the  brackets  denoting  the  values  when  x  =  a. 
hence,  by  substitution,  in  the  foregoing  equations, 


dx 

-f  Ac  .....  f2) 


pZJc^lZf]  =2C  4-  2  .  3A  4- Mj.4*-2  4-  N24      ? 

i%C.  &C. 

Putting,  now,  A=0  in  the  equations  (1),  (2),  (3),  &c.  we  have  the 
following  results. 


*  For  brevity  Mn  will  be  here  used  to  denote  the  nth  differential  co- 
efficient derived  from  M//M. 

K  2 
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+&c.=M 


&C.  &C. 

all  the  succeeding  differential  coefficients  being  obviously  infinite,  be- 
cause the  exponent  :  --  1,  which  is   already  negative,  continually 

diminishes  by  unity. 

(70.)  It  follows,  therefore,  that  if  the  true  development  of  F  (x  -f  A), 
arranged  according  to  the  increasing  exponents  of  A,  contain  for  x  =  a 
a  fractional  power  of  A,  comprised  between  the  powers  A«  and  h*+l,  then 
the  several  terms  of  this  development  will  be  correctly  determined  by 
Taylor's  theorem,  as  far  as  the  term  containing  hn  inclusively  ;  '  but  the 
terms  beyond  this  become  infinite,  and  therefore  do  not  belong  to  the 
true  development. 

If  a  term,  in  the  true  development  of  F  (a  -}-  A),  contain  a  negative 
power  of  A,  this  should  be  the  leading  term,  as  the  arrangement  is  ac- 
cording to  the  increasing  exponents;  therefore,  this  first  term,  when 
.r  =  a  and  A  =  0,  must  be  infinite,  and  consequently  all  the  differential 
coefficients,  (2),  (3),  &c.  must  be  infinite. 

(71.)   The  converse  of  these  inferences  are  true,  viz.  1°.   If,  in  the 


general  development  of  F  (x  +  A),  the  coefficient  —  -;  -  is  the  first 

which  becomes  infinite  for  a  particular  value  of  x,  then,  in  the  true  de- 
velopment, arranged  according  to  the  increasing  exponents  of  A,  the 
term  immediately  succeeding  that  which  contains  Aw,  will  contain  a  frac- 
tional power  of  A,  the  exponent  being  between  n  and  n  -f  1  .  For  it  is 
obvious,  that  in  order  that  the  n  +  1th  may  be  the  first  of  the  coefficients 


i 


(2),  (3),  &c.  which  contain  a  negative  power  of  A,  A     f  must  be  the 
first  fractional  power  of  h  which  enters  the  development  (1),  n  -\  — 
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being  between  n  and  n  -f-  1  .  2°  If,  for  a  particular  value  of  x,  the 
function  FT  become  infinite,  then  will  all  the  differential  coefficients 
become  also  infinite,  and  the  true  development  will  contain  a  negative 
power  of  A,  or  else  a  log.  A,  a  cot.  h,  &c.  For,  if  the  true  development 
of  F  (a  +  h}  did  not  contain  a  negative  power  of  h,  nor  a  log.  h,  a  cot. 
h,  &c.  Fa,  which  this  becomes  when  A  =  0,  could  not  be  infinite; 
hence,  such  a  function  of  h  must  enter,  and  therefore,  as  shown  above, 
all  the  differential  coefficients  become  infinite,  for  x  =  a.  It  is,  there- 
fore, necessary  to  examine  the  function  Fa,  before  we  deduce  the  co- 
efficients from  F.r. 

(72.)  To  obtain  the  true  development  of  the  function  for  those  par- 
ticular values  of  the  variable,  which  cause  Taylor's  theorem  to  fail,  the 
usual  course  is  to  recur  to  the  ordinary  processes  of  common  algebra, 
after  having  substituted  a  -f  h  for  x  in  Fx. 

Suppose,  for  example,  the  function  were 

Fa  =  '2a  x  —  x*  -f-  a  A/a*  —  a2, 

and  that  we  required  the  development  of  F  (x  -f  A),  for  x  =  0.. 
Taking  the  differential  coefficient,  we  have 


&c.  &C. 

As,  therefore,  the  first  differential  coefficient  becomes  infinite  for  the 
proposed  value  of  .r,  we  conclude  that  the  true  development  of  the 
function  for  that  value,  when  arranged  according  to  the  increasing  ex- 
ponents of  h,  has  a  fractional  power  of  h  in  the  second  term,  the  expo- 
nent of  this  power  being  between  0  and  1  . 

Substituting,  then,  a  +  h  for  x  in  Fx,  we  have 

F  (a  +  h)  =  a2  —  A2  -f  a  V  2aA  +  h? 
2 


Developing  (2«  +  A)    by  the  binomial  theorem,  we  have 

(2o  +  /O4  =(2«)*  +  —  —  -- 

2(2r,)2       8(2rt 

consequently, 
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F  (a  +  A)  =  a3  +  a  (2a)M  H — f  —  A8 ^-7  +  &c. 

2(2«)*  8(2a)5 

Again  let  the  function  be 

Fx  =  ^x  +  (x  —  a)2log.(x  —  a), 
and  let  it  be  required  to  find  the  development  of  F  (a  +  A).     Here 

Fa=*/  a  -{-  0  x   «• 

It  becomes  necessary,  therefore,  first  to  ascertain  whether  this  expression 
is  infinite;  for,  if  it  be,  we  are  not  to  proceed  with  the  differentiation, 
but  to  infer,  agreeably  to  art.  (70),  that  the  proposed  function,  and  all 
the  differential  coefficients,  become  infinite  for  x  =  a,  and  that  conse- 
quently the  true  development  contains  either  a  negative  power  of  A,  or 
a  logarithm  of  A.  Now,  by  the  method  explained  in  (44),  we  find  that, 
when  #  =  «,  the  true  value  of 

(x  -  a)8  log.  (*-«)  =  —^-T--^2— 


log.  (x  —  a) 

is  infinite.  Hence  the  development  of  F  (  a  -f  A)  contains  log.  A,  for  we 
readily  see  that  no  negative  power  of  A  -can  enter.  Substituting'  a  +  A 
for  x,  in  ~£x,  we  have 

F  (a  +  A)  =  (a  +A)^  +  A2  log.  A*. 


*  The  above  example  is  from  Lagrange,  (Calculdes  Functions,  p.  75,) 
who  has  given  a  faulty  solution  to  it,  which  however  is  copied  by  Gamier 
and  other  writers  on  the  Calculus.  The  solution  here  objected  to  is  as 
follows  : 

"Soit 

fx  =  JX+  (x  —  a)2  log.  (.r  —  «) 
on  aura  ces  fonctions  derivees 

'wsigs  +  2  (ir~a)  log<  (l~a)  **—• 


3 


&c. 
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SCHOLIUM. 

(73.)  In  the  preceding  remarks  on  the  development  of  functions  for 
particular  values  of  the  variable,  we  have  said  nothing  about  the  values 
of  h,  the  increment  of  that  variable,  having  indeed  considered  that  in- 
crement as  indeterminate,  or  rather  of  arbitrary  value.  It  must,  how- 
ever, be  observed  that,  although  the  particular  value  which  we  give  to  x 
does  not,  in  any  case,  fix  the  value  of  h,  it  may  nevertheless  fix  the  limit 
between  which  and  0  all  the  values  given  to  h  must  be  comprised,  in 
order  that  for  particular  values  of  x,  Taylor's  development  may  not 
fail.  ,  This  fact  is  very  plain,  for  if  the  development  holds  for  all  values 
of  x  from  x  =  a  up  to  x  =  b,  but  fails  for  x  =  b,  then  will  the  develop- 
ment hold  when  a  +  h  is  substituted  for  x  in  FJ,  provided  h  be  taken 
between  the  limits  h  =  0  and  h  =  b  —  a,  or  more  strictly,  provided  it 
does  not  exceed  these  limits.  In  like  manner,  if  the  development  hold 
for  all  values  of  x  from  x  =  b  down  to  x  =  a,  but  fails  for  x  =  «,  then 
will  the  development  hold  when  b  —  A  is  substituted  for  x  for  all  values 
of  h  from  h  =  0,  to  h  =  b  —  «,  but  it  will  not  hold  for  the  value  of  h 
immediately  succeeding  this  last;  and  it  is  obvious  that  h  will  always 
be  subject  to  such  restrictions  unless  the  development  holds,  not  merely 
for  .r  =  a,  but  universally.  When,  therefore,  we  find  that  for  x  =  a  the 
differential  coefficients  do  not  any  of  them  become  infinite,  all  that  we 
can  conclude  is  that  the  development  of  F  (a  ±  A)  is  according  to 
Taylor's  theorem  for  all  values  of  h  between  some  certain  finite  value 


Si  on  fait  x=  a,  la  fonction  seconde  f'x  devient  infinie,  ainsi  que  toutes 
les  suivantes. 

"Ainsi  le  developpement  de/  (x  -f-  A)  par  la  formule  generale  deviendra 
fautif  dans  le  cas  de  x  =  a,  et  il  contiendra  necessairement  le  termc 
k2  log.  h. 

This  solution  is  faulty,  inasmuch  as  it  is  assumed  that  f'x  is  the  first 
derived  function  that  becomes  infinite  for  x  =  a,  whereas  f'x  and  fx  are 
also  infinite;  but  a  greater  fault  is,  that  this  process  does  not  lead  to  the 
true  conclusion,  for  the  inference  in  italics  does  not  follow  from  it, 
but  this,  viz.  that  the  sought  development  contains  neither  log.  of  h  nor  a 
negative  power  of  h,  but  it  contains  a  fractional  power  of  h,  the  exponent 
being  between  1  and  2,  which  is  not  the  true  conclusion. 
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A',  which  may  indeed  be  indefinitely  small,  and  0,  and  it  is  only  when 
this  is  not  the  case  that  the  theorem  is  said  by  analysts  to  fail.  We 
have  thought  it  necessary  to  point  out  these  circumstances  to  the  student, 
seeing  that  some  authors,  from  not  attending  to  them,  have  fallen  into 
very  important  errors,  and  have  laid  down  erroneous  doctrines  with 
respect  to  the  failing  cases  of  Taylor's  theorem.  Thus  Mr.  Jephson 
at  page  191,  vol.  i.  of  his  Fluxional  Calculus,  a  work  containing  much 
valuable  information,  says  "It  may  further  be  observed  that  Taylor's 
theorem  always  fails  when  the  assigned  value  of  x  causes  any  of  the 
terms  to  become  imaginary,  and  that  this  may  take  place  without 
causing  the  function  itself  to  be  imaginary;  thus  take/r  =  c  +  x*  */x  — a 
if  we  suppose  x  =  0,  fx  =  c,f'x  =  0,  butf"x,f'"x  ....  all  contain 
*/  —  1."  From  this  it  would  appear  that  Taylor's  theorem  may  fail  to 
give  the  true  development  in  other  cases  besides  those  which  cause  the 
differential  coefficients  to  become  infinite,  which,  however,  is  not  true. 
Whenever,  for  any  particular  value  of  x,  Taylor's  coefficients  become 
imaginary,  we  must  infer,  agreeably  to  the  statement  in  (4),  that  the 
function  F(#  +  A)  becomes  imaginary  for  that  value  of  a:;  A  being  of 
course  limited  as  above  explained.  In  the  example  just  quoted,  where 

fx  =  2*  V7^7  f       **2 

v  of  —  a 

2x 


f'x  =  2    N/a._a+_±L=_ 


&C.  &C. 

the  function/(.r  -f  A)  becomes,  when  x  =  0,/(0  +  K)  =f+  h**/h~i 
and  the  development  is 

c  +  A2  N/T^a  =  c  -f-  OA  +  >/"-^o  A2  H 7 A3  +  ifec. 

2  v —  a 

and  this  is  the  true  development,  for  h  must  not  exceed  the  limits  h  =  0, 
and  h = a,  since  x=a  causes  the  differential  coefficients  to  become 
infinite,  and  therefore  the  development  to  fail. 

With  regard  to  the  failing  cases  of  Maclaurin's  theorem,  it  may  be 
observed  that  they  are  very  different  from  the  failing  cases  of  Taylor's. 
Whatever  be  the  form  of  the  proposed  function,  its  general  develop- 
ment, according  to  Taylor's  theorem,  never  fails;  but  the  failure  of 
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Maclaurin's  theorem  always  arises  from  the  form  of  the  proposed 
function,  and  it  is  the  general  development  that  fails,  and  consequently 
all  the  particular  cases.  For  it  is  obvious  that  eveiy  function  will  fail 
to  be  developable  by  Maclaurin's  theorem,  whose  form  is  such  that,  for 
x  =  0,  it,  or  any  of  the  differential  coefficients  derived  from  it,  becomes 
infinite. 

Before  terminating  these  remarks  it  may  be  proper  to  observe  that 
the  student  is  not  to  attribute  what  analysts  have  been  pleased  to  term 
the  failing  cases  of  these  theorems  to  any  defect  in  the  theorems  them- 
selves; on  the  contrary  they  would  be  very  defective  if  they  did  not 
exhibit  such  cases.  All  that  is  meant  is,  that  the  function  in  particular 
states  may  fail  to  be  developable  according  to  Taylor's  series,  and  under 
particular  forms  it  may  fail  to  be  developable  according  to  Maclaurin's 
series;  so  that,  in  fact,  these  theorems  fail  to  give  the  true  development 
only  when  that  development  is  impossible. 

(74)  Let  us  now  examine  implicit  functions,  and  let  us  suppose  that 
£  =  a  causes  a  radical  to  vanish  from  Rr  in  consequence  of  a  factor  of 
it  vanishing;  we  have  seen  (68)  that  such  radical  will  reappear  in  some 
of  the  differential  coefficients,  suppose  it  appears  in  the  first  which 
requires  that  the  factor  spoken  of  be  x  —  a,  then  for  x  =  a  this  coeffi- 
cient will  have  more  values  than  the  proposed  function,  as  it  contains  a 
radical  more.  But  if  the  function  that  Fx  or  y  is  ofx  be  only  implicitly 
given,  that  is  by  means  of  an  equation  without  radicals,  we  know  (52) 

dy 

that  the  expression  for  —  wiH  be  also  without  radicals,  and  from  such 
ax 

an  expression  it  does  not  at  first  seem  clear  how  we  are  to  deduce  the 
multiple  values  alluded  to,  and  which  might  be  obtained  by  solving  the 
equation  for  y  and  thus  introducing  the  radical.  But  since  the  expres- 

dil 
sion  for  —  appears  under  the  form  of  a  fraction,  viz.  (52) 


_...., 

dx  du 

~dy 

we  readily  perceive  that  one  case  is  possible,  and  only  one,  in  which 
this  fraction  may  take  a  multiplicity  of  values  besides  those  implied  in 
^/,  viz.  the  case  in  which  it  becomes  &;  that  is,  when  the  following 
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conditions  exist  simultaneously,  viz. 

du  du 

-=»,-=<,....&; 

so  that  these  conditions  are  those  which  must  exist  for  every  value  of  x 

dy 

which  destroys  a  radical  in  F<r  but  not  in  — . 

ax 

(75.)  Whenever,  therefore,  any  particular  value  of  x  destroys  a  radical 

dy 
in  y,  but  not  in  — ,  then  the  expression  (1)  must  take  the  form  £,  and 

admit  of  the  necessary  multiple  values. 

The  rules  laid  down  in  (41)  enable  us  to  determine  the  true  value  of 
the  fraction  (1)  in  .the  proposed  circumstances,  that  is  when  it  takes  the 
form  £,  for  there  is  but  one  independent  variable,  viz.  x.  By  ,diffe- 
rentiating  numerator  and  denominator  separately,  we  have,  by  the 
article  referred  to, 

d*u         dzu,      dy 
dy  rd^'"~ 


dxdy~*~   dy*  '  dx 
hence, 

d*u  d*u      dy  d*u      dy 

"•  dx2  dx  dy  '  Tx  "*"  dy*    \Tx* 

dy 
This  being  a  quadratic  equation  furnishes  two  values  for  [— ],  which 

are  'all  that  belong  to  the  fraction  (1)  or  to  [— ]  unless,  indeed,  both 

numerator  and  denominator  of  (3)  also  vanish  for  a  value  of  x  given  by 
the  conditions  (2),  in  which  case  we  must  differentiate  again  as  in  art. 

(41),  when  the  value  of  [— ]  will  be  given  by  an  equation  of  the  third 
degree  which  will  furnish  three  values,  and  so  on ;  and  in  general,  if  the 
fraction  or  [— ]  admit  of  n  values,  the  equation  which  determines  them 

can  be  obtained  only  by  differentiating  n  times,  which  will  lead  to  an 
equation  of  the  nth  degree,  and  it  is  plain  that  the  radical  destroyed  in 

2 
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Kr  must  be  of  the  -th  degree,  seeing  that  it  gives  to  -^    n    additional 
n  dx 

values. 

Suppose,  for  example,  we  had  the  function 

y  =  x  -f  (x  —a)  N/  x  —  b 


and  for  x  =  a 


so  that  the  radical  which  disappears  in  y  appears  in  —  ;  this,  therefore, 

has  two  values. 

Now  let  the  same  function  be  given  in  an  implicit  form  and  without 
radicals,  viz. 


Since  for  x  =  a,  #  =  «,  therefore  both  these  expressions  become  0; 

dy       0 

hence  [  —  ]  =  -.     Taking,  then,  the  differentials  of  both  numerator  and 
dx        0 

denominator  of  the  fraction, 

2(y—  T)  +  (J  —  a)(3:r  — 


we  find  when  x  =  a  that  it  becomes 


therefore, 


dr  -  1]»  -  («  -  «)  =  0  .'.   [^]  =  1  ±  vT= 


as  before. 

(76.)  Suppose  now  that  the  radical  which  disappears  from  Fx  by 

L 
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du 
reason  of  a  factor,  disappears  also  from  —  ,  and  that  it  appears  in 

&y 
---  ,  which  is  the  same  as  supposing  that  the  vanishing  factor  is  (x  —  a)2. 

du 

In  this  case  —  will  have  the  same  number  of  values  that  F*  has  for 
dx 

&9 

#  =  </,  but  additional  values  will  belong  to  -  ,  so  that  we  must  have 

[-^1   -- 

1  d*2  J      "    0 

and  the  true  values,  when  the  function  is  implicit,  will  all  be  determined 
by  the  principles  already  employed. 
For  example:  the  explicit  function 


gives  when  x  =  a 


and  we  shall  see  that  the  same  values  are  equally  given  by  the  implicit 
function 

(y  _*)*=(*-«)<  a, 

d*y 
by  applying  the  foregoing  process  to  —  —  . 

GJT 

For  by  successively  differentiating,  and  representing,  for  brevity,  the 
several  coefficients  derived  from  y  by  p',  p",  &c.  we  have 

2  (/-  !)(!,-*)  =  (*_«)'  (5*  -a)  .'.[;/]=:l 
(/-l)2+/0/-x)  =  2(*-a)2(5*-2a) 

.    r  ^  i  -  r2  («  ~     *        ~        -       -     2 


y-x 
—  3a)  —  2/  (p—  1)     .  _    0 


p'—l  '    0 

_  r60x  —  48a  -  2p'"(y'  —  1)  —  a/2,          1  2«  —2  [p'"2} 
"  P"  ~\7T~ 


as  before. 
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The  two  examples  following  will  suffice  to  exercise  the  student  in 
this  doctrine,  which  is  merely  an  extension  of  the  principles  treated  in 
chapter  V.  to  implicit  functions. 

1.  Given 


to  determine  the  values  of  ~,  when  x  =  a, 
ax 


2.  Given 

(y  ~  *)»-(*  --a)«(*-  6)  =  0 

to  determine  the  values  of  —  -  and  ,  when  x  =  a. 

ax  dx 


We  here  terminate  the  First  Section,  having  fully  considered  the 
various  particulars  relating  to  the  differentiation  of  functions  in  general. 


SECTION    II. 

APPLICATION  OF  THE  DIFFERENTIAL  CALCULUS  TO 
THE  THEORY  OF  PLANE  CURVES. 


CHAPTER    Z. 
ON  THE  METHOD  OF  TANGENTS. 

(77.)  WE  now  proceed  to  apply  the  Calculus  to  Geometry,  and  shall 
first  explain  the  method  of  drawing  tangents  to  curves. 

The  general  equation  of  a  secant  passing  through  two  points  (x't  y'}7 
(x",y"\  in  any  plane  curve,  is  (Anal.  Geom.  p,  197) 


y'  —  y",  being  the  increment  of  the  ordinate  or  proposed  function 
corresponding  to  x  —  x"  the  increment  of  the  abscissa  or  independent 
variable.  The  limit  of  the  ratio  of  these  increments,  by  the  principles 

dy' 
of  the  calculus,  is  —  ;  that  is  to  say,  such  is  the  representation  of  the 

ratio  when  x'  —  x"  =  0,  and,  consequently,  y  —  y  =  0.  But  when 
this  is  the  case  the  secant  becomes  a  tangent.  Hence  the  equation  of 
the  tangent,  through  any  point  (x',  y')  of  a  plane  curve,  is 


It  appears,  therefore,  that  the  differential  coefficient  —f  for  any  pro- 

posed point  in  the  curve  has  for  its  value  the  trigonometrical  tangent 
of  the  angle  included  by  the  linear  tangent  and  the  axis  of  x,  that  is, 
provided  the  axes  are  rectangular.  If  the  axes  are  oblique,  the  same 
coefficient  represents  the  ratio  of  the  sines  of  the  inclinations  of  the 
linear  tangent  to  these  axes.  (See  Anal.  Geom.  p.  19  J 
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By  means  of  the  general  equation  (1)  we  can  always  readily  deter- 
mine the  equation  of  the  tangent  to  any  proposed  plane  curve  when 
the  equation  of  the  curve  is  given,  nothing  more  being  required  than  to 
determine  from  that  equation  the  differential  coefficient. 

Suppose,  for  example,  it  were  required  to  find  the  particular  form 

for  the  ellipse.    We  here  have  to  determine  —  from  the  equation 

dx' 


and  which  is 

_dy'_       _BV 
dx'  "        Ay 

therefore  the  equation  of  the  tangent  is 


(x,  y')  being  any  point  in  the  curve,  and  (T,  y)  any  point  in  the  tangent. 

Again  let  it  be  required  to  determine  the  general  equation  of  the 
tangent  to  a  line  of  the  second  order. 

By  differentiating  the  general  equation 

A/2  +  Baty  +  Cx"  +  Dy'  +  Ei'  +  F  =  0, 
we  have 

.  +  B*  ^r  +  I*  +  2<V  +  D  -g-  +E=0, 

dy'  2(V  -f  By'  +  E 

' 


so  that  the  general  equation  is 

By'  +  E 


(78.)   As  the  normal  is'  always  perpendicular  to  the  tangent,  its 
general  equation  must  be,  from  (1), 


~. 


It  is  easy  now  to  deduce  the  expressions  for  the  subtangent  and  sub 
normal.  For  if,  in  the  equation  of  the  tangent,  we  put  y  =  0,  the 
resulting  expression  for  x  —  x  will  be  the  analytical  value  of  that  part 
of  the  axis  of  x  intercepted  between  the  tangent  and  the  ordinate  y'  of 

L2 
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the  point  of  contact,  that  is  to  say,  it  will  be  the  value  of  the  subtangent 
T   (Anal.  Geom.  p.  84  J, 


dx 

If,  instead  of  the  equation  of  the  tangent,  we  put  y  =  0  in  that  of  the 
normal,  then  the  resulting  expression  for  x  —  yf  will  be  the  value  of  the 
intercept  between  the  normal  and  the  ordinate  y',  that  is,  it  will  belong 
to  the  subnormal  N 


As  to  the  length  of  the  tangent  T,  since  T  =  N/y*  +  T,2,  we  have,  in 
virtue  of  (3), 


Also,  since  the  length  of  the  normal  N  is  N  =  \/y2  -\-  N'2,  we  have. 

by  (4), 


The  foregoing  expressions  evidently  apply  to  any  plane  curve  what- 
ever, that  is,  to  any  curve  that  may  be  represented  by  an  equation 
between  two  variables,  whatever  be  its  degree,  or  however  complicated 
its  form. 

We  shall  now  give  a  few  examples  principally  illustrative  of  the 
method  of  drawing  tangents  to  the  higher  curves,  for  which  purpose 
we  shall  obviously  require  only  the  formula  (3),  for  it  is  plain  that  to 
any  point  in  a  curve  we  may  at  once  draw  a  tangent,  when  the  length 
and  position  of  the  subtangent  is  determined.  Or,  knowing  the  point 
(a/,  y),  we  may,  by  putting  successively  x  =  0  and  y  =  0,  in  the  equa- 
tion (1),  determine  the  two  points  in  which  the  required  tangent  ought 

to  cut  the  axes  and  then  draw  it  through  them.     If  •  —  is   0    at   the 

dx' 

proposed  point,  the  tangent  will  be  parallel  to  the  axis  of  x,  because, 

dy 
as  remarked  above,  ~  is  the  value  of  the  trigonometrical  tangent  of 
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the  inclination  of  the  linear  tangent  to  the  axis  of  x,  and  for  this  reason 
also  the  tangent  will 
the  proposed  point. 


dy1 

also  the  tangent  will  be  parallel  to  the  axis  of  y  when  — t  is  infinite  at 

dx 


EXAMPLES. 


(79.)     1.  To  draw  a  tangent  to  a  given  point  P  in  the  common  or 
conical  parabola. 

By  the  equation  of  the  curve 


dx'        *y  »—=s — k    TVT 

JL  A    XL 

_    ,         p    __  2i/'?  __ 

2/  ~"    p 

Hence,  having  drawn  from  P,  the  perpendicular  ordinate  PM,  if  we  set 
off  the  length,  MR,  on  the  axis  of  x,  equal  to  twice  AM,  and  then  draw 
the  line  RP,  it  will  be  the  tangent  required. 

2.  To  determine  the  subtangent  and  subnormal  at  a  given  point 
(x,  y')  in  the  parabola  of  the  nth  order,  represented  by  the  equation 


.-.  T,  =  y'  -r-  nax'n-1  =  —  ,  N,  =  y'  .  nax'»-*  =r  waV»-'  or       - 

71  X 

3.  To  determine  the  subtangent  at  a  given  point  in  the  logarithmic 
curve. 

The  equation  of  this  curve  related  to  rectangular  coordinates  is 


which  shows  that  if  the  abscissas  .r  be  taken  in  arithmetical  progression, 
the  corresponding  ordinates  y  will  be  in  geometrical  progression,  so  that 
the  ordinates  of  this  curve  will  represent  the  numbers,  the  logarithms  of 
which  are  represented  by  the  corresponding  abscissas,  a  being  the  assumed 
base  of  the  system.  Hence,  calling  the  modulus  of  this  base  m,  we  have7 
by  differentiating  (13), 

dy        1 
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Hence  the  remarkable  property  that  the  subtangent  is  constantly  equal  to 
the  modulus  of  the  system,  whose  base  is  a. 

'  4.  To  determine  the  subtangent  at  a  given  point  in  the  curve  whose 
equation  is 

x3  —  Baxy  -f  y3  =  0. 
Here 


.-I^-.to       +  3          =  0, 

ax  ax  ax 

dy'  _ay'  —  x'* 
'''dxf  "~    '*  —  ax' 


5.  To  draw  a  tangent  to  a  rectangular  hyperbola  between  the 
asymptotes-,  its  equation  being  xy  =  a. 

T,  =  x'. 

6.  To  determine  the  subtangent  at  a  given  point  in  a  curve  whose 
equation  is  ym  =  ax",  which,  because  it  includes  the  common  parabola, 
is  said  to  represent  parabolas  of  all  orders. 

T,=  ™  *>. 
M 

7.  To  determine  the  subtangent  at  a  given  point.  in  a  curve  whose 
equation  is  xm  yn  =  a,  which,  because  it  includes  the  common  hyperbola, 
is  said  to  belong  to  hyperbolas  of  all  orders. 


(80.)  If  the  proposed  curve  be  related  to  polar  coordinates,  then 
the  expressions  in  last  article  must  be  changed  into  functions  of  these. 

If  the  curve  AP  be  related  to  polar  co- 
ordinates FP  =  r,  PFX  =  w,  then  if  PR  be 
a  tangent  at  any  point,  P  and  PN  the  nor- 
mal, and  if  RFN  be  perpendicular  to  the 
radius  vector  FP,  the  part  FR  witt  be  the 
polar  subtangent,  and  the  part  FN  thepo/ar 
subnormal.  When  the  pole  F  and  the  point  P  are  given,  it  is  obvious 
that  the  determination  of  the  subtangent  FR  will  enable  us  to  draw  the 
tangent  PR. 
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The  formulas  for  transforming  the  equation  of  a  curve  from  rectangular 
to  polar  coordinates,  having  the  same  origin,  are  (Anal.  Geo;n.p.  131.^) 

x  =  r  cos.  to,  y  =  r  sin.  w,  x2  -f-  y2  =  r2, 
and  the  resulting  equation  of  the  curve  will  have  the  form 

r  —  Fto,  or  F  (r,  w)  =  0, 

in  which  we  shall  consider  to  as  the  independent  variable.     Now  RF  = 
PF  *  tan.  /_  P  =  r  tan.  {_  P,  but  by  trigonometry, 
•  tan.  (i)  —  tan.  a. 


that  is,  since 


dy  y 

tan  a,  =  —  —  -  and  tan.  w  =  — 

dx  x 


tan.  /.P  = 


dy 

dx 


'+£-•-£- 


therefore  r  times  this  expression  is  the  value  of  the  polar  subtangent. 

But  the  differential  coefficient  — ,  which  implies  that  x  is  the  principal 
dx 

variable,  ought  to  become,  when  the  variable  is  changed  to  w,  (66), 

dx  dy 


dx  d<>)     '     dtii  dx  dy 


Also,  from  the  above  formulas  of  transformation, 

dx  dr  dy  dr 

—  —  =  —  —  cos.  w  —  r  sin.  w,          =—  -  —  sin.  at  -\-  r  cos.  w 
dot          dto>  d(j)          dd) 

dx  dr 

•  '•y—,  —  =  r  —  —  sin.  w  cos.  w  —  r2  sin.2  to 
da)  dta 

dy  dr 

x—  —  •=.r—-  —  sin.  to  cos.  to  4-  r2  cos.2  w 
dot  dti} 

dx  dr 

x  —  —  =r  -  -  —  cos.2  w  —  r2  sin.  to  cos.  u> 
aw  aw 


du  dr 

y  -rrp-ssr  — - —  sin.?  w  4-  r2  sin.  w  cos. 
r/w  dw 


whence 
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dx  dy  dr  dx  dy  2 

y~d^~  X~d^~~   T~d^~'X~d^"}~y~fo~ 
consequently, 

r  rz 

tan.  L  P  =  —5—  •'•  RF  =  —  r-  =  subtangent 
dr  dr 


Also 

FN  =  —  —  -  =  r8  -•  --  —  =—  —  -  =  subnormal. 
FR  dr         du 


(81.)  We  shall  apply  these  formulas  to  spirals,  a  class  of  curves 
always  best  represented  by  polar  equations. 

8.  To  determine  the  subtangent  at  any  point  in 
the  Logarithmic  Spiral,  its  equation  being  P, 


dr        ,  a,        a" 

...  —  =  log.a-a    =_ 


fl 

Hence,  if  a  represent  the  base  of  the  Napierian  system,  since  the  modulus 
will  be  1,  the  subtangent  will  be  equal  to  the  radius  vector,  and  therefore 
the  angle  P  equal  to  45°,  because  tan.  /_  P  =  1. 

Since,  by  the  equation  of  this  curve,  log.  r  =  w  log.  a,  it  follows  that, 
if  a  denote  the  base  of  any  system,  the  various  values  of  the  angle  or  cir- 
cular arc  b)  will  denote  the  logarithms  of  the  numbers  represented  by  the 
corresponding  values  of  r.  Hence,  the  propriety  of  the  name  logarithmic 
spiral.  In  this  curve 

tan.  L  P  =  r^-  -£-  =  «<"-r-  -^-=m; 
dto  m 

hence  the  curve  cuts  all  its  radii  vectores  under  the  same  angle. 

9.    To  determine  the  subtangent  at  any  point  in  the  Spiral  of 
Archimedes,  its  equation  being 


do)  '      dw 

so  that  FR  is  equal  to  the  length  of  the  circular  arc  to  radius  r,  compre- 
hended between  FR,  FA ;   when,  therefore,  10  =  2?r,  the  subtangent 
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equals  the  length  of  the  whole  circumference.  The  spiral  of  Archimedes 
belongs  to  the  class  of  spirals  represented  by  the  general  equation 

r 

^  =  aw*. 

When\=  —  1,  we  have  ru  =  a,  and  the  spiral  represented  is  called  the 
hyperbolic  spiral,  on  account  of  the  analogy  between  this  equation  and 
xy  —  a.  It  is  also  called  the  reciprocal  spiral. 

10.  To  determine  the  polar  subtangent  at  any  point  in  the  hyper- 
bolic spiral. 

T,=  a. 

11.  To  determine  the  polar  subtangent  at  any  point  in  the  spiral 
whose  equation  is  r  =  auT*. 


12.  To  determine  the  polar  subtangent  at  any  point  in  the  parabolic 

*>* 


spiral,  its  equation  being  r  =  au>* 


13.  To  determine  the  polar  subtangent  at  any  point  in  a  spiral 
whose  equation  is 

(r2—  ar  —  I)w2=0. 


Rectilinear  Asymptotes. 


(r»-or)t 


(82.)  A  rectilinear  asymptote  to  a  curve  may  be  regarded  as  a  tangent 
of  which  the  point  of  contact  is  infinitely  distant,  so  that  the  deter- 
mination of  the  asymptote  reduces  to  the  determination  of  the  tangent  on 
the  hypothesis  that  either  or  both  y'  =  0,  x  =  0,  the  portions  of  the 
axes  between  the  origin  and  this  tangent  being,  at  the  same  time,  one 
or  both  finite. 

The  equation  of  the  tangent  being 

,_,_-£<,_„ 

we  have,  by  making  successively  .y  =  0,  i  =  0,  the  following  expressions 
for  the  parts  of  the  axes  of  x  andy,  between  the  tangent  and  the  origin,  viz. 
2 
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dx' 

If  for*  =00  both  these  are  finite,  they  will  determine  two  points, 
one  on  each  axis,  through  which  an  asymptote  passes.  If  for  x=  oo 
the  first  expression  is  finite  and  the  second  infinite,  the  first  will  deter- 
mine a  point  on  the  axis  of  x,  and  the  second  will  shew  that  a  line 
through  this  point  and  parallel  to  the  axis  of  y  is  an  asymptote.  If, 
on  the  contrary,  the  second  expression  is  finite,  and  the  first  infinite, 
the  asymptote  will  pass  through  the  point  in  the  axis  ofy,  determined 
by  the  finite  value,  and  will  be  parallel  to  the  axis  of  x. 

When,  however,  asymptotes  parallel  to  the  axes  exist,  they  may 
generally  be  detected  by  merely  inspecting  the  equation,  as  it  is  only 
requisite  to  ascertain  for  what  values  of  JT,  y  becomes  infinite,  or  for  what 
values  of  y,  x  becomes  infinite.  Thus,  in  the  equation  ry  =  o,  #=0 
renders  y  =  co  ,  and  y  =  Q  renders  x  =  oo  ,  therefore  the  two  axes  are 
asymptotes.  Again,  in  the  equation 


it  is  plain  that  a  =  +  a  renders  y  =  co  ,  we  infer,  therefore,  that  the 
curve  represented  by  this  equation  has  two  asymptotes,  each  parallel  to 
the  axis  of  y,  and  at  the  distance  a  from  it. 

If  both  expressions  are  infinite,  there  will  be  no  asymptote  corres- 
ponding to  x  =  oo  . 

If  both  expressions  are  0,  the  asymptote  will  pass  through  the  origin, 

dy 

and  its  inclination  0,  to  the  axis  of  x  will  be  determined  by  —  ,  =  tan.  9. 

dx' 

If  for  y  =  co  one  or  both  of  the  above  expressions  are  finite,  there 
will  be  an  asymptote,  and  its  position  may  be  determined  as  in  the  fore- 
going cases. 


EXAMPLES. 

(83.)    1.  Let  the  curve  be  the  common  hyperbola,  of  which  the  equa- 
tion is 
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dy  bx 


x2—, 
hence  the  general  expressions  (82)  are 

a2  — a2  a2 


a1 


x  x 

and 

b         a?  ba 


a 


both  of  which  are  0,  when  x  =  oo  ;  hence  an  asymptote  passes  through 
the  origin. 
Also 


which  becomes  ±  — ,  when  x  =  ao ,  therefore,  this  being  the  tangent  of 

the  inclination  of  the  asymptotes  to  the  axis  of  T,  they  are  both  repre- 
sented by  the  equation 

~  a 

2.  To  prove  that  the  hyperbola  is  the  only  curve  of  the  second 
order  that  has  asymptotes. 

The  general  equation  of  a  line  of  the  second  order,  when  referred  to  the 
principal  diameter  and  tangent  through  the  vertex  as  axes,  is 

y2  =  mx  -\~  n.r2, 

y  2yu  mx  -f-  2wa^  —  2#2  mx 

dy  m  -f-  2nx  ~~          m  -f-  2wx  m  -f-  2nsc 

dy  _  mx+Znx2 2#2 — mx  —  2nxz  _        _  mx 

Dividing  numerator  and  denominator  of  each  of  these  expressions  by  x, 
they  reduce  to 

m  m 
and  — 
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and  these,  when  x  =  oc ,  or  indeed  when  y=<x>,  become 


Hence  the  curve  will  have  asymptotes,  provided  n  be  neither  0  nor  negative, 
that  is  to  say,  provided  the  curve  be  neither  a  parabola  nor  an  ellipse,  but 
if  it  be  either  of  these,  there  can  exist  no  asymptote ;  therefore  the  hyper- 
bola is  the  only  line  of  the  second  order  which  has  asymptotes. 

(84.)  When  the  curve  is  referred  to  polar  coordinates,  then,  since  the 
radius  vector  of  the  point  of  contact  is  infinite  when  the  tangent  becomes 
an  asymptote,  it  follows  that  if  for  r=  oo  the  subtangent  is  finite,  this 
subtangent  may  be  determined  by  (80)  in  terms  of  w,  and  w  may  be 
found  from  the  equation  of  the  curve,  so  that  there  will  thus  be  deter- 
mined a  point  in  the  asymptote  and  its  direction,  which  is  all  that  is 
necessary  to  fix  its  position.  There  will  always  be  an  asymptote  if  w 
is  finite,  for  r=co.  If,  forr=co,  w  is  also  co,  there  exists  no 
asymptote. 

3.  Let  the  curve  be  the  hyperbolic  spiral. 

By  ex.  10,  art.  81,  the  subtangent  at  any  point  is  constant,  and  equal  to 
« ,  therefore  there  must  be  an  asymptote ;  also  by  the 

equation  of  the  curve  w  =  —  =0,  when  r  =  <x> , 

therefore  the  asymptote  is  perpendicular  to  the  fixed 
axis  at  the  distance  a  from  the  pole. 

Neither  the  logarithmic  spiral,  nor  the  spiral  of 
Archimedes  have  an  asymptote. 

4.  Let  the  spiral  whose  equation  is 

aw2  a 

~~w2—  1~~1  —  w^2 

be  proposed,  which  admits  of  a  rectilinear  asymptote,  because  w  =  I 
renders/  =  oo  .  The  direction,  therefore,  of  the  asymptote  is  ascertained, 
and  consequently  the  direction  of  the  infinite  radius  vector,  since  they 
must  be  parallel.  It  remains,  therefore,  to  determine  the  subtangent,  or 
distance  of  the  asymptote  from  the  pole 

dr  Saw-3  2r2 
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dr  2r*        oto3        a 

.•.r2— =  r2  — = = =  T 

'  da)  '     ato3          2          2 

because  co  =  1  when  r  =  «  . 

(35.)  Although  we  do  not  propose  to  treat  fully  in  this  place  of 
curvilinear  asymptotes,  yet  we  may  remark  in  passing,  that  if  r  should 
be  finite  although  to  be  infinite,  it  will  prove  that  the  spiral  must  be 
continued  for  an  infinite  number  of  revolutions  round  its  pole,  before  it 
can  meet  the  circumference  of  a  circle  whose  radius  is  this  finite  value. 
In  such  a  case,  therefore,  the  spiral  has  a  circular  Asymptote.  If,  more- 
over, the  value  of  r  for  to  =  oo  be  greater  than  the  value  of  r  for  every 
other  value  of  to,  the  spiral  will  be  included  within  its  circular  asymptote, 
but,  otherwise,  it  will  be  without  this  circle. 
5.  Thus  in  the  spiral  whose  equation  is 
(r2  —  «r)to2  —  1  =  0  or  to  = 

to  is  infinite  when  r  =  a,  and  for  all  less  values  of  r,  to  is  imaginary ;  hence 
the  spiral  can  never  approach  so  near  to  the  pole  as  r  =  a,  till  after  an 
infinite  number  of  revolutions,  so  that  the  circumference  whose  radius  is 
«  is  within  the  spiral  and  is  asymptotic. 
If,  on  the  contrary,  the  equation  had  been 

1 


Nar—  r2 

then  also  r  =  a  gives  to  =  ao,  but  for  all  other  real  values  of  to,  r  is  less 
than  a,  so  that  this  spiral  is  enclosed  by  its  asymptotic  circle,  the  radius  oi 
which  is  a. 

6.  To  determine  the  rectilinear  asymptote  to  the  logarithmic  curve. 

The  axis  of  i. 

7.  To  determine  the  equation  of  the  asymptote  to  the  curve  whose 
equation  is 


The  equation  isy  =  x  +  3  «• 

8.    To  determine  the  rectilinear  asymptote  to  the  spiral  whost* 
equation  is 

r  =  «w~^. 

The  fixed  axes  is  the  asymptote. 
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9.  To  determine  whether  the  spiral  shown  to  have  a  rectilinear 
asymptote  in  ex.  4  has  also  a  circular  asymptote. 

The  circle  whose  centre  is  the  pole  and  radius  =  a  is  an  asymptote. 

(86.)  Before  terminating  the  present  chapter,  it  will  be  necessary  to 
exhibit  the  expression  for  the  differential  of  the  arc  of  any  plane  curve, 
as  we  shall  have  occasion  to  employ  this  expression  in  the  next  chapter. 

Let  us  call  the  arc  AB  of  any  plane  curve  s, 
and  the  coordinates  of  B,  x,  y;  let  also  BD  be  a 
tangent  at  B,  and  BC  any  chord,  then  if  BE,  ED 
are  parallel  to  the  rectangular  axes,  BC  will  be 
increment  of  the  arc  s  corresponding  to  BE  =  A, 
the  increment  of  the  abscissa  x. 

Now,  putting  tan.  DBE  =  *,  we  have 

ED  =  ha  .-.  BD  = 
and 

BD  +  DC__N/  A2  (1  +  gsy  +  ha  —  CE 
BC  VV  -f  CE2 

CE 

This  ratio  continually  approaches  to  —  —  or  to  unity  as  h  diminishes, 

CJh 

and  this  it  actually  becomes  when  A  =  0.  Consequently,  since  the  arc 
BC  is  always,  when  of  any  definite  length,  longer  than  the  chord  BC 
and  shorter  than  BD  +  DC,*  it  follows  that  when  h  =  0  that  the  ratio 
of  the  arc  to  either  of  these  must  be  unity;  therefore 


but 


.    arcBC  arc  BC      chord  BC 

in  the  limit  —  —  —  —  =  !.•.  —  -  --  •  --  -  -  =  1, 
chord  BC  A  h 


chord  BC  2  _J  ,    ,    CE2" 


A  A2 

and  CE  is  the  increment  of  the  ordinate  y  corresponding  to  the  increment 
h  of  the  abscissa  x-}  hence,  when  h=  0,  the  ratio  becomes 


d*  .  V,  ,     W 

dx  '  da* 


*  See  Young's  Elements  of  Plane  Geometry,  p.  204. 
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.         _>!  + 
"  dx  dx*' 

If  any  other  independent  variable  be  taken  instead  of  .r,  then,  denoting 
the  several  differential  coefficients  relatively  to  this  new  variable  by  (rf.r), 
(<fy),  (&)  we  have  (66) 


At  the  point  where  ^=  0,  —  =  1,  or  (cfe)  = 


CHAPTER    XX. 

ON  OSCULATION,  AND  THE  RADIUS  OF  CURVATURE  OF 
PLANE  CURVES. 

(87.)  LET 

y  =/*',  Y  =  F.r, 

be  the  equations  of  two  plane  curves,  in  the  former  of  which  we  shall 
suppose  the  constants  a,  b,  c,  &c.  to  be  known,  and  therefore  the  curve 
itself  to  be  determinate  ;  while  in  the  latter  we  shall  consider  the  con- 
stants A,  B,  C,  &c.  to  be  unknown,  or  arbitrary,  and  therefore  the 
species  only  of  the  curve  given.  The  constants  which  enter  into  the 
equation  of  a  curve,  are  usually  called  the  parameters. 

If,  now,  x  take  the  increment  hy  and  the  corresponding  ordinates 
y,  Y'  be  developed,  we  shall  have,  by  Taylor's  theorem, 


Now,  the  parameters  which  enter  (2)  be;ng  arbitrary,  they  may  be 
determined  so  as  to  fulfil  as  many  of  the  conditions 
..   rfv       d\        d*V        d'*\ 

*=Y>;g=^'^^-^'&c  .....  <& 

as  there  are  parameters,  but  obviously  not  more  conditions. 

M  2 
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We  shall  thus  have  the  values  of  A,  B,  C,  &c.  in  terms  of  x,  and  of 
the  fixed  parameters  a,  &,  c,  &c. ;  which  values,  substituted  in  (2),  will 
cause  so  many  of  the  leading  terms  in  both  series  to  become  identical, 
whatever  be  the  value  of  x.  Other  corresponding  terms  of  the  two 
series  may,  indeed,  be  rendered  also  identical,  but  this  can  take  place 
only  accidentally,  not  necessarily.  Hence,  whatever  particular  value 
we  now  give  to  x,  the  resulting  values  of  the  corresponding  coefficients 
will  necessarily  agree  to  the  extent  mentioned,  that  is,  as  far  as  the  n 
first  terms,  if  there  are  n  constants  originally  in  (2) ;  and  this  is  true, 
even  if  such  particular  value  of  x  render  any  of  the  coefficients  infinite, 
inasmuch  as  they  are  always  identical  as  far  as  these  terms,  but  no 
further. 

We  know,  however,  that  in  those  cases  where  any  of  the  coefficients 
become  infinite,  (1)  and  (2)  will  fail  to  represent  the  true  developments 
of  the  ordinates  y,  Y'  at  the  proposed  points.  Nevertheless,  as  the  two 
series  have  been  rendered  identical,  as  far  as  n  terms,  should  they  both 
fail  within  this  extent,  the  terms  which  supply  these  in  the  true  develop- 
ment, must  necessarily  be  identical.  (See  note  C  at  the  end.) 

Now  the  greater  number  of  leading  terms  in  the  two  developments, 
which  are  identical,  the  nearer  will  the  developments  themselves  ap- 
proach to  identity,  provided,  at  least,  h  may  be  taken  as  small  as  we 
please ;  for  if  n  —  1  terms  in  each  are  identical,  we  may  represent  the 
difference  of  the  two  developments  by 

An  ha  +  S  —  (A'n  //  +  S7) (4), 

where  S,  S'  represent  the  sums  of  the  remaining  terms  in  each  series 

after  the  nth.  Hence,  h  being  the  highest  power  of  h  which  enters 
this  expression,  for  the  difference  it  follows  from  (47),  that  a  value 

may  be  given  to  h  small  enougn  to  cause  the  term  A,,A  to  become 
greater  than  all  the  other  terms  in  (4),  and  consequently,  for  this  small 
value, 

An  h*  —  A'w  h*'  >  S  —  S', 

and,  therefore,  the  whole  difference  (4)  is  greater  than  twice  S  —  S',  but 
when  the  nth  term  is  the  same  in  both  developments,  as  well  as  the 
preceding  terms,  then  the  difference  (4)  is  reduced  simply  to  S  —  S', 
which  we  have  just  seen  to  be  less  than  (4).  Consequently  the  de- 
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velopments  approach  nearer  to  identity,  for  all  values  of  h  between 
some  certain  finite  value  A'  and  0  as  the  number  of  identical  leading 
terms  become  greater. 

When  the  first  of  the  conditions  (3)  exist,  the  curves  have  a  common 
point;  when  the  second  also  exists  they  have  a  common  tangent  at  that 
point,  and  are  consequently  in  contact  there,  and  the  contact  will  be 
the  more  intimate,  or  the  curves  will  be  the  closer  in  the  vicinity  of  the 
point,  as  the  number  of  following  conditions  become  greater ;  so  that 
of  all  curves  of  a  given  species,  that  will  touch  any  fixed  curve  at  a  pro- 
posed point  with  the  closest  contact  whose  parameters  are  all  deter- 
mined agreeably  to  the  conditions  (3).  No  other  curve  of  the  same 
species  can,  from  what  is  proved  above,  approach  so  nearly  to  coinci- 
dence with  the  proposed,  in  the  immediate  vicinity  of  the  point  of  con- 
tact, as  this ;  so  that  no  other  of  that  species  can  pass  between  this  and 
the  proposed.  A  curve,  thus  determined,  is  said  to  be,  in  reference  to 
the  proposed  curve,  its  osculating  curve  of  the  given  species. 

(88.)  It  appears,  from  what  has  now  been  said,  that  there  may  be 
different  orders  of  contact  at  any  proposed  point.  The  two  first  of  the 
conditions  (3)  must  exist  for  there  to  be  contact  at  all;  therefore,  when 
only  these  exist,  the  contact  is  called  simple  contact,  or  contact  of  the 
first  order;  if  the  next  condition  also  exist,  the  contact  is  of  the  second 
order,  and  so  on;  and  it  is  obvious,  that  of  any  given  species,  the  oscu- 
lating curve  will  have  the  highest  order  of  contact,  at  any  proposed 
point,  in  a  given  curve.  If  the  curve,  given  in  species,  has  n  parame- 
ters, the  highest  order  of  contact  will  be  the  n  • —  1th,  unless,  indeed, 
the  same  values  of  these  parameters  that  fulfil  the  n  conditions  (3), 
should  happen  also  to  fulfil  the  n  -\-  1th,  the  n  -j-  2th,  &c.;  but  this,  as 
observed  before,  can  tak«  place  only  accidentally,  and  cannot  be  pre- 
dicted of  any  proposed  point,  although  we  see  it  is  possible  for  such 
points  to  exist. 

(89.)  At  those  points  in  the  proposed  curve,  for  which  Taylor's  de- 
velopment does  not  fail,  contact  of  an  even  order  is  both  contact  and 
intersection,  and  contact  of  an  odd  order  is  without  intersection ;  before 
proving  this,  however,  we  may  hint  to  the  student  that  contact  is  not 
opposed  to  intersection,  for  two  curves  are  said  to  be  in  contact  at  a 
point,  when  they  have  a  common  tangent  at  that  point;  and  yet,  as  we 
are  about  to  show,  one  of  these  curves  may  pass  between  the  tangent 
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and  the  other,  and  so  intersect  where  they  are  admitted  to  be  in  contact. 
To  prove  the  proposition,  let  us  take  the  difference  (4),  which,  when 
Taylor's  theorem  holds,  is 

(An  —  A'n)Aa+S  —  s' (5), 

An  A'tt  being  here  the  n — 1th  differential  coefficients.     If  these  are 

odd,  the  contact  is  of  an  even  order,  also  *  being  odd,  h  will  have  con- 
trary signs  for  h  =  +  h'  and  h  =  —  h',  and,  therefore,  since  for  these  small 
values  of  h,  the  sign  of  the  whole  expression  (5)  is  the  same  as  that  of 
the  first  term,  the  differences  of  the  ordinates  ;r— -r^_ 
corresponding  to  x  +  h,  and  to  x  —  A,  will  be  // 
the  one  positive  and  the  other  negative,  so  that 
the  two  curves  must  necessarily  cross  at  the 
point  whose  abscissa  is  x. 

But  if  tt  is  even,  the  contact  is  of  an  odd  order,  and  the  difference  (5) 
between  the  ordinates  of  the  two  curves  corresponding  to  the  same 
abscissa,  x  +  h,  will,  for  a  small  value  of  h,  have  the  same  sign,  whether 
h  be  positive  or  negative ;  so  that,  in  this  case,  the  curves  do  not  cross 
each  other  at  the  point  of  contact. 

(90.)  The  student  must  not  fail  to  bear  in  remembrance,  that  the 
proposition  just  established,  comprehends  only  those  points  of  the  pro- 
posed curve,  at  which  none  of  the  differential  coefficients  become  infinite, 
from  the  first  to  that  immediately  beyond  the  coefficient  which  fixes  the 
order  of  the  contact.  For  it  is  only  upon  the  supposition  that  the  true 
development,  within  these  limits,  proceeds  according  to  the  ascending 
integral  and  positive  powers  of  /*,  that  the  foregoing  conclusions  respect- 
ing the  signs  of  the  difference  (5)  can  be  fairly  drawn.  ( See  note  C.) 

(91.)  From  the  principles  of  osculation  now  established,  it  is  evident 
that  any  plane  curve  being  given,  and  any  point  in  it  chosen,  we  may 
always  find  what  particular  curve,  of  any  proposed  species,  shall  touch 
at  that  point  with  the  closest  contact,  or  which  shall  most  nearly  coin- 
cide with  the  given  curve  in  the  immediate  vicinity  of  the  proposed 
point.  Thus  an  ellipse  or  a  parabola  being  given,  and  a  point  in  it 
proposed,  we  may  determine  the  circle  that  shall  approach  more  nearly 
to  coincidence  with  that  ellipse  or  parabola  in  the  vicinity  of  the  pro- 
posed point,  than  any  other  circle,  and  which  will  therefore  better  re- 
present the  curvature  of  the  given  curve  at  the  proposed  point  than  any 
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other.  On  account  of  its  simplicity  and  uniformity,  the  circle  is  the 
curve  employed  to  estimate,  in  this  way,  the  curvature  of  other  curves 
at  proposed  points  ;  that  is,  the  curvature  is  estimated  by  the  curvature 
of  the  osculating  circle,  or  rather  as  the  curvature  of  a  circle  increases 
as  the  radius  diminishes,  and  vice  versa,  it  is  usual  to  adopt,  as  a  fit 
representation  of  the  curvature,  the  reciprocal  of  the  radius. 

The  osculating  circle  is  called  the  circle  of  curvature,  and  its  radius 
the  radius  of  curvature,  and,  from  what  has  been  said  above,  it  follows 
that  the  determination  of  the  curvature  at  any  point  in  a  proposed  curve, 
reduces  itself  to  the  determination  of  this  radius  :  to  this,  therefore,  we 
shall  now  proceed. 

Radius  of  Curvature. 

PROBLEM    I. 

(92.)  To  determine  the  radius  of  curvature  at  any  proposed  point  of 
a  given  curve. 

The  general  equation  of  a  circle  being 


it  becomes  determined  as  soon  as  we  fix  the  values  of  the  parameters 
«,  /3,  r,  and  these  may  be  determined,  so  as  to  fulfil  any  three  indepen- 
dent conditions,  but  not  more.  In  the  case  before  us,  the  conditions  to 
be  fulfilled  are  those  of  (3)  art.  (87),  that  is  to  say,  putting  /,  p",  &c. 
for  the  successive  differential  coefficients  derived  from  Y  =  Kr,  the 
equation  of  the  given  curve,  the  conditions  to  be  fulfilled  are 


in  order  that  the  resulting  values  of  a,  /3,  r,  may  belong  to  the  equation 
of  the  osculating  circle.     Now 

dy_        x  —  a.        d*y  ]  (a?  —  a)2  _  r2 

d*-      y-j3  >  ~d3*~~        y  +  p 


hence  the  three  equations  for  determining  a,  j3  and  r,  are 
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From  the  second  equation 


Substituting  this  in  the  first, 
O'2  +  l 
Adding  this  last  to  the  third,  there  results 


which,  substituted  in  (2),  gives 


_ 
Consequently, 


ds3 
~dtf 


P  P 

These  equations  completely  determine  the  osculating  circle,  whenever 
the  co-ordinates  x,  y  of  the  proposed  point  are  given. 

Should  this  point  be  such  as  to  render  p'  =  0,  then  the  expression, 
for  the  radius  of  curvature  at  that  point,  becomes 
1  1 


But  when  p  =  0,  the  tangent  at  the  proposed  point  must  be  parallel 
to  the  axis  of  x  (78),  or,  which  is  the  same  thing,  the  axis  of  y  must 
coincide  with  the  normal;  hence,  under  this  arrangement  of  the  axes, 
x  =  0  at  the  proposed  point,  and  therefore 

1 


Should  p"  =  0  at  the  proposed  point,  r  will  be  infinite,  whether 
p'  =  0  or  not,  so  that  the  osculating  circle  then  becomes  a  straight  line  ; 
as,  therefore,  this  straight  line  has  contact  of  the  second  order,  the 
parts  of  the  curve  in  the  vicinity  of  the  point  will  i 

lie  on  contrary  sides  of  it,  as  in  the  annexed    •  ^~  -.-*     —  -^  - 
diagram  (89),  that  is,  supposing  p"  is  neither  0     ' 
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nor  co  .  If  p'"  =  0,  and  the  next  following  differential  coefficient  neither 
0  nor  co  ,  the  contact  will  be  of  an  order  which  is  unaccompanied  by 
intersection. 

A  point  at  which  the  tangent  intersects  the  curve,  or  at  which  the 
curve  changes  from  convex  to  concave,  is  called  a  point  of  inflexion, 
or,  a  point  of  contrary  flexure.  The  analytical  indications  of  such 
points  will  be  more  fully  inquired  into,  when  we  come  to  speak  of  the 
singular  points  of  curves. 

(93.)  By  referring  to  equation  (2)  above,  which  has  place  even  when 
the  contact  is  but  of  the  first  order,  we  learn  that  the  centre  (tt,  /3)  of 
every  touching  circle,  is  ahvays  on  the  normal  at  the  point  of  contact; 
for  that  equation  is  the  same  as 

(*_*)=  -1  03  -y)  • 

Tx 

We  shall  now  apply  the  general  expression,  for  the  radius  of  curva- 
ture, to  a  few  particular,  cases. 

EXAMPLES. 

(94.)  1.  To  determine  the  radius  of  curvature,  at  any  point  in  a  pa- 
rabola. 

Differentiating  the  equation  of  the  curve, 

3,2  =  4™,*, 
we  have, 

2m 

2i/p=im  .\p  =  - 


(/*+!)*          m  +  *  2,3  32 

~f~~  -—  }    '   «-  =  (™2  +  •Mfjji 

(normal)3 

—  4^a    •  (See  Anal.  Geom.  p.  127). 

As  the  expression  for  the  normal  diminishes  with  x,  the  vertex  is  th 
point  of  greatest  curvature,  r  being  there  equal  to  2w,  or  to  half  the  pa 
rameter. 

2 
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2.  To  determine  the  radius  of  curvature  at  any  point  in  an  ellipse. 
By  differentiating  the  equation 

a 

we  have 


p"  ay  '    6*  "  aW 

From  this  expression,  others  occasionally  useful  may  be  readily  derived. 
Thus,  since  (Anal.    Geom.  p.  84)  the  square  of  the  normal,  N,   L< 

b—  a-2  +  y*,  therefore, 

«6N3        a2 
««N»  =  W  +  ay  .-.>•=—=-  N3  ....  (2). 


Again,  since  (Anal.  Geom.  p.  87), 
t  b's 


At  the  vertex  »•  =  —  =  semiparameter  (Anal.  Geom.  p.  69). 
a 

From  equations  (2)  and  (3)  it  follows  that,  in  the  ellipse,  the  radius  of 
curvature  varies  as  the  cube  of  the  normal,  or  as  the  cube  of  the  diameter 
parallel  to  the  tangent  through  the  proposed  point. 

It  is  often  desirable  to  obtain  r  as  a  function  of  X,  the  angle  included 
between  the  normal  and  the  transverse  axis.  For  this  purpose  we  have 
since 

a2  =  a2  (1  —   j)  and  y*  =  N2  sin.2A, 


but  (Anal.  Geom.  p.  68.) 


,.N=* -1- 


(1— 
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.. 

a  (1 

(95.)  Since,  in  the  ellipse,  the  principal  transverse  is  the  longest 
diameter,  and  its  conjugate  the  shortest  (Anal.  Geum.  p.  67),  it  follows 

from  (3),  that  the  curvature  —  is  greatest  at  the  vertex  of  the  transverse, 

and  least  at  the  vertex  of  the  conjugate  axis.     At  the  former  point 

62  a2 

/•  =  —  ,  and  at  the  latter  r  =  -r-  . 
a  b 

The  present  is  a  very  important  problem,  being  intimately  connected 
with  inquiries  relative  to  the  figure  of  the  earth. 

By  means  of  the  last  expression  for  r,  the  ratio  of  the  polar  and 
equatorial  diameters  of  the  earth,  may  be  readily  deduced,  when  we 
know  the  lengths  of  a  degree  of  the  meridian  in  two  known  latitudes, 
L,  /,  for  these  lengths  may,  without  error,  be  considered  to  coincide 
with  the  osculating  circles  through  their  middle  points  ;  and  since 
similar  arcs  of  circles  are  as  their  radii,  we  have,  by  putting  M,  m  for 
the  measured  degrees,  and  R,  r  for  the  corresponding  radii, 

R  :  r  ::  M  :  m, 

but 


and  r= 


therefore,  since  wR  =  Mr,  we  have 

m  M 


( 1  —  e2sii 
(1  —  e2sin.2/)  =  M^  (1  —  <?2sin.2L), 


.,*  sin.2L  — 


— cos.2L 
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If/  =  0,  that  is,  if  the  degree  m  is  measured  at  the  equator,  then, 
a  -      /  i      -  sin'L 

!3 


3.  To  determine  the  radius  of  curvature  at  any  point  in  the  loga- 
rithmic curve,  its  equation  being  y  =  ax, 


(m?  4.  »2\l 

r  =  -  -  .,  .T     >  tf*  being  the  modul 
*z 


4.  To  determine  the  radius  of  curvature  at  any  point  in  the  cubical 
parabola,  its  equation  being  y3  =  ax. 


PROBLEM    II. 

(96.)  To  determine  those  points  in  a  given  curve,  at  which  the  oscu- 
lating circle  shall  have  contact  of  the  third  order. 

It  is  here  required  to  find  for  what  points  of  a  given  curve  the  values 
of  «,  (3,  ry  determined  by  the  three  first  conditions  (3),  art.  (87)  satisfy 
also  the  fourth  condition. 

The  differential  coefficient/"  as  derived  from  equation  (3),  p.  129,  is 


and  this  must  agree  with  the  p'"  derived  from  the  equation  of  the  pro- 
posed curve,  at  those  points  where  the  contact  is  of  the  third  order; 
that  is,  the  abscissas  of  these  points  will  all  be  given  by  the  roots  of  the 


equation 


and  it  may  be  easily  shown,  that  the  points  which  satisfy  this  equation 
are  those  of  greatest  and  least  curvature,  for  since 


P" 
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and  when  r  is  a  maximum  of  a  minimum  this  expression  is  equal  to  0 
(49);  hence 


or,  dividing  by  p"  and  recalling  the  value  of  y  —  (3  deduced  in  (92), 
we  have,  finally, 

(y  —  |3)/r+3/>V  =  0, 

which  being  the  same  equation  as  that  deduced  above,  it  follows  that 
the  points  of  maximum  and  minimum  curvature  are  the  same  as  those 
at  which  the  contact  is  of  the  third  order. 

(97.)  In  the  preceding  investigations  we  have  always  considered  .r  to 
be  the  independent  variable,  because  the  expression  for  the  radius  of 
curvature  has  been  obtained  conformably  to  this  hypothesis.  But  if 
any  other  quantity  is  taken  for  the  independent  variable,  the  foregoing 
expression  for  r  will  not  apply;  therefore,  in  order  to  give  the  greatest 
generality  possible  to  the  formula  for  the  radius  of  curvature,  we  shall 
now  suppose  any  arbitrary  quantity  whatever  to  be  the  independent 
variable,  x  and  y  being  functions  of  it.  Hence,  instead  of  p'  and  //, 
we  shall  have  (66) 

Ofr)  and  (*y)(rf*)-W(«fr) 
(«fo)  (rfx») 

the  parentheses  intending  to  intimate  that  the  independent  variable, 
according  to  which  the  differentials  of  the  functions  .r,  y  are  taken,  is 
arbitrary,  and  the  differential  of  which  when  chosen  is  with  its  proper 
powers  to  be  introduced  as  denominators  of  the  above  differentials. 
Making,  therefore,  these  substitutions  in  the  expression  for  r,  it  becomes 

(frfr)«  +(«**)«)* 
(d*y)(dx)-(d*x)(dy) 
or,  since  (86) 


whatever  be  the  independent  variable, 


(98.)  This  expression  is  of  the  utmost  generality,  and  will  furnish  a 
correct  formula  for  every  hypothesis.  respecting  the  independent  variable. 
Thus,  if  .r  be  chosen  for  the  independent  variable,  then  (dx)  =  1  and 
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(cPjr)  =  0,  and  the  formula  in  that  case  is 
ds3 


being  the  same  as  that  at  first  given  as  it  ought  to  be.  If  y  be  the 
independent  variable,  then  (dy)  =  1  and  (cPy)  =  0,  so  that  upon  this 
hypothesis  the  formula  is 

ds* 


If  s  be  the  independent  variable,  then  (ds)  =  1  ; 

-  (*»*)    ----  (4). 


substituting  this  in  the  denominator  of  (1)  we  have 


By  squaring  (1)  on  this  last  hypothesis  we  have 


but,  since  from  (4) 


it  may  be  added  to  the  denominator  of  this  expression  for  r3  without 
affecting  its  value,  so  that 

1 
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(99.)  We  shall  now  proceed  to  determine  a  suitable  formula  for 
polar  curves. 

If  the  circle  whose  equation  is  (1)  p.  129,  be  transformed  from  rectan- 
gular to  polar  coordinates,  the  pole  being  at  the  origin  of  the  primitive 
axes,  and  the  axis  of  x  being  the  fixed  line  from  which  the  variable 
angle  w  of  the  radius  vector  y  is  measured,  we  shall  have  (Anal. 
Geom.  p.  131J 

(y  COS.  o>  —  a)2  +  (y  sin.  w  —  /32)  =  r2  ....   (1), 

If,  therefore,  we  differentiate  on  the  supposition  that  w  is  the  indepen- 
dent and  y  the  dependent  variable,  and  denote  the  first  and  second 
differential  coefficients  by  p,  and  p/7,  we  shall  have 

(ycos.w—  a)Qo/cos.<«>—  ysin.<«>)-|-(ysin.w—  j3)(/?/sin.w-|-ycos.w)=0...(2) 
(pt  cos.w  —  y  sin.w)2-}-  (y  cos.o>  —  a)(pa  cos.w  —  2/>,  sin.w  —  y  cos.  w)  -f- 
Q^sin.ai-f-ycos.w)2  -|_  (y  sin.w  —  /3)  (jt^sin.  w-J-2/^  cos.w  —  ysin.w)=0...(3) 

If  from  the  two  latter  equations  we  determine  the  values  of  y  sin.  o>  —  /3 
and  y  cos.  w  —  a,  and  substitute  them  in  (1),  we  shall  obtain  the  follow- 
ing expression  for  r  in  functions  of  y  and  its  differential  coefficients,  viz. 


but  we  shall  arrive  at  this  expression  more  readily  by  first  deducing 
from  the  equations 

y  =  y  sin.  w,  x  =  y  cos  w 

the  differential  coefficients 

=  y  cos.  <i>  -\-  pt  sin.  w  =  (dy) 

dx 
-—  —  =  —  y  sm.  w  -}'Jt7/cos'  M  =  (</.r) 

</2V 
—  ^  =  —  y  sin.  w  -f-  2pf  cos.  w  +  pH  sin.  w  =  (rf2i/) 

.  2  =  —  y  cos.  w  —  2^?y  sin.  w  +  ptl  cos.  w  =  (c?2.i  ) 

and  then  substituting  them  in  the  general  formula  (1). 
Since  (80)  the  expression  for  the  normal  PN  is 

N  2 
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we  may  put  the  above  expression  for  r  under  the  form 

N3 

~- 


5.  To  determine  the  radius  of  curvature  at  any  point  in  the  loga- 
rithmic spiral 


Hence 


y  J  i  4_       1       (ar^.  80)  =  y  cosec.  P. 
T  tan.2  P 

It  appears,  therefore,  that  the  radius  of  curvature  is  always  equal  to  the 
normal. 

6.  To  determine  the  radius  of  curvature  at  any  point  in  the  curve 
whose  equation  is 

y  =  2  COS.  to  +  1 

_  (5+ 


9  ±  6  cos. 


CHAPTER      ZZZ. 

ON  INVOLUTES,  EVOLUTES,  AND  CONSECUTIVE  CURVES. 

(100.)  If  osculating  circles  be  applied  to  every  point  in  a  curve,  the 
locus  of  the  centres  is  called  the  evolute  of  the  proposed  curve,  this 
latter  being  called  the  involute. 
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The  equation  of  the  evolute  may  be  determined  by  combining  the 
equation  of  the  proposed  curve  with  the  equations  (2),  (3)  p.  129,  con- 
taining the  variable  coordinates  «,  /3  of  the  centre.  As  these  three 
equations  must  exist  simultaneously  for  every  point  of  contact  (x,  y}, 
these  two  quantities  x,  y  may  be  eliminated,  and,  therefore,  a  resultng 
equation  obtained  containing  only  a.  and  (3,  which  equation  therefore 
will  express  the  general  relation  between  a  and  (3  for  every  point  (.r,  y); 
in  other  words,  it  will  represent  the  locus  of  the  centres  of  the  osculating 
circles. 

Or,  representing  the  equation  of  the  proposed  curve  by  y  =  F.r,  we 
shall  have  to  eliminate  x  and  y  from  the  equations  (p.  130) 

' 


when  the  resulting  equation  in  «,  /3  will  be  that  of  the  evolute. 

EXAMPLES. 

(101.)  To  determine  the  evolute  of  the  common  parabola 

2  __  ,  _   2m    t     u  _         4m* 

"     y  y3 


which  is  the  equation  of  the  evolute.     If  the  origin  be  removed  to  that 
point  in  the  axis  of  x  whose  abscissa  is  2m,  then  the  equation  becomes 

t-j,*. 
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The  locus  of  which  is  called  the  semicuUcal  parabola. 

It  passes  through  the  origin  because  j3=0  when  a=0  ; 

therefore  the  focus  of  the  proposed  involute  is  in  the 

middle,  between  its  vertex  and  the  vertex  of  the 

evolute.  {Anal.  Geom.  art.  100.)     The  curve  con- 

sists of  two  branches  symmetrically  situated  with 

respect  to  the  axis  of  x  or  of  a,  and  lies  entirely  to  the  right  of  the  origin, 

for  every  positive  value  of  a.  gives  two  equal  and  opposite  values  of  /3,  and 

for  negative  values  of  «  and  (3  is  impossible.     It  is  easy  to  see,  therefore, 

that  the  form  of  the  curve  is  that  represented  in  the  margin. 

2.  To  determine  the  evolute  of  the  ellipse. 
By  example  2,  page  132,  we  have 


Now,  since,  by  the  equation  of  the  curve, 

a2/  =  a2  b*  —  tf  x2  or  b2  xz  =  a2  62  —  a2/ 
.-.  a4  1/2  -f-  64  a2  =  i2  (a4  —  c2  xz)  or  =  a2  (64  +  c2  </2), 

c2  being  put  for  a2  —  i2.    Hence,  by  substitution, 


Substituting  these  values  in  the  equation  of  the  involute,  we  have 


a 
or,  finally,  dividing  all  the  terms  by  —  —  ,  we  obtain  for  the  evolute  the 

c3 
equation 
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c2 
If  a.  =  0,  then  /3  =  ±  -T-,  so  that  the  curve  meets 

the  axis  of  y  in  two  points,  c,  d,  equidistant  from 

e2 
the  origin  O.     If  /3  =  0,  then  *  =  ±  — ,  so  that  it 

also  meets  the  axis  of  x  in  two  points,  b,  a,  equi- 
distant from  0.      If  a.  is  numerically  greater  than 

c2 

—  the  ordinates  become  imaginary,  and  if  (3  is  numerically  greater  than 

—  the  abscissas  become  imaginary ;  therefore  the  curve  is  limited  by  the 
b 

four  points  a,  b,  c,  d,  and  touches  the  axes  at  those  points.     It  consists, 
therefore,  of  four  branches  symmetrically  situated  as  in  the  figure. 

3.  To  determine  the  evolute  of  the  rectangular  hyperbola,  its  equa- 
tion between  the  asymptotes  being  xy  =  a2. 
The  equation  of  the  evolute  is 


THEOREM. 

(102.)  Normals  to  the  curve  are  tangents  to  the  evolute. 
Let  the  equations  of  the  curve  and  of  its  evolute  be 

y  =  Fx  and  (3  =/<*. 

then  differentiating  the  equation  (2)  p.  129,  considering  «,  (3  as  variables 
as  well  cT,  y,  we  have 


but  (130) 

V^=- 

hence,  by  substitution, 

xVyfi 

dx       r   dx 

.^*OT£»_^ 

dx       di        da  p         a  — 
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dS 

Now  —  expresses  the  trigonometrical  tangent  of  the  angle  between 

da, 

the  axis  of  x  and  a  linear  tangent  through  any  point  (a,  /3)  of  the  evolute, 

and expresses  the  trigonometrical  tangent  of  the  angle  between 

P 

the  axis  of  x  and  a  normal  at  any  point  (x,  y}  of  the  involute;  but  this 
normal  necessarily  passes  through  a  point  (a,  /3)  of  the  evolute,  and, 
therefore,  in  consequence  of  the  above  equality,  it  must  coincide  with 
the  tangent  at  that  point. 


THEOREM. 

(103.)  The  difference  of  any  two  radii  of  curvature  is  equal  to  the 
arc  of  the  evolute  comprehended  between  them. 
Differentiating  the  equation 


on  the  hypothesis  that  &  is  the  independent  variable,  we  have 

—  (y  —  /3)  -^—  —  (x  —  a)  ~~  f  —  5 
da.  do, 

but  by  last  article 


£  +  .)=*..:«, 


and 


Dividing  (2)  by  the  square  root  of  (1)  we  have 


^   dJ    '  da 

that  is  (86) 

_  2l  =  ^  ..._ s  =  r  ±  a  constant, 

da        da 

ds       dr 
for  otherwise  there  could  not  be  —  —  =  ^-. 
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Hence  if  r,  /  be  the  radii  of  curvature  of  any  two  points,  and  s,  $' 
the  corresponding  arcs  of  the  e  volute,  then 

r  ±  const.  =  —  s 
r  ±  const.  =  —  s' 


so  that  the  difference  of  the  two  radii  is  equal  to  the  arc  of  the  evolute 
comprehended  between  them;  therefore,  if  a  string  fastened  to  one 
extremity  of  this  arc  be  wrapped  round  it  and  continued  in  the 
direction  of  the  tangent  at  the  other  extremity  as  far  as  the  involute 
curve,  the  portion  of  the  string  thus  coinciding  with  the  tangent  will  by 
(102)  be  the  radius  of  curvature  at  that  point  P  of  the  involute  curve 
which  it  meets,  and,  consequently,  by  the  above  property,  if  the  string 
be  now  unwound,  P  will  trace  out  the  involute. 


On  Consecutive  Lines  and  Curves. 

(104.)  Every  equation  between  two  variables  may  always  be  con- 
sidered as  the  analytical  representation  of  some  plane  curve,  given  in 
species  by  the  degree  of  the  equation,  and  determinable  both  in  form 
and  position  by  the  constants  which  enter  it,  provided,  that  is,  these 
constants  are  fixed  and  determinate.  If,  however,  the  equation  contains 
an  arbitrary  or  indeterminate  constant  «,  then,  by  assuming  different 
values  for  «,  the  equation  will  represent  so  many  different  curves  varying 
in  form  and  position,  but  all  belonging  to  the  same  family  of  curves. 

Now  if  we  consider  the  form  and  position  of  one  of  these  curves  to 
be  fixed  by  the  condition  a,  =  a',  another,  intersecting  this  in  some  point 
(.r',  y),  may  be  determined  from  a  new  condition  &  •=.  &  +  h-,  and  if  h 
be  continually  diminished,  this  latter  curve  will  approach  more  and 
more  closely  to  the  fixed  curve,  and  will  at  length  coincide  with  it. 
During  this  approach,  the  point  of  intersection  (y,  y)  necessarily  varies, 
and  becomes  fixed  in  position  only  when  the  varying  curve  becomes 
coincident  with  the  fixed  curve.  In  this  position  the  point  is  said  to 
be  the  intersection  of  consecutive  curves,  so  that  what  mathematicians 
call  consecutive  curves,  are,  in  reality,  coincident  curves,  and  the  point 
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which  has  been  denominated  their  point  of  intersection  may  be  deter- 
mined as  follows: 
(105.)  Let 

F(a,y,aO  =  0  ----  O) 

represent  any  plane  curve,  x  being  a  parameter,  and  for  any  intersecting 
curve  of  the  same  family  let  x1  become  x  +  h,  then,  since  however 
numerous  these  intersecting  curves  may  be,  the  <r,  y  of  the  intersections 
belong  also  to  the  equation  (1)  ;  it  follows  that  as  far  as  these  points 
are  concerned,  the  only  quantity  in  equation  (1)  which  varies  is  x't 
therefore,  considering  x,  y  as  constants  in  reference  to  these  points,  we 
have,  by  Taylor's  theorem, 

F  O,  y,  *  +  A)  =  F  («,  y,  *)  +  **  <*£'  *°  h  + 

•*F(g,y,jQ       A* 

<W*  1^2  + 

but  F  (x,  y,  #')  =  0,  therefore 
F  (*, 


,    , 
~  + 


"A^  dx' 

hence,  when  the  curves  are  consecutive,  that  is  when  h  =  0,  we  have 
the  following  conditions,  viz. 

...  (2) 


dx 
to  determine  ,r  and  y. 

Suppose,  for  example,  it  were  required  to  determine  the  point  of 
intersection  of  consecutive  normals  in  any  plane  curve. 

.  Representing  the  equation  of  the  curve  by 

and  any  point  in  the  normal  by  (.r,  y\  we  have  for  the  equation  of  the 
normal 

y—y'=  —  —  (x  —  a-')  or  (t/  —  y')pf  +  x  —  x'  =  0. 

This  corresponds  to  the  first  of  equations  (2),  .r'  being  the  parameter; 
hence,  differentiating  with  respect  to  x'  of  which  y  is  a  function  given 
by  the  equation  of  the  curve,  we  have 
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p" 

hence  (92)  consecutive  normals  intersect  at  the  centre  of  curvature. 

(106.)  If  we  eliminate  the  variable  parameter  x'  by  means  of  the 
equations  (2),  the  resulting  equation  will  belong  to  every  point  of  inter- 
section given  by  every  curve  of  the  family 

and  its  consecutive  curve;  for  whatever  value  we  suppose  x'  to  take  in 
the  equations  (2),  the  result  of  the  elimination  will  obviously  be  always 
the  same.  Hence  this  resulting  equation  represents  the  locus  of  all 
the  intersections,  and  we  may  show  that  at  these  same  intersections  this 
locus  touches  every  individual  curve  in  the  family.  The  equation  (1), 
where  of  represents  a  function  of  x,  y,  determined  by  the  second  of  the 
conditions  (2)  in  last  article,  is  obviously  the  equation  of  the  locus  of 
which  we  are  speaking,  and  the  same  equation,  when  x'  takes  all  possible 
values  from  0  to  ±  co ,  furnishes  the  family  of  curves,  which  we  are  now 
to  show  are  all  touched  by  this  locus.  Taking  any  one  of  this  family, 
and  differentiating  its  equation  (1),  x'  being  constant,  we  have 

du  .        du  _ 
du  =  —  dx  -f-  — -  du  =  0. 
dx  dy 

Differentiating  also  the  equation  (1)  of  the  locus,  x'  being  given  by  the 
second  condition  of  (2)  in  last  article,  we  have 

du  ,     ,  du  _       'du  , 
du  =  —dx  +  —  dy  -f-  — •  dou  =  0, 
dx  dy    *       dx 

but  by  the  condition  just  referred  to —    =  0   at  the   point  where  the 

dx' 

curves  whose  equations  we  have  just  differentiated  meet;  hence,  since 

dy 

at  those  points  each  of  these  equations  give  the  same  value  for  — , 

it  follows  that  they  have  contact  of  the  first  order;  we  infer,  therefore, 
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that  the  equation  (1),  when  x  is  determined  from  the  second  of  the 
conditions  (2)  last  article,  represents  a  curve  which  touches  and  envelopes 
the  entire  family  of  curves  represented  by  equation  (1),  x'  being  any 
arbitrary  constant.  Thus,  as  we  already  know,  the  locus  of  the  inter- 
sections of  normals  with  their  consecutive  normals  is  a  curve  which 
touches  them  all  at  their  points  of  intersection,  being  the  evolute  of  the 
curve  to  which  the  normals  belong. 
The  following  examples  will  further  illustrate  this  theory. 


EXAMPLES. 

(10T.)     1.  To  determine  the  curve  which  touches  an  infinite  series  of 
equal  circles,  whose  centres  are  all  situated  on  the  same  circumference. 
Let  the  equation  of  the  fixed  circle  be 


then,  for  the  coordinates  of  the  centre  of  any  of  the  variable  circles,  the 
expressions  will  be 

x1  and  \/r/2  —  a/2. 


so  that  the  general  representation  of  these  circles  will  be 


(x  —  x'?  +  (y  —  N/22)2  —  r*=~0  =  u  ....  (1), 

a'  being  considered  as  an  arbitrary  constant.  If,  however,  x'  be  considered 
not  as  an  arbitrary  constant,  but  as  a  function  of  x  and  y,  fulfilling  the 

condition  —  -  =  0,  then,  by  the  preceding  theory,  (1)  will  represent  the 

curve  which  touches  all  the  circles  in  those  points  where  each  is  intersected 
by  its  consecutive  circle.  Hence,  differentiating  (1)  with  respect  to  of, 
we  have 


This,  then,  is  the  function  of  x,  y,  which,  substituted  for  of,  in  (1),  gives 
the  equation  of  the  locus  sought.     The  result  of  this  substitution  is 
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or,  extracting  the  root  of  each  side, 


2  =  r'  ±  r  .:  x*  +  f  =  (V  ±  r)2, 

an  equation  representing  two  circles,  whose  radii  are  respectively  r'  -f  r 
and  r'  —  r.  Hence  the  series  of  circles  are  touched  and  enveloped  by  two 
circular  arcs,  having  these  radii,  and  the  same  centre  as  the  fixed  circle. 

2.  Between  the  sides  of  a  given  angle  are  drawn  an  infinite  number 
of  straight  lines,  so  that  the  triangles  formed  may  all  have  the  same  surface, 
required  the  curve  to  which  every  one  of  these  lines  is  a  tangent. 

Let  the  given  angle  be  9,  and,  taking  its  sides  for  axes,  we  have,  for  the 
equation  of  every  variable  line, 

y  =  *x  +  p  ----  (1), 

and,  putting  successively  y  =  0  and  x  =  0,  the  resulting  expressions  for 
x  and  y  denote  the  sides  of  the  variable  triangle,  including  the  given  angle, 

so  that  these  sides  are  —  —  and  ft  ;  hence,  calling  the  constant  surface  s, 

a, 
we  have 


hence  the  equation  (1)  is  the  same  as 


where  (3  is  considered  as  an  arbitrary  constant.     But  if  for  this  arbitrary 
constant  we  substitute  the  function  of  K,  arising  from  the  condition  —  jj 

=  0,  then  (2)  will  represent  the  locus  of  the  intersections  of  each  variable 
•line,  with  its  consecutive  line,  which  locus  touches  them  all.  Differen- 
tiating then  with  regard  to  /3,  we  have 


fl 
s  x  sm.  9 

this  substituted  in  (2)  gives  for  the  equation  of  the  sought  curve 


s  s 

~  2*2  sin.  0*"*"*  sin.0* 


or  rather 


148  THE    DIFFERENTIAL    CALCULUS. 

hence  the  curve  is  an  hyperbola,  having  the  sides  of  the  given  angle  for 
asymptotes. 

3.  The  centres  of  an  infinite  number  of  equal  circles  are  all  situated 
on  the  same  .straight  line:  required  the  line  which  touches  them  all? 

Ans.  They  are  touched  by  two  parallels  to  the  line  of  centres. 

4.  From  every  point  in  a  parabola  lines  are  drawn,  making  the 
same  angle  with  the  diameter  that  the  diameter  makes  with  the  tangent: 
required  the  line  touching  them  all  ? 

Ans.  They  are  touched  by  a  point,  viz.  the  focus,  in  which 
therefore  they  all  meet. 


CHAPTER    XV. 

ON  THE  SINGULAR  POINTS  OF  CURVES,  AND  ON 
CURVILINEAR  ASYMPTOTES. 

Multiple  Points. 

(108.)  If  several  branches  of  a  curve  meet  in  one  point,  whether  by 
intersecting  or  touching  each  other,  that  point  is  called  a  multiple  point. 
In  the  former  case  the  point  is  said  to  be  of  the  first  species,  and  in  the 
latter  of  the  second  species,  and  we  propose  here  to  inquire  how,  by 
means  of  the  equation  of  any  curve,  these  points,  if  any,  may  be  de- 
tected. 

Multiple  points  of  the  first  species.  When  the  curve  has  multiple 
points  of  the  first  species,  we  readily  arrive  at  the  means  of  determining 
their  position  from  the  consideration  that  at  such  points  there  must  be 
as  many  rectilinear  tangents  as  there  are  touching  branches,  and,  con- 

dy 

sequently,  as  many  values  for  — >    the  tangent  of  the  inclination  of 
dx 

any  tangent  through  the  point  (x,  y)  to  the  axis  of  x;  so  that  the  equa- 
tion of  the  curve  being  freed  from  radicals  and  put  under  the  form 
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its  multiple  points  "of  the  first  species  will  all  be  given  analytically  by 
the  equation 

, d».  .    du 0 

P  ~    ~dx~dy~~o' 

so  that  no  systems  of  values  for  x  and  y  can  belong  to  multiple  points 
of  the  first  species,  but  such  as  satisfy  the  conditions 

du          du 

T*  =  *<Ty  =  °> 

as  well  as  the  equation  of  the  curve.  Having,  therefore,  determined 
all  such  systems  of  values  by  solving  the  two  last  equations,  the  true 
values  of  p  for  each  system  will  be  ascertained  by  proceeding  as  in  (41), 
and  those  systems  only  will  belong  to  multiple  points  of  the  first  species 
that  give  multiple  values  to  p'.  Let  us  apply  this  to  an  example  or  two. 


EXAMPLES. 

(109.)     1  .  To  determine  whether  the  curve  represented  by  the  equation 

ay3  —  x3y  -  —  bx3  =  0, 
has  any  intersecting  branches 

£=-*•(,+*>,£=**•-*. 

At  the  points  where  branches  intersect  we  must  have 
3dr2  (y  +  b}  =  0,  3a#2  —  x3  =  0 


or 


this  second  system  of  coordinates  do  not  satisfy  the  proposed  equation,  and 
therefore  do  not  mark  any  point  in  the  curve  ;  the  first  system,  which  is 
admissible,  shows  that  if  there  exist  any  multiple  point  it  must  be  at  the 
origin.  Hence,  to  ascertain  the  true  value  of  pf  at  this  point,  we  have, 
by  differentiating  both  numerator  and  denominator  in  the  expression 


-5j 


O  2 
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66  - 


_ 

2  J  -~ 


therefore,  as  this  has  but  one  real  value,  the  curve  has  no  intersecting 
branches. 

2.  To  determine  whether  the  curve  represented  by  the  equation 

x*  -\-2ao?y  —  ai/3=0 
has  intersecting  branches 

d£  =4*  <*»+  ay)  =  0,  |?  =  a(2*»-3t,»)  =  0. 

There  is  but  one  system  of  values  that  can  satisfy  these  three  equations,  viz. 

a  =  0,  y  =  0, 

so  that  if  there  are  intersecting  branches  they  must  intersect  at  the  origin. 
To  determine,  therefore,  whether  at  this  point  p'  has  multiple  values  we 
have 

0 

~  0 


<  «        _  0 

*•       3ayp'  —  2a#      -"        0 


3a  [jt/J2 


hence  three  branches  of  the  curve  intersect  at  the 

origin  ;  the  tangent  to  one  of  them  at  that  point  is 

parallel  to  the  axis  of  a?,  and  the  tangents  to  the  \  /_ 

other  two  are  symmetrically  situated  with  respect  to 

the  axis  of  y,  since  they  are  inclined  to  the  axis  of 

x,  at  angles  whose  tangents  are  +  ^/  2  and  •  —  ^/  2. 

(110.)  Should  the  values  of  j/  corresponding  to  any  values  of  x  and 
3/,  which  satisfy  the  equation  of  the  curve,  be  all  imaginary,  we  must 
infer  that,  although  such  a  system  of  values  belong  to  a  point  of  the 
locus,  yet  that  point  must  be  detached  from  the  other  points  of  the 
locus,  for  since,  if  the  abscissa  of  this  point  be  increased  by  A,  the  de- 
velopment of  the  ordinate  will  agree  with  Taylor's  development,  as  far, 
at  least,  as  the  second  term  for  all  values  of  h,  between  some  finite 
value  and  0,  it  follows  that  all  the  corresponding  ordinates  between 
these  limits  must  be  imaginary,  so  that  the  proposed  point  is  isolated, 
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having  no  geometrical  connexion  with  the  curve,  although  its  coordi- 
nates satisfy  the  equation.     Such  a  point  is  called  a  conjugate  point. 

(111.)  From  what  has  now  been  said,  it  appears  that,  by  having 
the  equation  of  a  plane  curve  given,  those  points  in  it  where  branches 
intersect,  as  also  those  which  are  entirely  detached  from  the  curve,  al- 
though belonging  to  its  equation,  may  always  be  determined  by  the 
application  of  the  differential  calculus,  and  independently  of  all  con- 
siderations about  the  failing  cases  of  Taylor's  theorem,  except,  indeed, 
those  connected  with  the  theory  of  vanishing  fractions.  We  shall  now 
seek  the  analytical  indications  of 

Multiple  Points  of  the  Second  Species. 

(112.)  The  second  species  of  multiple  points,  or  those  where  branches 
of  the  curve  touch  each  other,  the  differential  calculus  does  not  furnish 
the  means  of  readily  determining  from  the  implicit  equation  of  the 
curve.  We  know  that  at  such  a  point,  p'  cannot  admit  of  different 
values,  since  the  branches  have  one  common  tangent,  and  we  know, 
moreover,  that  if  Taylor's  theorem  does  not  fail  at  that  point  we  shall, 
by  successively  differentiating,  at  length  arrive  at  a  coefficient  which, 
being  put  under  the  form  £?  the  different  values  will  indicate  so  many 
different  touching  branches;  for  if  no  coefficient  gave  multiple  values 
for  the  proposed  coordinates  a/,*y,  then  the  ordinates  corresponding  to 
the  abscissas  between  the  limits  x'  and  x  i  h,  h  being  some  finite  value, 
would  each  have  but  one  value,  and,  therefore,  different  branches  could 
not  proceed  from  the  point  (#',  y).  But  we  have  no  means  of  ascer- 
taining d  priori  which  of  the  coefficients  furnishes  the  multiple  value. 
When,  however,  the  equation  of  the  curve  is  explicit,  then  the  multiple 
points  of  either  species  are  very  easily  determined.  Thus,  if  the  equa- 
tion of  the  curve  be 


we  at  once  see  that  x  —  a  destroys  the  radical  in  y  and  p',  that  reappears 

in  p";    therefore,   at  the  point   corresponding   to   this 

abscissa,   there  will  be  but  one  tangent,  and  yet  two 

branches  of  the  curve  proceed  from  it  on  account  of  the 

double  value  of  p".     Hence  the  point  is  a  double  point 

of  the  second  species,  the  branches  have  contact  of  the 
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first  order,  and,  because  p1  =  0,  the  common  tangent  is  parallel  to  the 
axis;  if  the  radical  had  been  of  the  third  degree,  the  point  corresponding 
to  the  same  abscissa  would  have  been  a  triple  point,  &c.  It  appears, 
therefore,  that  when  the  equation  of  the  curve  is  solved  for  j/,  there  will 
exist  a  multiple  point,  if  in  the  expression  for  x  a  radical  is  multiplied 
by  the  factor  (x  —  a)m.  If  m  =  l,  the  branches  of  the  curve  intersect 
at  the  point  whose  abscissa  is  x  =  a,  because  then  p'  at  that  point  takes 
the  same  values  as  the  radical,  but  ,if  m  >  1  then  the  branches  touch, 
because  then  the  radical  is  destroyed  in  p'  for  x  =  a;  in  both  cases  the 
index  of  the  radical  will  denote  the  number  of  branches  which  meet  in 
the  point.  Such,  therefore,  are  the  geometrical  significations  of  the 
cases  discussed  in  (75)  and  (76). 

Cusps,  or  Points  of  Regression. 

(113.)  A  cusp,  or  point  of  regression  is  that  particular 
kind  of  double  point  of  the  second  species  in  which  the 
two  touching  branches  terminate,  and  through  which  they 
do  not  pass,  so  that  on  one  side  of  such  a  point,  viz.  on  that 
where  the  branches  lie,  the  ordinate  has  a  double  value, 
and  on  the  other  side  the  contiguous  ordinate  has  an  j  3 
imaginary  value.  |\ 

The  cusp  represented  in  the  first  figure,  where  the  branches  are  one 
on  each  side  the  common  tangent,  is  called  a  cusp  of  the  first  kind, 
and  that  in  the  second  figure,  where  the  branches  be  both  on  one  side, 
a  cusp  of  the  second  kind. 

(114.)  It  is  obvious  that  cusps  can  exist  only  at  those  points,  the 
particular  coordinates  of  which  cause  Taylor's  theorem  to  fail,  for  if 
Taylor's  theorem  did  not  fail  at  such  a  point,  then  the  ordinates  in  the 
vicinity,  corresponding  both  to  #' +  A  and  to  .r —  h,  would  be  both 
possible  or  impossible  at  the  same  time.  We  are  not,  however,  to 
infer  that  when  the  adjacent  ordinates  are  on  the  one  side  of  any  point 
real,  and  on  the  other  side  imaginary,  that  a  cusp  necessarily  exists  at 
that  point,  for  it  is  plain  that  the  same  analytical  indications  are  fur- 
nished by  the  point  which  limits  any  curve  in  the  direction  of  the  axis 
of  x,  or  at  which  the  tangent  is  perpendicular  to  that  axis,  as  in  the 
third  figure.  It  becomes  important,  therefore,  in  seeking  particular 


\ 
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points  of  curves  to  be  able  to  distinguish  the  point  which  limits  the 
jurve  in  the  direction  of  the  axes  from  cusps. 
(115.)  Now  at  the  limits,  the  tangents  to  the  curve  are  parallel  to 

dy 

the  axes,  the  limits  are  therefore  determined  by  the  equations  —  =  co 

ax 

and  —  =0,  and  they  fulfil,  moreover,  the  following  additional  con- 
ditions, viz.  1°,  the  ordinate  or  abscissa,  whichever  it    A 
may  be,  that  is  parallel  to  the  tangent,  immediately 
beyond  the  limit,  must  be  imaginary,  but  if  it  be  ascer- 
tained that  this  is  not  the  case,  the  point  is  not  a  limit 
but  a  cusp  of  the  first  kind,  posited  as  in  the  annexed 
figures,  or  else  a  point  of  inflexion;  the  latter  when  the 
contiguous  ordinates  are  the  one  greater  and  the  other 
less  than  that  at  the  point.     2°,  Besides  the  first  condition  there 
must  exist  also  this,  viz.  that  immediately  within  the  limit  the 
double  ordinate  or  abscissa,  whichever  may  be  parallel  to  the 
tangent,  must  have  one  of  its  values  greater  and  the  other  less 
than  at  the  point,  but  if  both  are  greater  or  both  less  the  point 
is  not  a  limit  but  a  cusp  of  the  second  kind,  posited  as  in  the 
annexed  figures.     Hence,  when  the  branches  forming  the  cusp 
touch  the  abscissa  or  the  ordinate  of  the  point,  they  may  be  dis- 

dy 
covered  by  seeking  among  the  values  which  satisfy  the  equations  —  =  0 

and  —  =  co ,  those  which  do  not  fulfil  both  the  foregoing  conditions. 
dx 

Let  us  illustrate  this  by  examples. 


EXAMPLES. 

(116.)     1.  To  determine  whether  the  curve  whose  equation  is 
O-£)3  =  O_a)2 

has  a  cusp  at  the  point  where  the  tangent  is  parallel  to  the  axis  of  y. 
By  differentiating 

x—a 
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this  becomes  infinite  for  y  =  I,  therefore  the  point  to  be  examined  is 
(«,  b).  In  order  to  this  substitute  a  ±  h  for  x,  in  the  proposed  equation, 
and  we  have,  for  the  contiguous  ordinates, 


which  is  not  imaginary  either  for  -f-  h  or  —  h  ;  the  point 
(a,  b)  is  therefore  a  cusp  of  the  first  kind,  and  posited  as 
in  the  figure,  since  the  contiguous  values  of  y  are  both 
greater  than  b. 

2.  To  determine  whether  the  curve  whose  equation  is 

y  —  «  =  <>  —  fe)^+  0  —  &)* 
has  a  cusp  at  the  point  where  the  tangent  is  parallel  to  the  axis  of  y.. 

Here  the  coefficient  ~  becomes  infinite  for  x  =  b}  therefore  the  point 
dx 

to  be  examined  is  (b,  a).     Substituting  b  -f*  h  for  x,  we  have 


For  negative  values  of  h  this  is  imaginary,  therefore  the  curve  lies  entirely 

to  the  right  of  the  ordinate  y  =  a,  so  that  the  condition  1°  pertaining  to  a 

limit  is  fulfilled.     To  the  right  of  this  ordinate  the  two 

values  of  y,  corresponding  to  a  value  of  h,  ever  so  small, 

are  both  greater  than  y  =  a,  so  that  the  condition  2°  is  not 

fulfilled,  the  point  (&,  a)  is  therefore  a  cusp  of  the  second 

kind,  and  posited  as  in  the  cut. 

3.  To  determine  the  point  of  the  curve  whose  equation  is 

at  which  the  tangent  is  parallel  to  the  axis  of  y. 

The  differential  coefficient  becomes  infinite  for  x  =  b,  therefore  the 
point  to  be  examined  is  (6,  a  -f-  b).    Substituting  b  +  h  for  #, 


negative  values  of  h  render  this  imaginary,  therefore  the  condition  . 
1°  is  fulfilled  ;  positive  values  give  two  values  for  y,  and  as  h  may        )[ 

be  taken  so  small  that  h*  may  exceed  h,  and  since,  moreover,  the  '  —  '  - 

two  values  of  h*  are  the  one  positive  and  the  other  negative,  it  follows 
that  the  real  ordinate  contiguous  to  the  point  has  one  value  greater,  and 
the  other  less,  than  that  at  the  point  of  contact  ;  hence  the  condition  2°  is 
also  fulfilled,  and  thus  the  point  marks  the  limit  of  the  curve,  which, 
therefore,  lies  to  the  right  of  the  ordinate,  through  x-=.b. 

2 
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(117.)  Having  thus  seen  how  to  determine  those  cusps  where  the 
branches  touch  an  ordinate  or  abscissa,  we  shall  now  seek  how  to 
discover  those  at  which  the  tangent  is  oblique  to  the  axes.  The  true 
development  of  the  ordinate  contiguous  to  such  a  cusp  must  be  of 
the  form 

y'  +  --^7-  h  +  AJia  +  ftd3  +  &c. 
ax 

and  the  corresponding  ordinate  of  the  tangent  will  be 

'#** 

hence,  subtracting  this  from  the  former,  we  have 


(118.)  Now  in  order  that  the  point  (^,y)  may  be  a  cusp,  this  diffe- 
rence for  a  small  value  of  h  must  have  two  values,  and  to  be  a  cusp  of 
the  first  kind  these  two  values  must  obviously  have  opposite  signs,  but 

since  h  may  be  so  small  that  Ah    may  exceed  the  sum  of  all  the  follow- 

ing terms,  h  must  have  two  opposite  values;  hence,  «  must  be  a  fraction 
with  an  even  denominator,  and,  conversely,  if  a  be  a  fraction  with  an 
even  denominator,  the  point  (xf,  y'}  will  be  a  cusp  of  the  first  kind. 

<Py 
Hence,  'at  such  a  point,  —  -  is  either  0  or  oo  :  0  if  /3  >  2,  and  oo  if 

ax 
/3<2. 

(119.)  In  order  that  the  cusp  may  be  of  the  second  kind,  both 

values  of  A  must  have  the  same  sign  there,  for  h  cannot  admit  of 
opposite  values  of  the  same  value  of  A,  consequently  tt  must  in  this  case 
be  either  a  whole  number,  or  else  a  fraction  with  an  odd  denominator; 
and  conversely,  if  tt  be  either  a  whole  number,  or  a  fraction  with  an 
odd  denominator,  the  point  (y,  y)  will  be  a  cusp  of  the  second  kind, 
provided,  of  course,  that  A  has  two  values.  The  position  of  the  branches 
will  depend  on  the  sign  of  A. 

We  shall  now  give  an  example  or  two. 

(120.)    4.  To  determine  whether  the  curve  whose  equation  is 

ys**±V 

has  a  cusp. 
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Here  y  is  possible  for  positive  values  of  x,  and  imaginary  for  all  nega- 
tive values;  hence  there  may  be  a  cusp  at  the  origin.  To  ascertain  this, 
put  h  for  X)  in  the  equation,  and  we  have,  for  the  contiguous  ordinate,  the 
value 


The  coefficient  of  h  being  1  =  —~  we  see  that  the  tangent 

to  the  curve  at  the  origin  is  inclined  at  45°  to  the  axes,  and, 

since  \  has  an  even  denominator  the  origin  is  a  cusp  of  the  first  kind. 

5.  To  determine  whether  the  curve  whose  equation  is 

y  —  a  =  x  -{-  bxzf-\-  ctf* 
has  a  cusp. 

Here  y  is  imaginary  for  all  negative  values  of  x,  therefore  the  point 
(0,  a)  may  be  a  cusp.     Substituting  h  for  x,  we  have 

y  =  a  -f  A  +  bhz  +  off. 

As  before,  the  tangent  is  inclined  at  45°  to  the  axes,  and, 
since  the  exponent  of  the  third  term  is  a  whole  number,  and 
the  whole  expression  admits  of  two  values,  in  consequence  of 

the  even  root  A5,  it  follows  that  the  proposed  point  is  a  cusp  of  the  second 
kind.  The  branches  are  situated  to  the  right  of  the  axis  of  y,  because  h 
must  be  positive,  and  they  are  above  the  tangent  because  bh?  is  positive. 

6.  To  determine  whether  the  curve  whose  equation  is 


has  a  cusp. 

Here  values  of  x  greater  than  1  are  obviously  inadmissible,  and  to  this 
value  of  x  corresponds  y  =  —  1  ;  hence  the  point  having  these  coordinates 
may  be  a  cusp.  Substituting  1  +  h  for  xy  we  have 

y  -s—l+iA+A*, 

therefore  the  tangent  to  the  curve  at  the  proposed  point  has  the  trigono- 
metrical tangent  of  its  inclination  to  the  axis  of  x  equal  to  |,  and  since 
the  fraction  |  has  an  even  denominator,  the  point  is  a  cusp  of 
the  first  kind.  Because  h  is  negative,  the  branches  are  to  the 
left  of  the  ordinate  to  the  point  which  is  below  the  axis  of  x, 
because  this  ordinate  is  negative. 
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Points  of  Inflexion. 

(121.)  Points  of  inflexion  have  been  denned  at  (92),  and  we  have  there 
shown  that  a  point  of  this  kind  always  exists  when  its  abscissa  causes 
all  the  differential  coefficients  to  vanish  between  the  first  and  the  wth, 
provided  the  nth  be  odd  and  become  neither  0  nor  co  .  The  simplest 

d?y  d3y 

indication  therefore  of  a  point  of  inflexion  is  ["TJ'J  =  0,  and  [-yy  J 

neither  0  nor  oo  ;  such  indications,  however,  cannot  be  furnished  by  any 
point  at  which  the  tangent  is  parallel  to  the  axis  of  y,  since  in  this  case 

dy 
[ — ]  and  all  the  following  coefficients  become  infinite.     Neither  can 

these  indications  take  place  at  any  point,  for  which  Taylor's  theorem 
fails  after  the  third  term.  It  becomes,  therefore,  of  consequence,  in 
examining  particular  points  of  a  curve,  to  be  able  to  detect  the  existence 
of  points  of  inflexion  by  some  general  method,  independently  of  the 
differential  coefficients  beyond  the  first.  The  only  general  method  of 
doing  this  is  that  which  we  have  already  employed  for  the  discovery  of 
cusps,  and  which  consists  simply  in  examining  the  course  of  the  curve 
in  the  immediate  vicinity  and  on  each  side  the  point  in  question. 
Points  of  inflexion  are  somewhat  similar  to  cusps,  each  having  some  of 
the  analytical  characteristics  common  to  both,  and  to  the  limiting  points 
of  curves  as  already  hinted  at  in  (114).  But  the  characteristic  property 
of  a  point  of  inflexion  is,  that  the  adjacent  ordinates  on  each  side  are 
the  one  greater  and  the  other  less  than  the  ordinate  at  the  point.  This 
peculiarity  distinguishes  a  point  of  inflexion  from  a 
limit,  inasmuch  as  at  a  limit  the  ordinate  imme- 
diately beyond  is  imaginary;  and  it  distinguishes  it 
from  a  cusp  of  the  first  kind  inasmuch  as  at  such  a 
cusp  the  adjacent  ordinates  are  either  both  greater  or 
both  less  than  at  the  point,  or  else,  as  is  the  case  when 
the  tangent  at  the  point  is  oblique  to  the  axes,  one  of  these  ordinates  is 
imaginary,  the  other  double.  We  have  then  first  to  ascertain  at  what 
points  of  the  curve  inflexions  may  exist,  or  to  find  what  points  are  given 
by  the  conditions 


158  THE    DIFFERENTIAL    CALCULUS. 

or,  which  is  the  same  thing,  what  points  are  given  by  the  separate 
conditions 

P  =  0,  Q  =  0, 

we  are  then,  by  examining  the  course  of  the  curve  in  the  vicinity  of  each 
point,  to  determine  to  which  of  them  really  belong  the  characteristic  of 
an  inflexion. 

Thus  the  means  of  distinguishing  points  of  inflexion  being  sufficiently 
clear,  we  shall  proceed  to  a  few  examples. 

. 

EXAMPLES. 

1.  To  determine  whether  the  curve  whose  equation  is 

j,=6+(x_a)" 

has  a  point  of  inflexion  where  the  tangent  is  parallel  to  the  axis  of  x. 
Here 

/  =  3(>-a)2, 

and  when  the  tangent  is  parallel  to  the  axis  of  x,  p'  =  0,  .•.#  =  «  and 
y  =  I,  at  the  proposed  point.  In  the  vicinity  x  =  a  -f-  h, 


which  is  greater  than  b,  the  ordinate  of  the  point  when  h  is  positive, 
and  less  when  h  is  negative ;  the  point  (a,  6)  is  therefore  a  point  of 
inflexion. 

2.  To  determine  whether  the  curve  whose  equation  is  y3  =  x5  or 

y=ia?  has  an  inflexion  at  any  point. 

this  becomes  oo  for  x  =  0,  therefore  a  point  of  inflexion  may  exist  at  the 
origin.  Putting  h  for  x  we  have 

which  is  greater  than  0,  the  ordinate  of  the  point,  when  h  is  positive,  and 
less  when  h  is  negative ;  hence  there  is  an  inflexion 
at  the  origin.     Also  the  equation  of  the  tangent 

being y=§x*,  the  ordinates  corresponding  to  x  =  ±  h 
are  both  less  than  those  given  by  the  above  equation ; 
hence  the  curve  lies  above  the  tangent  to  the  right 
of  the  origin,  and  below  it  to  the  left,  as  in  the 
figure. 
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3.  To  determine  whether  the  curve  whose  equation  is 

y  —  x=.(x  —  a)3 
has  a  point  of  inflexion 

X=i-f  i(*-  a)*,  X=M  (*-«)"*, 

this  becomes  infinite  for  x  =  a,  therefore  a  point  of  inflexion  may  exist  at 
the  point  (a,  a).     In  the  vicinity  of  this  point  x  =  a  -f  h, 


which  is  greater  than  a  when  h  is  positive,  and  less 
when  h  is  negative  ;  hence  (a,  a,)  is  a  point  of  in- 
flexion. As  the  corresponding  ordinates  of  the 
tangent  y  =  a  +  h,  one,  viz.  y  =  a  -f-  h,  is  less 
than  that  of  the  curve,  and  the  other  greater  ;  hence 
the  curve  bends,  as  in  the  figure. 


On  Curvilinear  Asymptotes. 

(122.)  Two  plane  curves,  having  infinite  branches,  are  said  to  be  asymp- 
totes to  each  other,  when  they  approach  the  closer  to  each  other  as  the 
branches  are  prolonged,  but  meet  only  at  an  infinite  distance.* 

Hence,  since  the  expression  for  the  difference  of  the  ordinates  cor- 
responding to  the  same  abscissa  in  two  such  curves  becomes  less  and 
less,  as  the  abscissa  becomes  greater  and  greater,  and  finally  becomes 
0,  when  the  abscissa  becomes  co,  it  follows  that  that  expression  can 
contain  none  but  negative  powers  of  x,  without  the  addition  of  any 
constant  quantity.  For,  if  a  positive  power  of  x  entered  the  expression 
for  the  difference,  that  expression  would  become  not  0  but  co,  when 
r==  co,  and,  if  there  were  a  quantity  independent  of  x,  the  difference 
would  be  reduced  to  this  quantity,  and  not  to  0,  for  <r  =  0.  Hence 
two  curves  are  asymptotes  to  each  other,  when  the  general  expression 
for  the  difference  of  the  ordinates  corresponding  to  the  same  abscissa  is 

A  =  AV~*  +  B'x~P  -f  C'x~?  +  &c  .....  (1), 


*  Spirals  meet  their  asymptotic  circles  only  after  an  infinite  number  of 
revolutions ;  these  we  do  not  consider  here,  having  examined  them  at  (85). 
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or  when  the  general  expression  for  the  difference  of  the  abscissas  cor- 
responding to  the  same  ordinate  is 

A  =  A't/~tt  +  B'jfP  +  Cy?  +  &c  .....  (2), 
and  conversely,  when  the  curves  are  asymptotes  to  each  other;  one  or 
both  these  forms  must  have  place. 

If  for  one  of  the  curves  whose  corresponding  ordinates  are  supposed 
to  give  the  difference  (1)  there  be  substituted  another,  which  would  re- 
duce that  difference  to 

BV~^  +  C'aTt  4-  <fec. 

this  new  curve  would  be  an  asymptote  to  both,  and  would  obviously, 
throughout  its  course,  continually  approach  nearer  to  that  which  it  has 
been  compared  to,  than  the  one  for  which  we  have  substituted  it  does. 
In  like  manner,  if  a  third  curve  would  further  reduce  the  difference  (1) 
to 

CV~r  4-  &c. 

this  third  curve  would  approach  the  first  still  nearer,  and  all  the  four 
would  be  asymptotes  to  each  other.  It  appears,  therefore,  that  every 
curve  of  which  the  ordinate  may  be  expanded  into  an  expression  of 
the  form  . 

y=A,*a  +  B**+  ....  AV~"  4-  BV0  -f  &c  .....  (3). 
admits  of  an  infinite  number  of  asymptotes. 

Since  the  general  expression  for  the  ordinate  of  a  straight  line  is 
y  =  Ax  4-  B,  for  the  difference  between  this  ordinate  and  that  of  a 
curve  at  the  point  whose  abscissa  is  .r,  to  have  the  form  (1),  the  equa- 
tion of  the  curve  must  be 

y  =  Ax  4-  B  +  A'*"*  4-  B  V~£  +  &c  .....  (4), 
this  equation,  therefore,  comprehends  all  the  curves  that  have  a  rec- 
tilinear asymptote,   and  among  them  the  common  hyperbola,  whose 
equation  is 


T/  =  ±-     O2—  A2)   =  +  -     a:  T  4  AB*^  +&c. 

The  curves  included  in  the  equation  (4)  are  therefore  called  hyper- 
bolic curves. 

The  other  curves  comprised  in  the  more  general  equation  (3),   not 
admitting  of  a  rectilinear  asymptote,  are  called  parabolic  curves. 
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The  common  hyperbola  we  see  by  the  above  equation  admits  of  the 

B 

two  rectilinear  asymptotes  y  =  ±  —  x,  and  of  an  infinite  number  of 

A 

hyperbolic  asymptotes. 

As  an  example  of  this  method  of  discovering  rectilinear  and  curvilinear 
asymptotes,  let  the  equation 

my3  —  xy*  =  mx3 

be  proposed.  The  development  of  y  in  a  series  of  descending  powers 
of  x  is  (Ex.  9,  p.  50,) 

m< 
y  ==  —  m  --  „  —  &c. 

A 

therefore  the  curve  has  one  rectilinear  asymptote,  parallel  to  the  axis  of 
x,  its  equation  being  y  =  —  m;  the  hyperbolic  asymptote  next  to  this, 
and  which  lies  closer  to  the  curve,  is  of  the  fourth  order,  its  equation 
being 

yx3  +  nix3  +  m*  =  0. 

Again,  let  the  equation  of  the  proposed  curve  be 

b 
" 


also,  since 

&c  .....  (2). 


From  (1)  it  appears  that  the  curve  has  a  rectilinear  asymptote,  coinci- 
dent with  the  axis  of  x,  its  equation  being  y  =  0  ;  the  hyperbola  whose 
asymptotes  coincide  with  the  axes  is  also  an  asymptote,  its  equation 
being  xy  =  b.  From  (2)  it  appears  that  the  curve  has  another  rectili- 
near asymptote,  parallel  to  the  axis  of  y,  its  equation  being  #  =  «;  the 
hyperbola  next  to  this  is  of  the  third  order.  If  we  consider  the  radi- 
cal, in  the  proposed  equation,  to  admit  of  either  a  positive  or  a  nega- 
tive value,  then  there  will  be  two  rectilinear  asymptotes,  parallel  to  the 
axis  of  y  and  equidistant  from  it,  as  also  two  hyperbolic  asymptotes, 
symmetrically  situated  between  the  axes. 
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SECTION  III. 

ON    THE    GENERAL    THEORY    OF    CURVE  SURFACES 
AND  OF  CURVES  OF  DOUBLE  CURVATURE. 


CHAPTER,    X. 
ON  TANGENT  AND  NORMAL  PLANES. 

PROBLEM.    I. 

(123.)  To  determine  the  equation  of  the  tangent  plane  at  any  point 
on  a  curve  surface. 

Let  (x1,  y',  /,)  represent  any  point  on  a  curve  surface  of  which  the 
equation  is 

z  =  F(x,y), 

then  the  tangent  plane  will  obviously  be  determined,  when  two  linear 
tangents  through  this  point  are  determined.  Let  us  then  consider,  for 
greater  simplicity,  the  two  linear  tangents  respectively  parallel  to  the 
planes  of  xz,  zy\  their  equations  are 


and 


But  since  these  are  tangents  to  the  plane  curves,  which  are  the  sections 
through  (x'j  y',  5',)  parallel  to  the  planes  of  xz,  zy,  therefore  (77) 
dz'  dz' 
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Moreover  the  traces  of  the  plane  through  the  lines  (1),  (2),  upon  the 
planes  of  xz,  zy,  being  parallel  to  the  lines  themselves,  a  and  b  must 
be  the  same  in  the  traces  as  in  these  lines,  and  since  they  are  the  same 
in  the  plane  as  in  its  traces,  it  follows  that  the  equation  of  this  plane 
must  be 

z-z'=p'(x-a<)  +  y'(y-y')  ----  (3), 

in  which  the  partial  differential  coefficients  p'}  q',  express  the  trigono- 
metrical tangents  of  the  inclinations  of  the  vertical  traces  to  the  axes  of 
x  and  y  respectively. 

For  the  angle  which  the  horizontal  trace  makes  with  the  axis  of  x  we 
have,  by  putting  z  =  0,  in  (3), 

tan.  inc.  4-  £*../«  e/."  -   - 

9 
(124.)  If  the  equation  of  the  surface  is  given  under  the  form 

M  =  FOr,2/,*,)  =  0  ....  (4), 

then  the  expressions  for  the  total  diffential  coefficients  derived  from  u, 
considered  as  a  function,  first  of  the  single  variable  x,  and  then  of  the 
single  variable  j/,  are  (57)  £**-  p,  St  . 


,  ,  . 

—  \  =  --  --  »  =0 
^  dzp 


cdii,  du  ,  du 
(  —  \  =  --  -- 
W  dx^  dz 

du        du      du   , 
{dj}=dj+te9=°' 

from  which  we  get  the  values 

du  du 

dx     ,  dy 

p=-d29S=-fa 

dz  dz 

hence,  by  substituting  these  expressions  in  (3),  the  equation  for  the 
tangent  plane  becomes 


PROBLEM    II. 


(125.)  To  determine  the  equation  of  the  normal  line  at  any  point  of 
a  curve  surface. 
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We  have  here  merely  to  express  the  equation  of  a  straight  line,  per- 
pendicular to  the  plane  (3),  and  passing  through  the  point  of  contact 

(*-,y,*'.) 

Now  the  projections  of  this  line  must  be  perpendicular  to  the  traces 
of  the  tangent  plane,  or  to  the  lines  (1),  (2,)  hence  the  equations  of 
these  projections  must  be 


which  together,  therefore,  represent  the  normal. 

(126.)  If  we  represent  by  «,  /3,  y,  the  inclinations  of  this  line  to  the 
axes  of  x,  y,  z,  respectively,  then  (Anal.  Geom.  p.  226J 


(127.)  If  the  equation  of  the  surface  £e  given  under  the  form  (4), 
last  problem,  then,  in  these  expressions  for  the  inclinations,  we  must, 
instead  of  p'  and  <?',  write  their  values  as  before  determined  from  that 
equation.  If,  for  brevity,  we  put 

1 


J   du*         du*         dip 
dx^         dv*         dz* 
the  expressions  for  the  cosines  will  then  be 

du  du  du 

cos.  ct  =  v  — ,  cos.  B  =  v  — ,  cos.  y  =  v  —  • 
dx  dy  dz 

As  every  plane  which  contains  the  normal  line  must  be  perpendicular 
to  the  tangent  plane,  it  is  obvious  that  there  exists  an  infinite  number 
of  normal  planes  to  any  point  of  a  surface. 

PROBLEM    III. 

(128.)  To  determine  the  equation  of  the  tangent  line  to  any  point  of 
a  curve  of  double  curvature. 
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We  have  already  indicated  (Anal.  Geom.  p.  31  1)  how  this  equation 
is  to  be  determined  : 

Let 

y=fx,z  =  Y*  ....  (1) 

be  the  equations  of  the  projections  of  the  proposed  curve,  on  the  planes 
of  xy9  xz9  and  let  (.r',  y'9  2',)  be  the  point  to  which  the  linear  tangent  is 
to  be  drawn,  which  point  will  be  projected  into  (xf,  y'}  and  (x'y  2',)  on 
the  plane  curves  (1),  therefore  tangents  through  them  to  these  plane 
curves  will  be  represented  by  the  two  equations 


these,  therefore,  together  represent  the  required  tangent  in  space. 


PROBLEM    IV. 


(129.)  To  determine  the  equation  of  the  normal  plane  at  any  point 
in  a  curve  of  double  curvature. 

The  equation  of  any  plane  passing  through  a  proposed  point  is 
(Anal.  Geom.  p.  231J 


and  for  the  traces  of  this  plane  on  the  planes  of  xy9  xz,  we  have,  by 
putting  in  succession  z  =  0,  y  =  0,  the  equations 


but  since  these  two  traces  are  respectively  perpendicular  to  those 
marked  (2),  last  problem, 

B__   ,    C__f,. 

hence  the  equation  (1)  becomes 

which  represents  the  normal  plane  sought. 
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CHAPTER    XX. 

ON  CYLINDRICAL  SURFACES,  CONICAL  SURFACES,  AND 
SURFACES  OF  REVOLUTION. 

(130.)  THESE  surfaces  have  been  considered  in  the  Analytical 
Geometry,  and  the  general  equations  of  the  two  first  classes  have  been 
deduced,  on  the  hypothesis  that  the  directrix  is  always  a  plane  curve. 
We  shall  now  suppose  the  directrix  to  be  any  curve  situated  in  space, 
arid  investigate  the  differential  equations  of  these  surfaces,  as  also  of 
surfaces  of  revolution  in  general. 

Conical  and  Cylindrical  Surfaces. 

PROBLEM    I. 

To  determine  the  equation  of  cylindrical  surfaces  in  general. 
Let  the  equations  of  the  generating  straight  line  be 
x  =  az+  a)    >    {  «  =  #  —  az 
y=bz  +  (3  >  '  '  Ij3  =  y—bz   ' 
and  the  equations  of  any  curve  in  space  considered  as  the  directrix, 

F(*,y,*)=0,/(a,y,0=0 (2). 

Now  for  every  point  in  this  directrix,  all  these  equations  exist  simul- 
taneously ;  moreover,  the  constants  a,  6,  are  fixed,  since  the  inclination 
of  the  generating  line  does  not  vary,  but  the  constants  «,  /8,  are  not  fixed, 
since  the  position  of  the  generating  line  does  vary.  If,  then,  we  elimi- 
nate X,  yy  z,  from  the  above  equations,  there  will  enter,  in  the  resulting 
equation,  only  the  constants  a,  b,  and  the  indeterminates  a,  /3,  hence, 
solving  this  equation,  for  (3  we  shall  get  a  result  of  the  form  /3  =  0  « ; 
consequently,  if  we  now  substitute  in  this  the  values  of  «  and  [3  given 
above,  in  terms  of  x,  y,  z,  we  shall  have  this  general  relation  among 
these  variables,  viz. 

y—  fe  =  0(o;  —  az)j$$.  .  .  .  (3), 

which  is  the  equation  of  cylindrical  surfaces  in  general,  the  function  0 
depending  entirely  on  the  nature  of  the  directrix. 
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(131.)  Now,  by  differentiation,  this  function  may  be  eliminated  (58), 
hence, 

—  bp'  _  1  —  or;/ 
1—  bq'~  —  aq    ' 


which  is  the  general  differential  equation  of  cylindrical  surfaces. 

(132.)  ,The  same  equation  may  be  immediately  deduced  from  the 
general  equation  of  a  tangent  plane,  to  the  cylindrical  surface.  Thus, 
the  equation  of  any  tangent  plane,  through  a  point  (x',  y,  z)  being 

2_  s^/  (*_*')  +  ?'  (y-2/')» 

the  condition  necessary  for  it  to  be  always  tangent  to  the  cylinder  on 
which  this  point  is  situated,  is  merely  that  it  may  be  always  parallel  to 
its  generatrix  (1),  and  this  condition,  expressed  analytically,  is  (Anal. 
Geom.  p.  232.) 

«/  +  ¥—  1=0  ....  (4), 

this  is,  therefore,  the  relation  which  must  have  place  between  the  partial 
differential  coefficients  derived  from  the  equation  of  the  surface,  in  order 
that  that  surface  may  be  cylindrical,  and  it  agrees  with  the  relation 
before  established. 

If,  in  this  equation,  we  write  for  p',  <?',  their  values  deduced  from  the 
equation  u=0  of  any  cylindrical  surface,  as  exhibited  in  (124),  becomes 
du  du      du 


PROBLEM    II. 

(133.)  Given  the  equation  of  the  generatrix,  to  determine  the  cylin- 
drical surface  which  envelopes  a  given  curve  surface. 

Since  the  cylinder  envelopes  the  given  surface,  the  curve  of  contact 
is  common  to  both,  therefore  every  tangent  plane  to  the  cylinder  touches 
the  enveloped  surface  in  that  curve.  The  equation  of  any  of  these  tan- 
gent planes  is 

z  —  z'  =/  (x  —  x")  +  <i  (y  —  y')t 

whether  p'  and  q  be  derived  from  the  equation  of  the  surface,  and  take 
those  particular  values  which  restrict  them  to  the  curve  of  contact,  or 

2 
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whether  p'  and  q'  be  derived  from  the  equation  of  the  cylinder,  and 
preserve  their  general  values,  because  in  the  one  case  the  contact  of 
each  tangent  is  confined  to  a  point  in  the  curve  of  contact,  and  in  the 
other  case  the  contact  extends  along  the  whole  length  of  the  cylinder. 
Hence,  for  the  curve  of  contact,  the  condition  (5)  must  have  place,  as 
well  as  for  the  entire  surface  of  the  cylinder.  The  mode  of  solution  is, 
therefore,  obvious  ;  we  must  deduce  p  and  q'  from  the  equation  of  the 
given  surface,  and  substitute  them  in  (5),  the  result  combined  with  the 
equation  of  the  given  surface,  will  obviously  represent  the  curve  for 
which  p'  and  q  are  common  to  both  surfaces  ;  that  is  to  say,  we  shall 
thus  have  the  equations  of  the  directrix,  and  that  of  the  generatrix  being 
also  given,  the  particular  cylindrical  surface  becomes  determined. 

(134.)  If  the  proposed  curve  surface  be  of  the  second  order,  then  the 
equation  (5)  will  necessarily  be  of  the  first  degree  in  x,  y,  z,  and  will, 
therefore,  represent  a  plane  ;  so  that  the  combination  of  this,  with  the 
equation  of  any  surface,  must  necessarily  represent  a  plane  section  of 
that  surface  ;  we  infer,  therefore,  that  if  any  cylindrical  surface  circum- 
scribe a  surface  of  the  second  order,  the  curve  of  contact  will  always  be 
a  plane  curve,  and  consequently  of  the  second  order,  and  therefore  the 
cylinder  itself  must  be  of  the  second  order. 

PROBLEM    III. 

(135.)  To  determine  the  general  equation  of  conical  surfaces. 

Let  (of,  y',  z',)  be  the  vertex  of  the  conical  surface,  then  since  the 
generatrix  always  passes  through  this  point,  its  equations,  in  any  po- 
sition, will  be 


x  —  x'  y—y' 

-a=7=;"b  =  z-=J<' 
Also,  let  the  equations  of  the  directrix  be 

F  (x,  y,  «)  =  <>,/  (a,  y,  z)  =  0  ....  (2), 
then,  since  for  every  point  in  this  line,  the  equations  (1)  and  (2)  exist 
together,  we  may  eliminate  the  variables  *r,  y,  z  ;  the  result  will  be  an 
equation,  containing  the  fixed  constants  or',  /,  and  the  indeterminates 
a,  b;  therefore,  solving  this  equation  for  6,  we  shall  have  b=. 
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Hence,  substituting  for  a,  6,  their  values  in  terms  of  ,r,  y,  we  have 


for  the  equation  of  conical  surfaces  in  general,  the  function  0  depending 
entirely  on  the  directrix. 

(136.)  Eliminating  the  function  </>,  by  differentiating  each  member  of 
this  equation  with  respect  to  x  and  ?/,  and  dividing  the  results  as  in 
(58),  we  have 


which  reduces  to 

z—z'=p'  (x  —  x')  +  q'  (y  —  y'}, 
the  differential  equation  of  conical  surfaces  in  general. 

(137.)  This  same  equation,  like  that  of  cylindrical  surfaces,  may  be 
obtained  more  readily  by  the  consideration  of  the  tangent  plane,  which, 
as  it  always  passes  through  the  vertex  (x',  y,  z',)  is,  in  every  position, 
represented  by  the  equation 

%  -  z'=p'  (x  —  x')  +  q'  {y  -y'), 

this  relation,  therefore,  must  exist  between  the  partial  differential  co- 
efficients p',  q',  for  every  point  of  the  surface,  in  order  that  it  may  be 
conical. 

As  in  Problem  I.  if  for  p',  q',  we  substitute  their  values  derived 
from  the  implicit  equation  of  any  conical  surface,  the  differential  equa- 
tion becomes 


PROBLEM    IV. 

(138.)  Given  the  position  of  the  vertex,  to  determine  the  equation  of 
the  conical  surface  that  envelopes  a  given  curve  surface. 

Since  the  cone  envelopes  the  proposed  surface,  the  curve  of  contact 
is  common  to  both,  so  that  the  tangent  planes  to  the  cone  touch  also 
the  given  surface,  according  to  this  curve.  The  equation,  therefore,  of 
the  tangent  plane 

*  —  *'=X  (*  —  *')+  f(y-y')  •  •  •  •  0)> 

Q 
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holds  equally  for  any  point  on  the  conical  surface,  and  for  any  point  in 
the  curve  of  contact.  Hence,  if  the  values  of  p't  q',  be  derived  from  the 
equation  of  the  given  surface,  and  substituted  in  (1),  this,  combined 
with  the  equation  of  the  given  surface,  must  represent  the  curve  com- 
mon to  both  surfaces,  that  is,  the  directrix  of  the  cone.  Therefore,  the 
vertex  and  directrix  being  known,  the  equation  of  the  required  conical 
surface  becomes  determinable. 

(139.)  If  the  given  curve  surface  be  of  the  second  order,  the  equation 
(1)  will  be  also  of  the  second  order;  but,  nevertheless,  the  combination 
of  these  two  equations  will  be  that  of  a  plane,  for  a  surface  of  the  second 
order  may  be  generally  represented  by  the  equation 


+  2Dt/z  +  2E.«  +  ZVxy  (  =  K  .  .  .  .  (2), 
+  2Gy    +  2Hy  +  2Jz    $ 

which  gives 

dz___  Ax  -f-  Fy  -f  Ez  +  G 

~dx~~  Ex  +  T>y  +  Cz  -f  J 

dz  _  Fx  +  "By  +  T>z  -f  H 

Ty  ~  ~ET+Ity+Cz  +  J    ' 

substituting  these  values  for  p'  and  q',  in  the  equation  (1),  and  sub- 
tracting from  the  result  the  equation  (2),  we  have, 


* 
+       Gx'  +  Hy'  +  Jz'  +  K   f 

which  is  the  equation  of  a  plane  ;  therefore,  the  conical  surface  which 
circumscribes  a  surface  of  the  second  order,  must  itself  be  also  of  the 
second  order. 

(140.)  The  above  proof  is  from  Monge  (Application  de  V  Analyse  a  la 
Geometric),  but  it  may  be  rendered  much  more  concise,  by  assuming 
the  axes  of  reference  so  as  to  give  the  general  equation  of  the  surface  a 
simpler  form.  Thus,  let  the  axis  of  x  pass  through  the  centre,  if  the 
surface  have  a  centre,  or  be  parallel  to  its  diameters  if  it  have  not,  and 
let  the  other  two  axes  be  parallel  to  the  conjugates  to  this,  the  form  of 
the  equation  will  then  be 

..  (4), 
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dz 


'"  dx  ~~  As         '    dy  ~~          Az    * 

These  values,  substituted  for/  and  9'  in  (1),  convert  that  equation  into 


..       ;, 


Az  As 

or 


Az2  -f-  By2  +  C*'2  +  Fx  —  Az'z  —  B/y  —  Ca'#  —  Fx'  =  0. 
The  difference  between  this,  and  (3),  is 

Az'z  +  Byy  +  c^x  +  Ftf  +  Fa7  =  G, 
the  equation  of  a  plane. 

(141.)  Referring  again  to  Monge's  process,  we  may  remark,  that  if 
we  accent  the  constants  in  the  general  equation  (2),  it  may  be  taken  as 
the  representative  of  another  surface  of  the  second  order,  for  which  the 
plane  of  contact  with  a  circumscribing  cone,  whose  summit  coincides 
with  that  of  the  former  cone,  will  be  represented  by  the  equation 


*. 
+  B/  +  D/+  HO  y  { 

~ 


+  (E*'  +  Dy'  +  Cz'  +  J')  z 

+   Gxf  +  Hi/'  +  Jz   +  K/ 

Now,  although  equation  (3)  be  multiplied  by  an  indeterminate  con- 

stant, PJ  the  result  will  still  represent  the  same  plane,  and  this  plane 

will  obviously  be  identical  to  that  represented  by  (5),  provided  the  co- 

efficients of  the  variables  x,  y,  #,  are  the  same  in  both  equations,  that  is 

to  say,  provided  we  have  the  conditions 

p  (Ax  +  Fy'  +  Ez7  +  G  )  =  Ax  +  FT/'  +  Ez'  +  G' 
p  (W  +  By  +  Ds'  +  H)  =  F^  +  By'  +  Dz'  +  H' 
p  (Ex  +  Dy'  +  Cz'  +  J)  =  E^  +  Dy1  +  Cz'  +  J' 
p  (G,r  +  H/  +  Js'  +  K)  =  Gx'  +  Ht/'  +  Jz'  +  K'. 

As,  therefore,  the  four  quantities  x",y',  z',p,  are  arbitrary,  they  may  be 
determined  so  that  these  conditions  shall  be  fulfilled,  the  four  equations 
being  just  sufficient  to  fix  the  values  of  these  four  quantities,  and  as 
each  of  them  enters  only  in  the  first  degree,  they  will  each  have  but  one 
value.  It  follows,  therefore,  that  there  is  a  certain  point,  and  only  one, 
from  which,  as  a  vertex,  if  tangent  cones  be  drawn  to  two  given  surfaces 
of  the  second  order,  their  planes  of  contact  shall  coincide.  The  com- 
mon vertex  will  be  at  the  intersection  of  those  diameters  to  each  of 
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which  the  plane  of  contact  is  conjugate  ;  since  it  has  been  shewn  above, 
that  the  vertex  of  the  tangent  cone  is  always  situated  on  that  diameter 
of  the  surface,  to  which  the  plane  of  contact  is  conjugate*. 

(142.)  We  may  here  observe,  that  as  we  have  not  fixed  the  origin  of 
the  axes  to  any  particular  point  on  the  diameter  which  has  been  taken 
for  the  axis  of  x,  nor,  indeed,  the  diameter  itself,  we  may  consider  the 
diameter  to  be  that  passing  through  the  vertex  (x'}  y',  2',)  of  the  cone, 
and  this  point  to  be  the  origin,  in  which  case  x'f  y',  z',  will  each  be  0, 
and  the  equation  of  the  plane  through  the  curve  of  contact,  will  then  be 
simply 

F*  =  G.-.a=  —  , 

hence,  the  plane  through  the  curve  of  contact,  is  conjugate  to  the  di- 
ameter through  the  vertex  of  the  cone.  If  this  vertex  be  supposed  in- 
finitely distant,  the  same  result  will  belong  to  the  circumscribing  cylin- 
der, viz.  that  the  plane  of  the  curve  of  contact,  is  conjugate  to  the  di- 
ameter parallel  to  the  generatrix  of  the  cylinder. 

Surfaces  of  Revolution. 

(143.)  The  surfaces  of  revolution,  considered  in  the  Analytical  Ge- 
ometry, comprise  those  only  in  which  the  revolving  curve  is  always 
situated  in  the  plane  of  the  fixed  axis.  We  shall  here  treat  of  surfaces 
of  revolution  in  general,  the  revolving  curve  being  any  how  situated 
with  respect  to  the  axes.  Sections  of  the  surface,  in  the  plane  of  the 
axis,  are  called  meridians. 

PROBLEM  v. 

(144.)  To  determine  the  equation  of  surfaces  of  revolution  in  general. 
Let  the  equations  of  the  generating  curve  be 

F(*,y,s)=0,/(*,sf,0  =  0  ....   (1), 
and  those  of  the  fixed  axis 


*  For  these,  and  other  kindred  properties,  the  student  is  referred  to 
Mr.  Davies's  paper  on  Geometry  of  Three  Dimensions,  in  Leybourn's 
Repository,  vol.  5. 
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then,  since  the  characteristic  property  of  surfaces  of  revolution  is,  that 
every  section  perpendicular  to  the  fixed  axis  is  a  circle,  we  shall  have 
first  to  determine  a  plane  perpendicular  to  the  line  (2),  and  then  to  ex- 
press the  condition  that  this  plane,  combined  with  the  surface,  always 
represents  a  circle  whose  centre  is  on  (2).  Now,  the  equation  of  the 
required  plane  is  (Anal.  Geom.  p.  235,) 

z  +  ax  +  by  =  c  ....  (3), 

and  the  condition  is,  that  it  must  give  the  same  section  as  if  it  were  to 
cut  a  sphere,  whose  centre  we  may  fix  at  pleasure,  but  whose  radius 
will  vary  with  the  section,  that  is,  it  will  depend  upon  c  in  equa.  (3). 
Assuming  the  centre  of  this  sphere  at  the  point  where  the  line  (2) 
pierces  the  plane  of  xy,  its  equation  will  be  (Anal.  Geom.  p.  241,) 

(*  —  «)»+ (y  —  jS^  +  i'sst*  ....  (4). 

Hence,  supposing  r  to  be  the  proper  function  of  c,  the  equations  (1), 
(3),  (4),  must  all  have  place  together ;  hence  we  may  eliminate  x,  y,  z, 
and  thus  determine  what  the  relation  between  r  and  c  must  necessarily 
be,  to  render  these  equations  coexistent.  The  result  of  the  elimination 
will  obviously  lead  to  c  =  0r2,  hence,  substituting  for  c  and  r  their 
values  in  terms  of  the  variables,  we  have,  finally, 

S  +  a*  +  ty  =  4,  {(*-«)'+ (y-/3)2  +  s2} (5), 

for  the  relation  which  must  always  exist  among  the  co-ordinates  of 
every  point,  in  every  circular  section.  This,  therefore,  is  the  equation 
of  surfaces  of  revolution  in  general. 

(145.)  If  the  fixed  axis  be  taken  for  the  axis  of  z,  then  a,  a;  b,  /5,  are 
each  0,  therefore,  in  this  case,  the  general  equation  becomes 

2  =  0Cr2  +  y2  +  z2) (6), 

which,  solved  for  z,  takes  the  form 

z  =  ^(a»+y«)  ....  (7). 

(146.)  There  is  one  case  of  this  general  problem,  viz.  that  where  the 
generatrix  is  a  straight  line,  revolving  round  the  axis  of  z,  but  not  in  the 
same  plane  with  it,  that  deserves  particular  notice. 

Let  us  take,  for  axis  of  x,  the  shortest  distance  between  the  axis  of  z 
and  the  generating  line ;   then  this  axis  will  be  perpendicular  to  both 
(65),  the  equations,  therefore,  of  the  line  will  be 
x  =  ±  a,  y  =  +  bz, 

Q  2 
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also,  for  any  variable  section  perpendicular  to  the  axis  of  z 

Eliminating  ar,  ?/,  z,  we  have 
for  c  and  rz  putting  their  values  above,  we  have 

By  putting  successively  x  =  0,  y  =  0  in  this  equation,  the  resulting 
forms  belong  to  hyperbolas,  hence  the  surface  is  the  hyperboloid  of  re- 
volution of  a  single  sheet.  The  equation  of  the  hyperbola  correspond- 
ing to  x  =  0  is 


so  that  9=  ±bz  is  the  equation  of  the  asymptotes,  (see  Anal.  Geom.ip.  99,) 
hence  the  generating  straight  line,  in  its  first  position,  is  in  a  plane  with 
and  parallel  to  one  or  other  of  the  asymptotes  of  that  hyperbola  in  its 
first  position,  which  would  generate  by  revolving  round  the  axis  of  z, 
the  same  surface  as  the  line ;  these  two  lines,  therefore,  continue  pa- 
rallel during  the  revolution  of  both ;  the  one,  viz.  the  asymptote,  gene- 
rating the  conical  surface  asymptotic  to  the  hyperboloid  generated  by 
the  other  line,  viz.  the  line 

x  =  ±  a,  y  =  bz, 

or 

x  =  ±  a,  y  =  —  bZ) 

and  it  therefore  follows  that  these  four  lines  will  be  the  sections  made 
on  the  surface  by  two  tangent  planes  to  the  asymptotic  cone  drawn 
through  any  diametrically  opposite  points  in  its  surface;  these  will  cut 
each  other  on  the  surface  two  and  two,  and  include  an  angle  equal  to 
that  between  the  asymptotes,  so  that  the  surface  may  be  generated  by 
the  revolution  of  either  of  these  intersecting  lines. 

We  shall  shortly  see  that  hyperboloids  of  one  sheet,  in  general,  ad- 
mit of  two  distinct  modes  of  generation  by  the  motion  of  a  straight  line. 

(147.)  Eliminating  the  indeterminate  function  0,  which  depends  on 
the  nature  of  the  generating  curve  (1)  by  differentiation,  as,  in  the  pre- 
ceding problems,  we  find 

p  +a  _x  —  a+p'z 
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from  which  results  the  partial  differential  equation 


and  when  the  axis  of  z  coincides  with  that  of  revolution,  this  becomes 

yp  —  xg'  ^  0. 

The  differential  equation  of  surfaces  of  revolution  may  also  be  ob- 
tained from  the  consideration  of  the  normal,  which  must  always  cut  the 
axis  of  revolution,  being  situated  in  the  meridian  plane.  Thus,  the 
equations  to  the  normal  are  (125) 


y-y  +  9'  (*-0  = 

and  as  these  must  exist  simultaneously  with  the  equations  (2),  we  may 
eliminate  .r,  y,  z,  and  the  result  will  necessarily  be  the  required  relation 
between  p',  q',  and  the  variable  co-ordinates  x',  y',  z',  of  any  point  on 
the  surface. 

PROBLEM    VI. 

(148.)  A  given  curve  surface  revolves  round  a  given  axis,  to  deter- 
mine the  surface  which  touches  and  envelopes  the  moveable  surface  in 
every  position. 

The  enveloping  surface  touches  the  moveable  one  in  every  position  ; 
if,  therefore,  we  take  any  particular  position  of  the  latter,  their  combi- 
nation will  give  the  curve  of  contact  ;  this  curve  being  common  to  both 
surfaces,  the  tangent  planes,  at  all  its  points,  are  common  to  both  sur- 
faces ;  hence,  the  values  of/,  q',  which  vary  only  with  the  tangent  plane, 
are  the  same  for  both  surfaces,  as  far  as  this  common  curve  is  concerned, 
and  it  is  evidently  by  the  revolution  of  this  curve  round  the  fixed  axis, 
that  the  enveloping  surface  is  generated.  Hence,  to  determine  this 
curve,  we  must  deduce  p',  q',  from  the  given  equation,  substitute  them 
in  the  general  equation  (1)  of  surfaces  of  revolution,  since  there  is  a 
line  on  some  such  surface  to  which  they  belong,  as  well  as  to  the  given 
surface  ;  and  then,  to  determine  what  this  line  really  is,  it  will  be  ne- 
cessary merely  to  combine  this  last  result  with  the  equation  of  the 
given  surface:  we  shall  thus  obtain  the  equations  of  the  generating 
curve,  and  the  position  of  the  fixed  axis  being  previously  known,  the 
enveloping  surface  is  determinable  by  Prob.  V. 

(149.)  As  an  illustration  of  this,  let  us  suppose  a  spheroid  to  revolve 
2 
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about  any  diameter,  to  find  the  equation  of  the  surface  enveloping  it  in 
every  position. 

Let  the  surface  be  referred  to  the  principal  diameters  of  the  spheroid, 
then  the  equations  of  any  other  diameter  will  be 
x  =  az,y  =  bz  .  .  .  .  (1), 
and  the  spheroid  itself  may  be  represented  by  the  equation 


from  which  we  derive 

1        x       ,_        1        y 
p  =    ~~^  '  T'?-    ~i?  •  —> 

substituting  these  values  in  the  general  equation,  for  all  surfaces  of  re- 
volution round  the  proposed  axis  (1),  that  is  in  the  equation 


and  we  have 

(ay  —  &*)(!  —  i)=0, 

.-.  ay  =  bx, 

hence,  combining  this  with  the  given  equation,  we  have,  for  the  gene- 
rating curve  of  the  envelope,  the  equations 


hence,  the  envelope  itself  is  to  be  determined  thus.     We  must  elimi- 
nate x,  y,  z,  by  means  of  (2),  and  the  equations 
z  +  ax  +  by  =  c    > 

*  +  />*§.>.  J  ' 

of  any  circular  section,  the  result  will  be 


putting  for  r  and  c  their  values  in  terms  of  x,  y,  z,  we  have,  finally, 


=  {  (2  +  ax  +  by)  N/w2—  1  —  N/m2_,c 
which  is  the  equation  of  the  enveloping  surface*. 


*  This  solution  ishomHymers's  Geometry  of  Three  Dimensions,  p.  145. 
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GRAFTER.    III. 

ON  THE  CURVATURE  OF  SURFACES  IN  GENERAL. 

(150.)  The  simplest  method  of  contemplating  surfaces,  is  by  consi- 
dering them  as  produced  by  the  motion  of  a  line  straight  or  curved, 
which,  in  all  its  positions,  is  subject  to  a  fixed  law.  Viewed  under 
this  aspect  surfaces  seem  to  divide  themselves  into  two  distinct  and  very 
comprehensive  classes,  viz.  those  whose  generatrices  must  necessarily 
be  a  curve,  and  those  whose  generatrices  may  be  a  straight  line.  If,  in 
this  latter  class  of  surfaces,  the  law  which  regulates  the  generating 
straight  line  be  such  that  through  any  two  of  its  positions,  however  close, 
a  plane  may  always  be  drawn,  then  it  is  obvious,  that  in  every  such 
surface,  if  a  plane  through  the  generatrix  in  any  position,  but  not  through 
any  other  points  of  the  surface,  that  is  if  a  tangent  plane,  be  drawn,  this 
plane,  if  supposed  perfectly  flexible,  might  be  wrapped  round  the 
surface,  without  being  twisted  or  torn,  or,  on  the  contrary,  the  surface 
itself  might  be  unrolled,  and  would  then  coincide  in  all  its  points  with  the 
plane.  Surfaces  of  this  kind  are,  therefore,  very  properly  distinguished 
by  the  name  Developable  Surfaces;  the  simplest  of  these  are  the  cone 
and  cylinder. 

(151.)  We  see,  therefore,  that  these  surfaces  are  such  that  a  plane 
may  be  drawn  through  any  two  positions  of  the  generatrix,  and  which, 
if  turned  round  one  position  supposed  fixed,  will  pass  through  all  the 
intermediate  positions  of  the  other.  But  if  the  law  of  generation  is  such 
that  this  cannot  have  place  for  any  two  positions,  however  close,  then 
the  tangent  plane,  through  one  position,  could  plainly  never  be  brought 
to  pass  also  through  another  position,  however  near,  without  being 
twisted.  Such  surfaces,  therefore,  are  properly  designated  by  the  name 
Twisted  Surfaces. 

These  two  kinds  of  surfaces  will  be  separately  discussed  hereafter, 
the  particulars  in  the  present  chapter  relate  to  carve  surfaces  in  general. 

Osculation  of'  Curve  Surfaces. 
(152.)  Let  the  equations  of  two  curve  surfaces  be 
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when  refered  to  the  same  axes  of  coordinates.  The  first  of  these  sur- 
faces we  shall  suppose  fixed,  both  in  magnitude  in  position  by  the 
constants  a,  b}  c,  &c.,  which  enter  its  equation,  being  fixed.  The 
second  surface  we  shall  suppose  fixed  only  in  form,  by  the  form  of  its 
equation  being  given,  but  indeterminate  as  to  magnitude  and  position, 
on  account  of  the  arbitrary  constants  A,  B,  C,  &c.  which  enter  its  equation. 
Let  now  the  variables  x,  and  y,  take  the  increments  h  and  /:,  then, 
for  the  first  surface,  we  have  (60) 


dx  dy  v  d*2  dxdy 

and  for  the  second, 

-y-j-  £2)  +  <fec. 

or,  more  briefly, 

z'  =  z+  p'h  +  g'k  4-  \  (r'/i*  4-  2s' hk  +  t'tf)  +  &c. 

Z  =  Z  4-  FA  4-  Q'£  4-  J  (R'A2  4-  2S'M  +  T'F)  4-  &c. 
Now  the  constants  A,  B,  C,  &c.  being  arbitrary,  we  may  determine  one 
of  them  in  functions  of  x,  y  and  the  known  constants,  so  that  the  con- 
dition 

may  be  fulfilled.  Such  a  value  substituted  for  the  constant  in  the 
equation  Z  =  F  (x,  y,)  will  cause  all  the  surfaces  represented  by  this 
equation  to  have  a  point  (.r,  y,  2,)  in  common  with  the  given  surface. 
If  two  more  of  the  arbitrary  constants  be  determined  from  the  conditions 

the  resulting  values  of  these  constants  being  also  substituted  in  the 
same  equation,  the  surfaces  then  represented  will,  in  consequence,  all 
have  a  common  tangent  plane  at  the  point  (x,y,  z,)  with  the  fixed 
surface.  Therefore,  that  this  may  be  the  case,  three  arbitrary  constants, 
at  least,  must  enter  the  proposed  equation,  and  the  contact  which  they 
determine  is  called  contact  of  the  first  order.  Contact  of  the  second 
order  requires  that  the  following  additional  conditions  be  fulfilled,  viz. 
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r'  =  R',  *'=S',  t'  =  T, 

requiring  three  more  arbitrary  constants  to  be  determined,  and  so  on; 
and  that  surface,  all  whose  arbitrary  constants  are  determined  agreeably 
to  these  conditions,  will,  for  reasons  similar  to  those  assigned  at  (87) 
for  plane  curves,  touch  the  proposed  surface  more  intimately  than  any 
other  surface  of  the  same  order.  It  is  called  the  osculating  surface  of 
that  order. 

If  the  touching  surface  be  a  sphere,  then,  since  in  its  equation  there 
can  enter  only  four  disposable  constants,  the  contact  cannot  be  so  high 
as  the  second  order,  seeing  that  for  this  there  must  be  six  disposable 
constants,  but  as  contact  of  the  first  order  would  leave  still  one  constant 
arbitrary,  it  follows  that  an  infinite  number  of  spheres  may  have  simple 
contact  with  a  surface  at  any  proposed  point,  yet  one  of  these  may  be 
determined  that  shall  be  strictly  the  osculating  sphere,  or  which  shall 
touch  more  intimately  all  round  the  point  of  contact  than  any  other. 

Curvature  of  different  Sections. 

PROBLEM    I. 

(153.)  At  any  point  on  a  curve  surface  to  find  the  radius  of 
curvature  of  a  normal  section. 

For  greater  simplicity,  let  us  suppose  the  plane  of  xy  to  coincide 
with  the  tangent  plane  at  the  proposed  point,  then  the  axis  of  z  will 
coincide  with  the  normal,  and  all  the  normal  sections  will  be  vertical. 
Let  the  plane  of  the  proposed  section  be  inclined  at  an  angle  9  to  the 
plane  of  xz,  then  the  angle  which  its  trace  x  on  the  plane  of  xy  makes 
with  the  axis  of  x  will  obviously  be  0,  and  the  x,  y  of  this  trace  will 
also  be  the  x,  y  of  the  section.  Now  (97)  the  radius  of  curvature  p  at 

the  proposed  point  where,  (86),  (dx'}  =  (ds)  and  -^~,\^= 

_ds^_  ds* 

dx*  da2 


But  (86) 

rfx'2         ds2 
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hence,  by  substitution, 

1  +  tan.2  0  1 


~~  r  +  2*  tan.0  + 1'  tan.2  0       r'  cos.20  +  2*  cos.0  sin.0  +•  t'  sin.20 

For  the  radius  of  curvature  p',  of  a  second  normal  section  inclined  at  an 
angle  0  +  90°  to  the  plane  of  xz,  we  have,  by  putting  0  -}-  90°  for  0, 
,_  1 

p        r  sin.2  0  —  2s'  cos.  0  sin.  0  -f  t'cos.2  9 
consequently, 

-L  +  -L  =,.'  +  <•  ....  (3), 
P        P 

so  that  the  sum  of  the  curvatures  of  any  two  normal  sections  through 
the  same  point  at  right  angles  to  each  other,  is  a  constant  quantity. 

(154.)  Consequently,  when  one  of  these  curvatures  is  the  greatest 
possible,  the  other  must  be  the  least  possible;  that  is,  at  every  point  on 
a  curve  surface,  the  sections  of  greatest  and  least  curvature  are  always 
perpendicular  to  each  other,  which  beautiful  theorem  was  first  discovered 
by  Euler,  and  is  demonstrated  by  most  writers  on  curve  surfaces,  though 
in  a  manner  far  less  simple  than  that  above. 

(155.)  To  determine  the  values  of  the  radii  of  curvature  of  any  per- 
pendicular sections  at  their  point  of  intersection,  let  the  plane  of  xz  be 
made  to  coincide  with  one  of  them  by  turning  round  the  normal;  that 
is  to  say,  let  0  =  0,  then  the  foregoing  expressions  for  p  and  p'  become 

—  —     '  —  —  (4} 

(156.)  But  to  determine  the  expressions  for  the  radii  of  greatest  and 
least  curvatures,  without  causing  the  vertical  planes  of  coordinates  to 
coincide  with  the  sections,  we  must  know  the  inclinations  of  these 
sections  to  the  vertical  planes,  that  is,  we  must  know  the  angle  0.  To 

find  this  from  the  property  —  =  max.  or  min.  we  have,  taking  0  for 

P 
the  independent  variable  in  the  expression  for  p, 


— --  =  —  2/  cos.  9  sin.  9  +  2*'  (cos.2  9  —  sin.2  9)  -f 
U9 

2*' sin.  0cos.  0  =  0  ....  (5), 
or,  dividing  by  2  sin.20,  we  have 


THE    DIFFERENTIAL    CALCULUS.  181 

/' ri 

cot.2  9  -\ ; —  cot.  0  —  1  =  0....  (6), 

from  which  we  get  for  the  two  inclinations  sought 

.    .       r'  —  t'±  N/(r'  —  O2  +  4s*       cos.  9 

cot'0==-  -IT"          -=ltaT' 

the  upper  sign  corresponding  to  the  maximum,  and  the  under  to  the 
minimum.  Substituting  these  values  in  the  first  of  the  expressions  (1), 
which  may  be  written  thus 

cot.2  9  +  1 

P  ~~  r'  cot.2  9  +  2s'  cot.  9  +  / 

we  have  for  the  radii  of  greatest  and  least  curvatures  the  expressions 

2 


R== 


0)- 


r_V(»>— o»+4««j 

These  are  called  the  principal  radii  of  curvature  at  the  proposed  point, 
and  the  sections  themselves  the  principal  sections  through  that  point. 

(154.)  If  we  know  the  principal  radii  and  the  inclination  0  of  any 
normal  section  to  a  principal  section  through  the  point,  the  radius  of 
curvature  of  the  normal  section  at  that  point  may  be  expressed  in  terms 
of  these  known  quantities.  For,  bringing  the  vertical  coordinate  planes 
into  coincidence  with  the  planes  of  principal  section,  we  have  9  =  0, 
and,  consequently,  as  appears  from  equation  (6),  last  article,  V  =  0 ; 
and,  since  (4) 


we  have 

1  Rr 

P  ~~ r'cos.a0  +  ^sin.2^~r        2  2      * 

•  -=       ] 

'  p        Rsin.20  "r 

It  is  plain  from  this  expression  that  if  R  and  r  have  the  same  sign,  p 
will  have  that  sign  for  every  section  through  the  proposed  point,  which 
is  the  same  as  saying  that  if  the  principal  sections  are  both  convex 
or  both  concave,  every  other  section  through  the  same  point  will  be 
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similarly  convex  or  concave,  and,  therefore,  also  the  entire  surface  at 
that  point.  In  such  a  case  the  minimum  radius  must  be  absolutely 
shorter  than  any  other  radius  of  curvature  at  the  point,  and  the  maximum 
radius  longer  than  any  other. 

(155.)  If  the  two  principal  radii  have  not  only  the  same  sign  but  the 
same  length,  then  the  foregoing  expression  gives  always  p  =  R  whatever 
be  the  inclination  0,  so  that  then  all  the  normal  sections  have  the  same 
curvature  and  all  are  principal  sections,  as  is  the  case  with  the  sphere 
and  with  the  ellipsoid  of  revolution,  the  paraboloid  of  revolution,  &c. 
at  those  points  through  which  the  fixed  axis  passes. 

(156.)  If  the  surface  belong  to  the  second  of  the  classes  mentioned 
in  (147),  then  no  point  can  be  assumed  on  it  through  which  a  straight 
line  may  not  be  drawn,  and,  as  the  curvature  of  this  line  is  0,  it  follows 
that  the  curvature  of  the  section  perpendicular  to  it  must  equal  the  sum 
of  the  curvatures  of  any  two  perpendicular  sections  through  the  same 
point. 

(157.)  Let  us  now  suppose  that  the  principal  radii  R,  r  have  different 
signs,  as  r  positive  and  R  negative,  which  will  be  the  case  if  one  of 
these  sections  be  convex  and  the  other  concave,  we  shall  then  have 

Rr 


~~  R  cos.2  <j>  —  rsin.20 

which  becomes  infinite  when 

R. 

r  sin.2  0  =  R  cos.2  0  or  when  tan.  9  =  +  */  —  , 

but  for  all  positive  and  negative  values  of  0  between  this  and  0,  p  will 
be  positive,  while  beyond  these  limits  p  will  be  negative. 

It  appears,  therefore,  that  if  from  the  origin  two  straight  lines  are 
drawn  in  the  tangent  plane  inclined  to  the  axis  of  x  at  the  angles  0  = 

T>  TJ 

-f  ^/  -  and  0  =  —  ^  -,  these  will  coincide  with  the  surface;  all  the 

sections  between  the  sides  of  the  two  opposite  angles  thus  formed  will 
be  convex,  all  the  sections  between  the  sides  of  the  other  two  opposite 
supplementary  angles  will  be  concave,  so  that  the  two  straight  lines 
which  we  have  seen  may  be  drawn  from  the  proposed  point  to  coincide 
with  the  surface,  separate  the  convexity  from  the  concavity  at  that  point. 
(158.)  In  order  to  determine  whether  the  principal  radii  at  any  point 

2 


THE    DIFFERENTIAL    CALCULUS.  183 

are  both  of  the  same  sign  or  not,  we  may  observe  that  the  expressions 
(7)  for  these  radii  at  art  (153)  may  be  put  under  the  form 


/  +  t'—  V  (r'  -f-  <')3  —  4  (r' t'  —  s'2)  J 

from  which  forms  we  immediately  see  that  the  radii  will  have  the  same 
sign,  viz.  positive  if  rY  —  **  >  0,  and  contrary  signs  if  r't'  —  s''2  <  0 ; 
this  last  condition,  therefore,  exists  in  the  case  just  considered. 

(159.)  We  shall  terminate  these  remarks  by  showing  that  a  para- 
boloid of  the  second  order  may  always  be  found,  such  that  its  vertex 
being  applied  to  any  point  in  any  curve  surface,  the  normal  sections 
through  that  point  shall  have  the  same  curvature  for  both  surfaces. 

For,  take  the  planes  of  the  principal  sections  for  those  of  xz,  yz,  then 
the  radii  of  these  sections  being  R,  r  we  know  that  a  paraboloid,  whose 
vertex  is  at  the  origin,  will  in  reference  to  the  same  axes  be  represented 
by  the  equation  (Anal.  Geom.  p.  263,) 


r  and  R  being  the  semi-parameters  of  the  sections  of  the  paraboloid  on 
the  planes  of  xz,  yz.  Now  the  equation  of  a  normal  section  of  this 
paraboloid,  by  a  plane  whose  inclination  to  that  of  xz  is  0,  will  be 
obtained  by  substituting  in  this  equation  x'  cos.  0  for  x,  x'  sin.  0  for  y,  z 
remaining  the  same  for  all  normal  sections  (Anal.  Geom.  p.  28  1); 
hence,  the  equation  of  the  section  in  question  is 


cos.  s.  . 

^  ; 


2r  2R  R  cos.20  ±  r  sin.2  0 

so  that  the  semi-parameter,  and,  consequently,  the  radius  of  curvature 
(94)  of  this  parabolic  or  hyperbolic  section,  is 

Rr 

Rcos.2^  ±  rsin.2^ 

the  very  same  as  the  radius  of  curvature  of  the  corresponding  section  of 
the  proposed  surface,  be  this  what  it  may  (1  54).  Hence,  this  paraboloid 
has  the  same  curvature  in  every  direction  that  the  proposed  surface  has 
at  the  origin  of  the  coordinates. 
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PROBLEM    II. 

(160.)  To  determine  the  radius  of  curvature  at  any  point  in  an  oblique 
section. 

Take  the  tangent  to  the  section  through  the  point  as  axis  of  x,  the 
point  itself  for  the  origin,  and  the  axis  of  tf  in  the  plane  of  the  section  ; 
then,  calling  the  normal  the  axis  of  z,  the  normal  section  through  the 
axis  of  x,  s,  and  the  oblique  section  $',  we  have,  at  the  proposed  point 

(86),  (ds)  =  (ds').     Now  at  the  proposed  point  y  =  -  -  ,  but  if  the 

(d?z) 

axis  of  z'  be  transferred  to  the  axis  of  z,  then 

2  =  2'  cos.  9  .-.  (d*z)  =  <W)  cos.  0  ; 
hence,  by  substitution, 


where  y  is  the  radius  of  the  oblique  section,  and  p  the  radius  of  the 
normal  section  through  the  tangent  to  the  former;  so  that  y  is  the  pro- 
jection of  p  on  the  plane  of  the  oblique  section,  which  remarkable 
property  is  the  theorem  of  Meusnier. 

It  immediately  follows  from  this  thorem,  that,  if  with  the  radius  of 
any  normal  section  of  a  curve  surface  a  sphere  be  described,  and  through 
the  tangent  to  that  section  at  the  normal  point  planes  be  drawn,  cutting 
both  the  sphere  and  the  proposed  surface,  every  section  of  the  sphere 
will  be  an  osculating  circle  to  the  corresponding  section  of  the  surface, 
because,  if  the  normal  radius  of  the  sphere  be  projected  on  any  of  these 
sections,  the  projection  will  obviously  be  the  radius  of  that  section,  and 
the  same  projection  is,  by  the  above  theorem,  the  radius  of  curvature 
of  the  corresponding  section  of  the  proposed  surface. 

Lines  of  Curvature  and  Radii  of  Spherical  Curvature. 

(161.)  In  speaking  of  plane  curves  we  have  already  explained  (104) 
what  is  to  be  understood  by  consecutive  normals  and  consecutive  curves. 
We  propose,  in  the  present  article,  to  consider  the  intersections  _of  any 
normal  at  a  point  of  a  curve  surface  with  its  consecutive  normal  ;  but 
here  it  must  be  remarked  that  consecutive  normals  to  curve  surfaces  do 
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not  necessarily  intersect,  as  in  plane  curves,  for,  before  coinciding,  these 
normals,  although  ever  so  close,  need  not  be  both  in  the  same  plane; 
and,  in  such  a  case,  when  they  become  consecutive,  or  coincide,  they 
coincide  throughout  at  once,  having  even  then  no  point  in  common 
that  before  coinciding  was  a  point  of  intersection.  Hence  such  conse- 
cutive normals  have  no  point  of  intersection.  If,  however,  upon  any 
curve  surface  there  can  be  traced  a  line,  such  that  the  normal  to  the 
surface  at  every  point  of  it  is  intersected  by  the  consecutive  normal, 
that  line  will  have  peculiar  properties.  Such  a  line  is  called,  by  Monge, 
a  line  of  curvature. 

PROBLEM    III. 

(162.)  To  determine  the  lines  of  curvature  through  any  point  on  a 
curve  surface. 

Let  the  surface  be  referred  to  any  rectangular  axes  whatever,  then 
(z',  y,  2',)  being  any  point  on  it,  we  have,  for  the  equations  of  the 
normal, 

/A)  x x'     I     ~'  /z z'\ Q  "I 

(B)  y  —  y  +  q  (z  —  z)  =  0  ) 

Let  now  the  independent  variables  .r',  y1,  take  any  increments  h,  k,  the 
equations  of  the  normal  to  the  corresponding  point  will  be 
dA  dA    ,  ** 


Now,  if  the  normals  (1),  (2)  intersect,  their  equations  must  exist  simul- 
taneously ;  therefore,  since  A  =  0,  B  =  0, 

dA         dA       k 

-     —  +&c.  =  0 


rfB         dB       'h  I  '  '  '  *  (3)" 

dx          dy'      ~h 

The  coordinates  (.r,  y,  z,}  of  the  intersection  of  the  proposed  normals 
will  be  obtained  by  the  combination  of  the  four  equations  (1)  and  (3) 
in  terms  of  j/,  y,  z',  which  are  fixed,  and  of  the  increments  k,  h.  But 
from  four  equations  three  unknowns  may  be  always  eliminated,  and  the 

R2 
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result  of  this  elimination  will  be  an  equation  between  the  other  quanti- 
ties ;  hence  then  there  exists  a  constant  relation  between  the  increments 
kt  h,  when  the  normals  intersect,  these  increments  are  therefore  depen- 
dent; consequently  the  y,  x,  of  which  these  are  the  increments,  must  be 
dependent;*  therefore,  when  the  normals  are  consecutive,  that  is,  when 
h  =  0,  the  equations  (3)  become 


M          dy 

^+_^.^i=0r 

dx  dy         dx 

or,  by  substituting  for  A  and  B  their  values  (1), 

l+/(/  +  /)  +  (*'-z)(r'+*'-^)  =  0  ----  (4) 


=  0  ....  (5), 


from  which,  eliminating  z'  —  z,  we  have  the  following  equation  for 

dy 

determining  — 
dx 


o  ----  (6). 

This  being  a  quadratic  equation  furnishes  two  values  for  —  the  tan- 

dx 

gent  of  the  inclination  of  the  projection  of  the  line  of  curvature  through 
(#',  y,  z'\  on  the  plane  of  xy  to  the  axis  of  .r.  Hence,  there  are  two 
directions  in  which  lines  of  curvature  can  be  drawn  through  any  pro- 
posed point,  and  if  in  (6)  we  substitute  for  p',  <?',  &c.  their  general 
values  in  functions  of  x,  y,  that  equation  will  then  be  the  differential 
equation  which  belongs  to  the  projections  of  every  pair  of  lines  of 


*  If  this  should  appear  doubtful  to  the  student,  its  truth  may  be  shown 
by  removing  the  axes  of  xy  y,  to  the  proposed  point,  in  which  position 
k,  h,  will  be  the  variable  coordinates  of  the  line  of  curvature,  and  these 
will  merely  take  a  constant  when  the  axes  are  replaced  in  their  first 
position. 
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curvature ;  so  that  every  line  on  a  curve  surface  which  at  all  its  points 
satisfies  this  equation,  will  be  a  line  of  curvature. 

(163.)  Between  every  pair  of  lines  of  curvature  there  exists  a  very 
remarkable  relation :  it  is  that  they  are  always  at  right  angles  to  each 
other.  To  prove  this  it  will  only  be  necessary  to  place  the  coordinate 
planes,  which  have  hitherto  been  arbitrary,  so  that  the  plane  of  xy  may 
coincide  with,  or  at  least  be  parallel  to,  the  tangent  plane  at  the  point 
to  be  considered,  in  which  case  p'  and  q  are  both  0,  and,  consequently, 
the  equation  (6)  becomes 

£+'-¥-  •£->-•  •••«• 

dy 
therefore,  calling  the  two  roots  or  values  of  -T-,  tan.  0  and  tan.  ^',  we 

have,  by  the  theory  of  equations, 

tan.0  tan.0' =  —  1, 

which  proves  that  the  projections  of  the  two  lines  of  curvature  through 
the  origin,  are  perpendicular  to  each  other,  and  consequently  the  lines 
themselves  are  perpendicular  to  each  other. 

<fr* 

Moreover,  the  equation  (7),  if  divided  by  ,  2  — :tan.20  becomes  iden- 
tical to  equation  (6),  page  181,  which  determines  the  inclinations  of 
the  principal  sections ;  hence,  the  lines  of  curvature  through  any  point, 
always  touch  the  sections  of  greatest  and  least  curvature  at  that  point. 
Also,  in  the  same  hypothesis,  with  respect  to  the  disposition  of  the  co- 
ordinate planes  z'  =  0,  therefore  the  equation  (4)  or  (5)  gives 

1  tan.0 

or  = 


"/  +  $  tan.0  s'  +  t'  tan.0  ' 

but  if  the  plane  of  x  z  coincide  with  a  plane  of  principal  section,  it 
will,  as  we  have  just  seen,  touch  the  line  of  curvature,  and  then  0  =  0, 
so  that 

1        1 
S=VOIT' 

and  these  are  precisely  the  expressions  found  at  (152),  for  the  two  radii 
of  curvature  of  the  principal  sections  at  the  proposed  point,  in  reference 
to  the  same  axes ;  hence  we  infer,  (161,)  that  the  consecutive  normals  to 
the  surface  at  any  point,  intersect  at  the  same  points  as  the  consecutive 
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normals  to  the  principal  sections.  These  points  of  intersection,  are  no 
other  than  the  centres  of  curvature  of  the  surface  of  the  proposed  point, 
for  if  spheres  be  described  from  these  centres  to  pass  through  the  pro- 
posed point,  they  will  touch  there,  since  both  have  the  same  normal, 
and  therefore  the  same  tangent  plane ;  and  these  two  spheres  have  the 
same  curvature  as  the  surface  in  the  two  directions  of  the  lines  of  cur- 
vature, since  consecutive  normals  to  the  surface  in  these  directions,  cut 
that  through  the  point  at  the  centres  of  these  spheres,  also  the  plane 
sections,  tangential  to  these  directions,  have  the  corresponding  sections 
of  the  spheres  for  their  osculating  circles,  since  the  consecutive  normals, 
at  their  point  of  contact,  also  intersect  at  these  centres ;  therefore,  the 
radii  of  curvature  of  the  surface  at  any  point,  coincides  entirely  with  the 
radii  of  curvature  of  the  principal  sections  through  that  point,  so  that 
(155)  if  the  radii  are  both  equal  at  any  point,  the  curvature  of  the  surface 
is  uniform  all  round  that  point. 

(1 64.)  The  annexed  figure  is  intended  to  give  an  idea 
of  the  disposition  of  the  lines  of  curvature  on  the  sur- 
face (S,)  drawn  through  points  P,  P',  &c.  PT,  PT, 
&c.  are  the  normals  to  the  surface  at  those  points, 
and  as  each  is  intersected  by  its  consecutive  nor- 
mal, the  locus  T  T  .  .  .of  these  intersections  is  a 
curve.  The  locus  too  of  the  normals  PT,  FT,  &c. 
themselves  form  a  surface,  throughout  perpendicular 
to  the  proposed;  this  surface,  thus  generated  by  the 
motion  of  a  straight  line  P  T  along  the  curve  P  P'  .  .  . 
and  each  position  intersecting  its  consecutive  position, 
is  obviously  a  developable  surface ;  one  of  whose  edges  is  the  line  of 
curvature  P  P'  .  .  .  and  the  other  the  line  of  centres  T  T'  . .  .  which  lat- 
ter is  called  the  edge  of  regression  of  the  developable  surface.  Proceed- 
ing, in  like  manner,  along  the  other  line  of  curvature  through  P,  we 
have  another  developable  normal  surface,  whose  edge  of  regression  is 
the  locus  of  the  centres  of  curvature  belonging  to  this  second  line  of 
curvature.  Applying  similar  considerations  to  every  point  on  the  sur- 
face (S),  we  shall  thus  have  an  infinite  number  of  developable  normal 
surfaces  at  right  angles  to  each  other,  and  which  will  obviously  form  to- 
gether two  continuous  volumes,  and  the  edges  of  regression  will,  in  like 
manner,  form  two  continuous  surfaces,  or  sheets,  being  the  locus  of  all 
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the  centres  of  curvature.  These  surfaces,  therefore,  bear  the  same  rela- 
tion to  the  original  surface,  that  what  in  plane  curves  we  have  called 
the  e volute  bears  to  the  involute. 

It  would  be  quite  incompatible  with  the  pretensions  of  this  little 
volume  to  extend  any  further  our  inquiries  into  the  properties  of  lines 
of  curvature.  For  more  detailed  information  respecting  these  remark- 
able lines,  the  student  must  study  the  illustrious  author  by  whom  they 
were  first  considered,  MONGE,  in  his  Application  de  V Analyse  a  la 
Geometric,  a  work  abounding  with  the  most  profound  and  beautiful 
speculations  on  the  subject  of  curve  surfaces  and  curves  of  double  cur- 
vature, and  which,  together  with  the  Developpements  de  Geometric  of 
Dupirij  constitute  a  complete  body  of  information  on  a  very  attractive 
and  important  branch  of  mathematical  study,  the  cultivation  of  which, 
however,  has  been  almost  entirely  neglected  hitherto  hi  this  country.* 

Radii  of  Spherical  Curvature. 

(165.)  We  have  already  seen  that  the  radii  of  spherical  curvature  or 
simply  the  radii  of  curvature  at  any  point  of  a  surface,  are  identical  to 
the  radii  of  the  principal  sections  through  that  point,  and  have  given 
tolerably  commodious  formulas  for  the  calculation  of  these  radii  when 
the  axes  to  which  the  surface  is  referred  originate  at  the  proposed  point, 
the  plane  of  xy  being  coincident  with  the  tangent  plane,  and  the  axis  of 
z  with  the  normal  at  that  point.  We  have  also  seen  that  when  these 
radii  are  determined,  a  paraboloid  may  also  be  determined,  having  its 
vertex  at  the  proposed  point  and  its  curvature  in  all  directions  round 
that  point  and  in  its  immediate  vicinity,  the  same  as  the  curvature  of  the 
surface;  so  that  be  the  surface  ever  so  complicated,  its  curvature  at  any 
particular  point  will  be  correctly  presented  to  us  by  the  vertex  of  a 
determinable  paraboloid.  All  this,  however,  supposes  the  radii  of 
curvature  of  the  surface  at  this  point  to  be  known;  it  remains,  therefore, 
to  show  how  these  radii  may  be  determined  whatever  be  the  position  of 
the  coordinate  axes. 

*  The  only  English  Mathematician,  I  believe,  who  has  produced  public 
proof  of  his  having  given  much  attention  to  these  inquiries,  is  Mr.  Davies, 
of  Bath,  whose  papers  on  surfaces,  &c.  in  Leybourn's  Repository,  I  have 
already  had  occasion  to  refer  to. 
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PROBLEM   IV. 

(166.)  Given  the  coordinates  of  a  point  on  a  curve  surface  to  deter- 
mine the  radii  of  curvature  at  that  point. 

Let  (x,  y,  z,)  be  the  point  on  the  surface,  and  (,r',  y,  z',)  either  of  the 
sought  points  on  the  normal  corresponding  to  the  centres  of  curvature, 
then  the  radius  R  from  either  will  be  given  by  the  expression 

R'  =  (*'  _  *)2  +  <>'  -y  )*  +  (z'  -  «)». 

Since  at  the  proposed  point  the  equations  (1)  and  (3),  at  art.  (162), 
must  exist  simultaneously  with  this,  we  have,  by  substituting  in  this  the 
values  of  (x1  —  x\  (y  —  y}  as  given  by  (1), 


dy 
Now,  if  from  (4),  (5)  we  eliminate  the  unknown  —  ,  we  have 

(z  -  O2  (rV  —  ««)  +  (*  -  O  {(1 

+  (l+ 
or,  putting  according  to  Monge 


the  equation  for  determining  %  —  d  becomes 

(z-z>)*  +  4(2~2/)  +T==0 

5  o 

and  the  roots  of  this  substituted  in  the  equation 

R  =  (s  —  z')*, 
give 


.  .  .  (2) 
(3). 


A  ±  v    A2  —  4gkz 

(167.)  Thus  the  radii  of  curvature  are  determined,  and  the  directions 

of  the  lines  of  curvature,  and  therefore  also  of  the  principal  sections  are 

determined  by  problem  in.;  consequently,  the  radius  of  curvature  of  an 

oblique  section,  any  how  inclined  to  coordinate  planes,  any  how  situated 
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with  respect  to  the  surface,  may  now  be  determined  by  help  of  the 
formulas  (9)  and  (1)  at  pages  181  and  184.  It  appears  from  (3) 
that  the  surface  will  be  convex  or  concave  in  the  direction  of  a  line  of 
curvature  in  the  immediate  vicinity  of  the  point,  according  as  g  >  0  or 
g  <  0.  If  g  =  0  the  equation  (2)  shows  that  one  of  the  radii  will  be 
infinite. 

When  the  functions  of  x,  y,  z,  represented  by  p',  q'}  r',  s',  tf,  are 
complicated,  the  expressions  just  deduced  for  the  radii  of  curvature  will 
obviously  be  complicated  in  the  extreme.  They  are,  however,  easily 
manageable  when  the  proposed  surface  is  of  the  second  order,  as  Dupin 
has  shown  in  his  Developpements  for  both  classes  of  these  surfaces. 
We  shall  here  give  the  solution  for  surfaces  which  have  not  a  centre, 
that  is  for  paraboloids;  the  process  for  the  other  class,  or  for  central 
surfaces,  being  exactly  the  same  but  rather  longer. 

PROBLEM  v. 

(1  68.)  To  determine  the  radii  of  curvature  at  any  point  in  a  paraboloid. 
The  general  equation  of  paraboloids  being 


we  have 


/—  _ci4-  — )  —  —  n  +  — )  — — —  A  +  B~'2z 

*~  A2     B  +B2     A~"  AB 

Hence,  generally,  whatever  be  the  paraboloid,  we  have,  for  the  coeffi- 
cients in  equation  (1)  above,  the  values 


and  for  R  we  have 
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The  sum  of  the  two  radii  are,  therefore, 


R  +  rss'J^  +  ll  +  l  X  (A+B— 2s) 

but  (124)  the  first  of  these  factors  is  the  reciprocal  of  the  cosine  of  the 
inclination  «  of  the  normal  at  the  point  (x,  y,  z,)  to  the  axis  of  z, 

.-.  (R  +  r)  cos.  a,  =  A  +  B  —  2z, 

which  is  the  expression  for  the  sum  of  the  projections  of  the  radii  of 
curvature  on  the  axis  of  z;  A,  B  being  the  semi-parameters  of  the 
sections  on  the  planes  of  xz,  yz.  If  the  point  be  at  the  vertex,  then 
,T  r=  0,  y  =  0,  z  =  0,  and  the  values  of  R  then  become 


.-.  R  =  A,  r  = 

and  these  are  also  the  radii  of  curvature  of  the  two  parabolic  sections  on 
the  planes  of  xz,  yz  (94),  so  that  these  sections  which  we  have  already 
called  the  principal  sections  in  the  Analytical  Geometry,  are  really  the 
principal  sections,  or  those  of  greatest  and  least  curvature.  A  similar  pro- 
cess leads  to  similar  inferences  for  central  surfaces  of  the  second  order. 


CHAPTER.     XV. 

ON  TWISTED  SURFACES.* 

(169.)  We  have  already  stated  (148)  a  twisted  surface  to  be  one 
whose  generatrix  is  a  straight  line  moving  in  such  a  manner  along  its 
directrices  that  it  continually  changes  the  plane  of  its  motion. 

*  This  is  the  class  of  surfaces  called  by  the  French  Surfaces  Gauches, 
and  which,  together  with  the  class  of  developable  surfaces,  they  include 
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The  present  chapter  will  be  devoted  to  the  consideration  of  this  class 
of  surfaces.  Proceeding  from  the  simpler  kinds  to  the  more  general, 
we  shall  first  examine  the  surfaces  whose  directrices  are  straight  lines  as 
well  as  the  generatrices,  then  those  having  one  of  its  directrices  a  curve, 
afterwards  those  having  two  curvilinear  directrices,  and  lastly  those 
having  three  directrices  of  any  kind. 


Twisted  Surfaces  having  Rectilinear  Directrices  only. 

PROBLEM    I. 

(170.)  To  determine  the  surfaces  generated  by  a  straight  line  moving 
parallel  to  a  fixed  plane,  and  along  two  rectilinear  directrices  not  situated 
in  one  plane. 

Let  the  fixed  plane,  called  the  directing  plane,  be  taken  for  that  of 
xy,  and  the  plane  parallel  to  the  two  directrices  for  that  of  xz-,  then  the 
equations  of  these  directrices  will  be 

=.a!z-\-af 


and  the  generatrix  being  parallel  to  the  plane  of  xy  will  be  represented 
by  the  equations 

z  =  i,  y  =  mx  +  n  .  .  .  .  (3) 

As  this  line  has  always  a  point  in  common  with  (1),  the  four  equations 
(1),  (3)  exist  together,  therefore,  eliminating  x,  y,  z,  we  have,  among 
the  variable  parameters,  the  relation 

j3  =  w(a4  +  *)  +  n  ....  (4), 

the  parameters  a,  a,  /3,  being  fixed  by  the  position  of  the  directrices, 
but  the  others  variable. 

In  like  manner,  since  the  line  (3)  has  also  always  a  point  in  common 
with  (2),  the  four  equations  (2),  (3)  exist  together,  therefore,  eliminating 

under  the  general  name  of  Surfaces  Reglees,  expressive  of  their  mode  of 
generation  by  straight  lined  generatrices.  There  has  just  appeared,  in 
Leybourn's  Repository,  No.  22,  a  very  masterly  inquiry  into  the  history 
of  these  surfaces,  from  the  pen  of  Mr,  Davies,  wherein  the  claims  of  the 
English  to  the  first  consideration  of  "rule  surfaces"  is  fully  established. 
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x,  y,  zt  we  get  for  a  second  relation  among  tlie  three  arbitrary  parameters 

the  equation 

p'  =  m(a'b  +  »')  +  »  ....  (5). 

By  means  of  the  two  relations  (4)  and  (5)  among  the  parameters  which 
enter  (3),  we  may  eliminate  them  and  thus  obtain  the  sought  equation 
in  Xj  y,  z.     Subtracting  each  from  (3),  we  have 
y  —  j3  =  m  (x  —  az  —  a) 
y  —  P'  =  m(x  —  az  —  of), 
eliminating  m  we  obtain,  finally, 

(a  —  a')t/s  +  O  —  a')y  +  (a?p  —  ap)z  +  (fi'-p)x=*p  —  *'/3....(6) 
for  the  equation  of  the  surface,  which  is  therefore  of  the  second  order. 
Let  us  now  inquire  what  particular  kind  of  surfaces  of  the  second  order  this 
equation  includes.  By  applying  the  criteria  (3),  p.  292,  Anal.  Geom.,  we 
find  that  the  surfaces  are  not  central,  they  must,  therefore,  be  paraboloids. 
By  putting  x-=k  we  find  in  the  resulting  equation  for  any  section 
parallel  to  the  plane  of  yz9  that  the  squares  of  the  variables  are  absent, 
therefore,  Anal.  Geom.  p.  166,  these  sections  are  all  hyperbolas.  We 
infer,  therefore,  that  the  surface  (6)  is  always  a  hyperbolic  paraboloid. 
If  in  the  equation  (6)  we  make  z  equal  to  any  constant  quantity,  the 
equation  will  always  be  that  of  a  straight  line,  being  indeed  necessarily 
one  of  the  positions  of  the  generatrix;  also,  if  we  put  y  equal  to  any 
constant  quantity,  we  find  that  every  section  parallel  to  the  plane  of  xz 
is  a  straight  line,  so  that  through  every  point  on  the  surface  of  a  hyper- 
bolic paraboloid  there  may  be  drawn  two  straight  lines,  their  assemblage 
constituting  two  distinct  series  situated  in  two  distinct  series  of  parallel 
planes,  and  hence  there  are  two  distinct  ways  in  which  the  surface  may 
be  generated  by  the  motion  of  a  straight  line,  but  not  more  than  two 
ways,  since  the  equation  (6)  represents  a  straight  line  only  on  the  two 
hypotheses  assumed  above ;  and  as  no  two  of  the  positions  of  the  same 
generatrix,  however  close,  can  be  in  the  same  plane,  the  hyperbolic 
paraboloid  is  a  twisted  surface. 

(171.)  We  may  show  at  once  by  setting  out  with  the  equation  of 
the  hyperbolic  paraboloid,  that  two  straight  lines  pass  through  every 
point  on  its  surface,  and,  moreover,  that  these  lines  are  both  in  the  tangent 
plane  at  that  point.  Thus  the  equation  of  the  surface  is  (Anal.  Geom. 
p.  266J 
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and  that  of  the  tangent  plane  through  (yf,  y',  /,) 

2pxx'-2p'yy'=pp'(z  +  z')  ....  (2), 

the  relation  among  the  coordinates  x',  y',  z',  of  the  point  of  contact 
being  of  course 

px»—p'y'*=pp'z'  ....  (3). 

Adding  together  equations  (1)  and  (3),  and  subtracting  (2)  from  the 
the  sum,  there  results 

p(x-x')*-p'(y-y'?  =  0, 

which  is  the  condition  necessary  to  be  satisfied  for  every  projected  point 
(or,  y,)  common  to  the  surface  (1)  and  the  plane  (2),  seeing  that  it  has 
resulted  from  the  combination  of  their  equations.  Such  condition  being 
satisfied  by  every  point  in  the  lines  represented  by  the  equation 

y-/=±0-*'Wy> 

it  follows  that  the  lines  of  which  these  are  the  projections  are  common 
to  both  surface  and  tangent  plane,  so  that  the  tangent  plane  cuts  the 
surface  according  to  two  straight  lines  passing  through  the  point  of 
contact. 

PROBLEM    II. 

(172.)  To  determine  the  surface  generated  by  the  motion  of  a  straight 
line  along  three  others  fixed  in  position,  so  that  no  two  of  them  are  in 
the  same  plane. 

Let  us  first  consider  the  case  in  which  the  three  directrices  are  all 
parallel  to  the  same  plane. 

Assume  the  axes  of  x  and  y  in  this  plane  passing  through  one  of  the 
directrices  (B),  and  parallel  to  the  other  two  (B'),  (B").  Let  the  axis 
of  x  coincide  with  (B),  and  the  axis  of  y  be  parallel  to  (B'),  and  let  the 
axis  of  z  be  drawn  to  pass  through  both  (B')  and  (B"),  then  the  equa- 
tions of  the  directrices  will  be 

(B)  j,  =  0,    Z  =  0 

(B')  x  =  0,    z  =  h 

(B')  y  =  ax,z  =  k 

and  the  equation  of  the  generatrix  in  any  position  will  be 
x  =  ms+p,  y=.nz-\-q  ....  (1). 
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As  this  line  has  always  a  point  in  common  with  the  directrices,  all 
these  equations  exist  together.  Hence,  eliminating  x,  yf  z}  we  have, 
among  the  variable  parameters  m,  n,  p,  q,  the  relations 

y  =  0,  mh  +jt?  =  0,  nk=.a  (mk  -\-p)  .  .  .  (2). 
Eliminating  the  variable  parameters  from  (1)  and  (2),  we  have 

for  the  equation  of  the  surface  sought,  and  which  we  find,  by  applying 
the  same  tests  as  in  last  problem,  to  be  the  same  surface,  viz.  the  hyper- 
bolic paraboloid. 

(173.)  Suppose,  now,  that  the  three  directrices  are  not  all  parallel  to 
the  same  plane,  then,  taking  any  point  in  space  for  the  origin,  and 
parallels  to  the  directrices  for  axes,  the  equations  of  these  will  be 
(B)  x  =  «,   $=p 

(B')  s  =  y,    X  =  A 

and  the  equation  of  the  generatrix  will  be 

a;  =  mz  +  p,  y  =  nz  +  q  .  .  .  .  (1), 
which,  since  it  has  a  point  in  common  with  (B),  gives  rise  to  the 

condition 

a — p (3  —  q 

m  n 

and  having,  at  the  same  time,  a  point  in  common  with  (B'),  and  another 
in  common  with  (B"),  we  have  the  additional  conditions 

a'  =  my  -}-p)  j3'  =  ny  +  q  ....  (3). 

Eliminating  now  the  arbitrary  parameters  m,  n,p,  q,  by  means  of  ^1), 
and  these  equations  of  condition,  we  shall  arrive  at  the  equation  of  the 
surface.  The  equations  (3)  give,  in  conjunction  with  (1), 

_*-*'  n  _y-& 

m  —  —     — ,  n  —  — 

z  —  y  z  —  y 


which  values,  substituted  in  (2),  give 

<y  — /)ay  +  03'— 0)«  +  («-«Oy* 
+  W  -  Py )  *  +  OY  -  «y )  y  +  O'|3  -  */3')  *  >  =  o 
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for  the  equation  of  the  surface.  By  applying  the  usual  criteria,  (Anal. 
Geom.  pages  292,  294,  J  we  find  that  the  surface  must  be  ahyperboloid, 
and  as  the  squares  of  the  variables  are  all  absent  from  the  equation,  no 
intersection  (Anal.  Geom.  p.  281J  can  possibly  be  an  imaginary  curve; 
hence  the  surface  must  be  a  hyperboloid  of  a  single  sheet,  and  it  is 
obviously  twisted,  since  the  generatrix  constantly  changes  the  plane  of 
its  motion. 

(174.)  We  may,  as  in  the  preceding  problem,  by  commencing  with 
the  equation  of  this  surface,  show  that  through  every  point  on  it  two 
straight  lines  may  be  drawn,  and  that  they  will  both  be  in  the  tangent 
plane  through  the  point.     Thus  the  equation  of  the  surface  is 
x2       v2       z* 

7?H"?  =  1  ••••0), 

and  that  of  the  tangent  plane  through  (/,  y',  z'} 


the  relation  among  z',  y',  z',  being  fixed  by  the  equation 


Adding  together  equations  (1)  and  (3),  and  subtracting  twice  equation 
(2)  from  the  result,  we  have 


a  relation  which  must  have  place  for  every  point  common  to  both  the 
surface  and  the  tangent  plane. 
Also,  subtracting  (3)  from  (2) 


....     . 

Now,  in  order  to  ascertain  whether  the  points  fulfilling  these  conditions 
can  lie  in  a  straight  line,  let  us  combine  them  with  the  equations  of  a 
straight  line  through  (x,  y',  z',}  viz. 

x  —  x'  =  a'(z-z"),y-y'  =  b'(z-z')  ....   (6). 
Substituting  in  the  equations  (4)  and  (5)  these  expressions  for  x  —  tf, 
y  —  y'j  we  have, 

s  2 
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aaf         by        * 

— r +  ~s 5=0 

ft  0  C 

these  relations,  therefore,  must  exist  among  the  constants  in  (6),  for  it 
to  be  possible  for  that  line  to  belong  to  the  surface.  From  the  second 
of  these  we  readily  deduce  a  rational  value  of  a',  which,  substituted  in 
the  first,  b'  will  be  given  by  the  solution  of  the  quadratic,  which  will 
furnish  two  values,  so  that  two  lines  passing  through  the  point  of 
contact  may  be  drawn,  that  shall  be  common  to  both  the  surface  and 
the  tangent  plane. 

Twisted  Surfaces  having  but  one  Curvilinear  Directrix. 

(175.)  In  surfaces  of  this  kind  the  generatrix  moves  along  a  straight 
line  and  a  curve,  remaining  constantly  parallel  to  a  fixed  plane  called 
the  directing  plane.  Such  surfaces  are  called  conoids,  and  that  they 
are  twisted  surfaces  is  plain,  because  a  plane  to  pass  through  two 
positions  of  the  generatrix  must  pass  through  the  rectilinear  directrix, 
and  become,  therefore,  fixed,  so  that  it  cannot  be  moved  round  one 
position  without  ceasing  to  pass  through  two.  The  directing  plane  is 
usually  taken  for  that  of  xy,  the  origin  being  at  the  point  where  the 
straight  directrix  pierces  it. 


PROBLEM    III. 

(176.)  To  determine  the  general  equation  of  conoidal  surfaces  : 
Let  the  equations  of  the  straight  directrix  be 

x  =  mz*,y  =  nz  ....(]), 
and  those  of  the  curvilinear  directrix. 
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F0r,y,2)=0,/(tf,y,*)=0  ....  (2). 

The  equation  of  the  generatrix,  being  in  every  position  parallel  to  the 
plane  of  xy,  must  always  be  of  the  form 

z  =  *,y  =  |3af +  y  ....  (3), 
a.  and  (S  being  variable  parameters. 

As  this  line  has  always  a  point  in  common  with  the  line  (1),  their 
equations  exist  together;  hence,  eliminating  x,  y,  z,  by  means  of  these 
four  equations,  we  have  the  condition 

no,  =  /3m«  +  y  °r  7  =  na  —  finta, 
so  that  the  equations  (3)  of  the  generatrix  become 

z  =  a,y—na.  =  P(x  —  mct)  ....  (4); 

but  this  same  line  has  also  a  point  in  common  with  the  curve  (2);  hence, 
eliminating  x,  y,  z,  by  means  of  the  four  equations  (2),  (4),  we  have  an 
equation  containing  only  constants  and  the  variable  parameters  «,  /3, 
which  equation,  solved  for  a,  gives 

a  =  0:/3  ....  (5). 
But,  by  equations  (4), 


hence,  by  substitution  in  (5), 

__  /y~m}} 

x  —  mz 

which  expresses  the  general  relation  among  the  coordinates  of  any  point 
of  the  generatrix  in  any  position,  therefore  this  is  the  general  equation 
of  a  conoidal  surface. 

(177.)  If  the  straight  directrix  coincide  with  the  axis  of  z,  then 
m  =  0,  n  =  Q,  and  the  conoid  is  represented  by  the  general  equation 


whether  the  axis  of  z,  or  the  straight  directrix,  be  perpendicular  to  the 
directing  plane  or  not;  if  it  is  perpendicular,  the  conoid  is  called  a 
right  conoid.  In  these  cases  the  equations  of  the  generatrix  are  simply 


(178.)  As  an  example,  let  it  be  required  to  find  the  equation  of  the 
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inferior  surface  of  a  winding  staircase,  the  aperture  or  column  round 
which  it  winds  being  cylindrical. 

To  conceive  the  generation  of  this  surface,  let  us  suppose  a  rect- 
angle to  be  rolled  round  a  vertical  column,  which  it  just  embraces,  the 
line  which  was  the  diagonal  of  the  rectangle  will  then  become  a  winding 
curve  called  a  helix,  and  it  will  make  just  one  turn  round  the  column, 
its  horizontal  projection  being  a  circle  ;  if  immediately  above  this  another 
equal  rectangle  be  applied  to  the  column,  the  vertical  edges  when 
brought  together  being  in  a  line  with  those  of  the  first,  the  diagonal  of 
this  will  form  a  continuation  of  the  helix,  and  in  this  way  will  be 
exhibited  the  trace  of  the  edge  of  the  surface  in  question  on  the  vertical 
column,  or  the  curvilinear  directrix;  the  other  directrix  is  the  axis  of 
the  cylinder,  the  directing  plane  being  horizontal. 

Now  for  every  point  in  the  diagonal  of  a  rectangle  the  abscissa  has 
a  constant  ratio  to  the  ordinate,  the  axes  being  the  sides  including  the 
diagonal,  so  that,  reckoning  from  the  foot  of  the  helix,  the  circular 
abscissas  and  vertical  ordinates  corresponding  are  in  a  constant  ratio. 
Hence,  taking  the  centre  of  the  cylindrical  base  for  the  origin  and 
drawing  the  axis  of  y  through  the  foot  of  the  helix,  calling  h  the  height 
and  27rr  the  base  of  one  of  the  rectangles,  or  of  the  cylinder,  we  shall 
have,  for  each  point  of  the  helix,  these  relations,  viz. 


.., 

and  for  the  generating  line  the  equations 

*==«,  y=(Bx  ....  (2). 

If  from  the  two  last  of  (1)  we  eliminate  the  arc  s  we  shall  have  the 
following  equations  of  the  projections  of  the  curve 

*+y»  =  r»,*  =  rsin.(.?^.)  ....  (3), 
eliminating  x,  y,  z,  from  the  equations  (2),  (3)  we  have 

sm.  (27r-f)> 

$' 

in  which  equation  if  we  substitute  for  a  and  (3  the  values  %  and  -  given 

x 

by  (2),  we  shall  obtain,  finally, 
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which  is  the  equation  of  the  surface,  that  is  of  the  twisted  helixoid. 

(179.)  It  remains  to  determine  the  differential  equation  of  conoidal 
surfaces.  In  order  to  this  we  must  eliminate  the  arbitrary  function  <j> 
in  the  equation 


by  differentiation,  as  in  the  several  similar  cases  in  chapter  II.,  we 
thus  obtain  the  equation 

p'  _  p'  (niy  —  nx)  —  (t/  —  nz) 

tf~~9  (my—nx)  +  (x—mz)' 
which  reduces  to 


or  when  the  conoid  is  right  simply  to 


because  then  m  =  0,  n  =  0. 

(180.)  The  same  results  may  be  at  once  obtained  from  the  conside- 
ration of  the  tangent  plane;  for  (x1,  y',  ztj)  being  any  point  on  the 
surface,  the  equation  of  the  tangent  plane  is 


which  touches  the  surface  along  the  generatrix  through  (#',  y',  z1},  and 
this  being  every  where  at  the  same  distance  zf  from  the  horizontal  plane, 
it  follows  that  if  in  the  above  equation  we  put  z-=.z'  the  result 

XCr-x-')  +  S''(y-2//)=0 

will  express  the  relation  between  the  x,  y  of  every  point  in  this  generatrix. 
But  at  that  point  where  it  cuts  the  straight  directrix,  the  x,  y  have  the 
relation 

x  =.  mz',  y  =  nz', 
so  that,  by  substitution,  we  have 

/  (mz'  —  x')  +  q'  (nz'  —  yf)  =  0, 

for  the  relation  among  the  coordinates  of  every  point  (-T7,  y,  s7,)  on  the 
surface,  which  agrees  with  that  deduced  above. 
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Twisted  Surfaces  having  Curvilinear  Directrices  only. 

(181.)  We  now  proceed  to  consider  those  surfaces  which  cannot  have 
a  rectilinear  directrix,  or  rather  those  whose  directrices  may  be  any  lines 
whatever.  We  shall  first  suppose  two  directrices. 


PROBLEM    IV. 

(182.)  To  determine  the  general  equation  of  surfaces  generated  by  a 
straight  line  which  moves  along  any  two  directrices  (D),  (D')  whatever, 
and  continues  at  the  same  time  parallel  to  a  fixed  plane. 

Taking  as  before  the  directing  plane  for  that  of  xy,  the  equation  of 
the  generatrix  in  any  position  will  be 

*  =  «,y  =  /fc  +  r  ....  (1), 

the  parameters  all  varying  with  the  varying  positions  of  the  generatrix. 
Let  now  the  equations  of  the  two  fixed  directrices  be 

(D)              F(x,y,0  =  0,/(*,y,0=0  •  •  •  •  (2) 
(D')  F!  (*, y,  s)  =  0,/i  (*,*  *)  =  0 (3.) 

Then  the  condition  is,  first  that  the  generatrix  meets  (D),  or  that  their 
equations  (1),  (2)  exist  together;  hence,  by  eliminating  the  coordinates 
of  the  common  point  from  these  four  equations,  we  shall  obviously 
obtain  an  equation  containing  only  constants  and  the  variable  parameters 
a,  /3,  y,  that  is  to  say,  we  shall  obtain  among  these  parameters  a  relation 

*(.,/5,y,)  =  0. 

Proceeding  in  the  same  manner  with  the  equations  (1),  (3)  which  also 
exist  together  for  a  certain  point,  we  obtain  a  second  relation 

*(«,/3,r,)  =  o. 

By  means  of  these  two  equations  we  may  eliminate  any  one  of  the 
parameters;  therefore,  eliminating  first  y  and  then  /3,  we  have 

/3  =  0:a,  y  =;//:*; 

hence,  substituting  for  these  variable  parameters  their  values  in  functions 
of  the  variable  coordinates  as  furnished  by  equation  (1),  we  have,  for  the 
general  relation  among  these  coordinates,  the  equation 
xy  =  <j>:z  +  ^.z  ....  (4). 
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This  then  is  the  general  equation  of  all  surfaces  generated  as 
announced,  whatever  be  the  form  of  the  directrices;  when  these  forms 
are  given,  the  forms  of  $  and  \l/  become  determinable  by  the  above 
process,  and  then  the  general  equation  (4)  takes  the  particular  form 
belonging  to  the  individual  surface. 

(183.)  Let  us  now  determine  the  general  equation  of  these  surfaces 
in  terms  of  the  partial  differential  coefficients.  Putting  the  equation 

(4)  in  the  form 

y—  x0:z  =  ^:z, 

the  ratio  of  the  partial  coefficients  of  each  side,  taken  relatively  to  x  and 
y,  will,  by  the  principle  in  (58),  be 


an   equation   from   which   the   arbitrary   function  \fy:z   is   eliminated. 
Applying  the  same  principle  to  this  last  equation  we  have 


dx  dy  q' 

that  is,  putting  according  to  the  usual  notation 

dp'  d(j          dp'  d(/ 

— 7 ^—  T  >  — ; —     ~.      —  s  >  — ; — :=  ' 
ax  ax  uy  ay 

q'r' — p's    m  q's' — p't'       p' 
whence 


an  equation  from  which  both  the  abitrary  functions  are  eliminated,  and 
which  must  be  fulfilled  for  every  point  in  every  surface  generated  as  in 
the  problem,  whatever  be  the  directrices.  We  see  that  as  two  arbitrary 
functions  were  to  be  eliminated,  the  process  led  to  a  partial  differential 
equation  of  the  second  order. 


PROBLEM  V. 


(184.)  To  determine  the  general  equation  of  surfaces  generated  by 
the  motion  of  a  straight  Hue  along  three  curvilinear  directrices  (D) 

(DO,  (DO. 
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We  shall  first  remark  that  the  motion  of  the  generatrix  is  entirely 
governed  by  these  conditions,  for  if  we  take  any  point  on  the  first 
directrix  (D)  and  conceive  two  cones  whose  bases  are  (D'),  (D")  to  have 
this  point  for  their  common  vertex,  these  cones  will  obviously  intersect 
each  other  in  all  the  straight  lines  that  can  be  drawn  from  the  point  to 
the  curves  (D'),  (D*),  the  positions  of  these  lines  are  therefore  fixed  by 
these  intersecting  cones,  and  these  are  fixed  by  their  bases;  hence,  all 
the  lines  that  can  be  drawn  from  the  point  to  the  lines  (D'),  (D*)  are 
determinate  both  in  number  and  position,  this  being  true  for  every 
point  in  (D),  it  follows  that  the  surface  generated  by  all  these  lines  is 
determinate,  and  it  is  now  required  to  find  its  equation. 

As  there  is  here  no  directing  plane  the  equations  of  the  generatrix  in 
any  position  will  take  the  form 

x=:aZ  +  7,y  =  pz  +  5  ....  (1), 

and,  since  it  always  has  a  point  in  common  with  (D),  we  may  eliminate 
by  means  of  the  equation  of  (D)  combined  with  these,  the  coordinates 
of  that  point :  the  result  will  furnish  a  condition  among  the  variable 
parameters.  In  like  manner,  employing  the  equation  of  (D')  we  shall 
arrive  at  another  equation  of  condition,  and,  lastly,  the  equation  of  (D") 
will  furnish  a  third  equation.  By  means  of  these  three  equations  any 
two  of  the  parameters  «,  /3,  y,  5,  may  be  eliminated,  and  we  shall  obtain 
three  equations  of  the  form 

/3  =  <}>:*,  y  =  i//:«,  d  =  7r:«. 

substituting  these  expressions  for  /3,  y,  d,  in  the  equations  (1)  we  have 
x  =  as  +  i//:«,  y  =  zp.a.  -f  7r:«, 

two  equations  which  have  place  for  every  surface  generated  as  proposed, 
the  functions  which  fix  the  directrices  being  quite  arbitrary.  If  these 
functions  are  known,  or  the  directrices  fixed,  we  may  then  eliminate  the 
parameter  «  by  means  of  these  equations,  and  thus  deduce  the  equation 
of  the  individual  surface,  but  the  general  relations  among  the  coordinates 
for  all  the  surfaces  of  this  family  can  be  exhibited  only  by  means  of  two 
equations  as  above.  The  general  relation  among  the  partial  differential 
coefficients  belonging  to  all  this  family  of  surfaces  may,  however,  be 
ascertained  in  a  single  equation  by  eliminating,  as  in  last  problem,  all 
the  arbitrary  functions  by  successive  differentiation;  this  will  lead  to  a 
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partial  differential  equation  of  the  third  order,  for  which  see  Monge's 
Application  de  V Analyse  &  la  Geometric,  p.  195. 

(185.)  We  shall  terminate  the  present  chapter  with  the  following 
example : 

On  the  opposite  sides  of  the  hori-  z 

zontal  parallelogram  AB  D  C  are  de- 
scribed two  vertical  semicircles,  and 
perpendicular  to  their  planes  is  drawn 
the  straight  line  OY  through  the 
centre  of  the  parallelogram ;  taking 
this  straight  line  and  the  two  semi- 
circles as  directrices,  it  is  required  to 
find  the  equation  of  the  surface  gene- 
rated by  a  straight  line  moving  along 
them. 

Let  the  axes  of  coordinates  be  the 
perpendicular  horizontal  lines  OX, 
OY,  and  the  vertical  OZ,  then  the 
equations  of  the  three  directrices 
will  be 

.r  =  0,    .  =  0  ....  (1) 


2  +  S2  =  r2  ....  (3). 
The  equations  of  the  generatrix,  since  it  always  passes  through  a  point 
(/3,  0,  0)  in  the  axis  of  y,  will  take  the  forms 

*  =  «(y  — j3),*  =  y(y— 13)  ....  (4), 

and  the  condition  to  be  fulfilled  by  this  line  is,  that  it  rests  on  each  of  the 
semicircles ;  or  that  at  certain  points,  x,  y,  z,  are  the  same  in  the  equations 
(2),  (4)  and  (3),  (4) ;  hence,  eliminating  these  first  from  (2),  (4),  and 
then  from  (3),  (4),  we  have  these  relations  among  the  variable  parameters, 


viz. 


which,  by  subtraction,  give 


(5) 
(6), 


=  0. 


This  condition  is  satisfied  by  the  value  /3  =  0,  but  this  is  not  admissible, 
since  it  would  restrict  the  generatrix  to  pass  always  through  the  origin, 
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and  have  no  motion  along  OY ;  hence,  dividing  by  -^  ,  we  have  the  re- 
lation 


between  the  parameters  a,  y. 

Substituting  the  value  of  y2,  given  by  this  equation  in  (5),  it  becomes 

and  by  means  of  these  equations,  together  with  those  of  the  generatrix, 
we  may  readily  eliminate  the  parameters ;  thus  the  values  of  «  and  y, 
given  by  (4),  are 


=7r^>r=^T0' 

and  these,  substituted  in  (7),  give 

&  O2  +  *2)  .  «*2 

—zr  *(*•+«•)' 

and  finally,  these  substituted  in  (8)  give  for  the  surface  the  equation 


which  is  the  same  as 

{axy  +  b  (*2  +  s2)  }2  =  62  r2  *2  -f  b2  (r2  --  a2)  s2. 


CHAPTER    V. 

ON  DEVELOPABLE  SURFACES  AND  ENVELOPES. 

(186.)  WHEN  in  an  equation  between  three  variables 

there  enters  an  arbitrary  constant  a,  that  equation,  by  giving  different 
values  to  «,  will  represent  so  many  different  surfaces  all  belonging  to 
the  same  family.  If  we  fix  one  of  these  by  any  determinate  value  of  «, 
another,  intersecting  this,  will  be  represented  by  changing  «  into  «  -f  h, 
h  being  some  finite  value.  If  h  be  now  continually  diminished,  the 
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intersection  will  continually  vary,  and  will  become  fixed  only  when  the 
varying  surface  becomes  coincident  with  the  fixed  surface.  In  this 
position  the  intersection  is  said  to  belong  to  consecutive  surfaces,  and 
it  may  be  determined  both  in  form  and  position  by  a  process  similar 
to  that  employed  at  (105).  Thus  a.  being  the  only  variable  concerned 
in  the  intersections,  we  have,  by  Taylor's  theorem, 


but,  since  F  =  0,  therefore 

dF         d*F      h    , 

-T-  +  -r-2-  —  +  &c.  =0; 

da.  da?         2 

hence,  when  the  surfaces  are  consecutive,  that  is,  when  h  =  0,  we  have 
the  following  equations  for  determining  the  curve  of  intersection,  viz. 
F  (*,***)»:«  j 


da 

these,  therefore,  are  the  equations  of  the  curve,  which  is  the  intersection 
of  the  surface  (1)  with  its  consecutive  surface. 

If  from  these  two  equations  we  eliminate  «,  the  result  will  be  the 
general  relation  among  the  coordinates  of  every  point  in  every  such 
consecutive  intersection  throughout  the  whole  family  of  surfaces,  this 
resulting  equation  will  therefore  represent  the  surface  which  is  the  locus 
of  all  these  consecutive  intersections.  This  locus,  moreover,  touches 
each  of  the  variable  surfaces  throughout  their  intersections;  for  diffe- 
rentiating the  equation  F  =  0  of  any  one  of  the  variable  surfaces,  a  being 
constant,  we  have 

dF         dF    t          dF         dF    , 


and,  differentiating  the  equation  F  =  0  of  the  locus,  a  being  variable, 
we  have 

dF         dF  dF       da  dF     ,     dF  dF       da 


which  equations  are  identical  to  those  above,  since 

-!=«> 

and  therefore  each  pair  give  the  same  values  for  p'  and  <?',  consequently, 
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at  the  points  common  to  both  surfaces  they  have  common  tangent  planes. 
Hence  the  locus  of  the  consecutive  intersections  touches,  and  envelopes 
all  the  variable  surfaces ;  it  is,  therefore,  called  by  Monge  the  Envelope 
of  these  surfaces. 

(187.)  If  the  envelope  be  formed  by  the  consecutive  intersections  of 
planes,  then,  since  from  what  has  been  just  proved,  the  envelope  is 
touched  throughout  each  of  the  intersections  by  the  corresponding 
plane;  this  envelope  is  such  that  the  tangent  plane  at  any  point  touches 
it  throughout,  the  rectilinear  generatrix  passing  through  that  point;  and 
this  is  the  characteristic  property  of  a  developable  surface:  hence  a 
developable  surface  may  be  considered  as  the  envelope  of  a  family  of 
planes  represented  by  the  general  equation 

z  =  Ax  +  By  +  D  ....  (1), 
in  which  there  enters  a  variable  parameter  «. 

Now,  to  introduce  this  variable  parameter  in  the  most  general  manner 
possible  into  the  equation  (1),  we  ought  to  consider  each  of  the  coeffi- 
cients A,  B,  C,  to  be  functions  of  it,  so  that  the  general  form  will  be 

2  =/*  +  *0*  +  ytyo,* 

and  therefore  the  line  of  contact  (186)  or  generatrix  of  the  surface  will 
be  represented  by  the  equations 

*  =/«  +  *0«  +  2/^a  >  ^  (2) 

0  =/'«  -f-  xQ'a,  +J/1//'*  > 

When  the  forms  of  the  functions/,  0,  ^/,  are  fixed,  the  variable  parameter 
«  may  be  eliminated,  and  the  resulting  equation  in  x,  y,  z,  will  be  that 
of  the  individual  surface  to  which  these  particular  forms  belong.  The 
equations  (2),  therefore,  may  be  considered  as  representing  the  whole 

*  Monge  says  the  general  equation  may  always  be  put  under  the  form 

z  =  x<j)a  -f  y^a  +  a, 

which,  however,  seems  to  be  incorrect,  since  it  excludes  those  of  the 
family  comprehended  in  the  equation 

z  =  xfa  +  yfya,  +  c, 

and  which  evidently  generate  conical  surfaces,  whose  vertices  are  all  on 
the  axis  of  z,  at  the  distance  c  from  the  origin.     The  form  in  the  text 
includes  this  class  of  equations,  for  fa.  may  be  constant  without  causing 
*  or  ipa  to  become  so. 
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family  of  these  surfaces,  a  in  the  first  being  a  function  of  x  and^,  implied 
in  the  second. 

(188.)  1.  As  an  example,  suppose  it  were  required  to  determine  the 
developable  surface  generated  by  the  intersection  of  normal  planes,  at 
every  point  in  a  curve  of  double  curvature. 

Representing  the  proposed  curve  by  the  equations 
j,'=F»f,  *•=/*'  ....  (1), 
the  general  equation  of  the  normal  plane  will  be  (129) 

x-^+-gr-(y-2/')  +  -^-(S-O  =  0  -----  (2), 

in  which  the  only  variable  parameter  is  x';  y  and  z  being  determinate 
functions  of  it  given  by  the  equations  of  the  curve.  Hence,  differentiating 
with  respect  to  x',  we  have 


Now  the  functions  of  x,  which  enter  the  equations  (2),  (3),  being  given 
by  (1),  we  may  eliminate  this  parameter  from  them,  and  the  resulting 
equation  in  x,  y,  s,  will  be  that  of  the  developable  surface  required. 

(189.)  2.  As  a  second  example,  let  it  be  required  to  determine  the 
developable  surface  which  touches  and  embraces  two  given  curve  surfaces. 

If  we  suppose  one  of  these  surfaces  to  be  a  luminous  surface  enlight- 
ening the  other,  the  surface  which  we  seek  will  obviously  embrace  all  the 
rays  which  proceed  from  the  bright  surface  to  the  dark  one,  and  the  curve 
of  contact  on  this  latter,  will  separate  the  illuminated  and  dark  parts. 

Let  the  equations  of  the  two  given  surfaces  be 

Fi(*py,»*i)=<>»  F8(*a»ya»  '2)=0  •  -  •  (1), 
then  the  equations  to  tangent  planes  to  each  will  have  the  form 

2  —  SI>=PI  O  —  *i)+<7i  (y  —  yi)  ...  (2) 
and 

z  —  z2  =p2  (x  —  x2)  +  ?2  (  y  —  ya), 

and  for  these  planes  to  belong  to  both  surfaces,  their  equations  must  be 
identical,  that  is,  we  must  have  the  conditions 


By  means  of  the  six  equations  marked,  five  of  the  coordinates  may  be 
determined  in  terms  of  the  sixth,  .r  ;  hence,  if  these  functions  of  x,  be  now 

x2 
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substituted  for  their  values  in  the  remaining  equation,  we  shall  obtain  a 
result  containing  only  the  variable  parameter  j^,  and  which  will  conse- 
quently represent  the  family  of  planes  which  generate  the  developable  sur- 
face sought.  Calling  this  result  P  =  0,  the  generatrix  of  the  surface  will 
be  given  by  the  equations 


from  which,  eliminating  xlf  we  have  the  equation  of  the  surface  sought  ; 
and  this  equation,  combined  with  that  of  each  surface  separately,  will 
give  the  two  curves  of  contact. 


PROBLEM. 

(190.)  To  determine  the  differential  equation  of  developable  surfaces 
in  general. 

The  general  equation  of  the  generating  plane,  arranged  according  to 
the  variable  coordinates  #,  y,  *,  of  any  point  in  it,  is 

z=/x  +  4'y  +  tt—p'x—q'yf  .  .  .  (1), 

and  this  plane  remains  the  same  for  every  point  in  the  generatrix,  as 
well  as  for  the  point  (/,  y',  z'),  so  that  the  quantities 

p')9',z'-p^-9fy'  .  .  .  (2), 

remain  constant,  although  a/,  y',  z',  all  vary,  provided  this  variation  is 
confined  to  the  rectilinear  generatrix,  for  which  y  is  always  a  function 
of  x,  but  not  else  ;  hence,  the  conditions  which  restrict  the  point  x',y't  z', 
to  the  generatrix  on  which  it  is  first  assumed,  is,  that  the  differential 
coefficients  derived  from  (2),  y  being  considered  as  a  function  of  .r,  are 
all  0,  and  it  is  plain  that  if  any  two  be  0,  the  third  will  be  0  also  ; 
hence,  differentiating  the  two  first,  we  have 


where  -r-  fixes  the  position  of  the  rectilinear  directrix  for  which  the  ex- 

pressions (2),  remain  constant.     Eliminating,  then,  -T-,  we  obtain  the 

following  equation,  which  must  hold  for  every  directrix,  viz. 
rY  —  s'2  =  0  .  .  .  (3). 
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This,  therefore,  is  the  equation  which  the  differential  of  the  equation 
of  every  developable  surface  must  accord  with  ;  or,  in  usual  terms,  it  is 
the  differential  equation  of  developable  surfaces  in  general. 

(191.)  We  shall  exhibit  another  method  of  obtaining  the  equation  (3), 
from  the  general  equations  (2),  art.  (187).  Differentiating  the  first  of 
these,  in  which  a  is  a  function  of  x  and  y  implied  in  the  second,  we 
have  the  two  partial  differential  equations 

f,    da,     ,  .da.  .  .    da. 


but,  in  virtue  of  the  second  of  the  equations  (2),  these  become 

p'  =  <pa,  q'  =  ^*, 

consequently,  p'  must  be  a  function  of  <?',  and  may  therefore  be  repre- 
sented by 

/=7T?'. 

Eliminating  now  the  arbitrary  function  TT  by  differentiation,  as  in  (58), 
we  have 

7-7-  •••"—  =">.   '      . 

as  before. 

(192.)  We  have  as  yet  considered  only  the  simplest  class  of  surfaces, 
whose  intersections,  with  their  consecutive  surfaces,  are  given  by  the 
general  equations  (1),  art.  (186),  viz.  plane  surfaces,  the  intersections 
being  straight  lines.  It  is  obvious,  however,  that  whatever  be  the  sur- 
faces, the  intersections  are  still  given  by  the  equations  (1),  and  the  en- 
velope of  these  surfaces,  found  by  eliminating  from  them  the  arbitrary 
parameter  a.  This  parameter,  however,  may  enter  the  equation  of  any 
particular  family  of  surfaces  in  an  infinite  variety  of  different  forms  and 
ways;  it  may  enter  into  only  one  of  its  terms,  or  be  combined  with 
several  ;  a  simple  power  only  of  it  may  enter,  or  a  complicated  function, 
and  still,  entering  only  as  a  parameter,  the  general  equation,  under  all 
these  changes,  will  still  preserve  the  same  character,  and  represent  but 
one  family  of  surfaces.  With  the  envelope,  however,  it  will  be  different  ; 
this  depends  as  well  on  the  arbitrary  parameter,  as  on  the  variables 
which  enter  the  general  equation,  since  the  value  of  this  parameter  must 
be  found  from  one  of  the  equations  (1),  in  terms  of  x,  y,  z,  and  this 
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value  substituted  in  the.  other  for  the  equation  of  the  envelope.  Never- 
theless, since,  as  just  observed,  the  individual  surfaces  represented  by  the 
two  equations  (1),  for  every  particular  value  of  the  parameter  in  what- 
ever form  it  may  enter,  is  always  of  the  same  degree,  it  follows  that  each 
individual  intersection  (1),  will  uniformly  be  a  curve  of  the  same  order, 
and  which  will  change  its  order  only  when  the  order  of  the  surface 
changes.  This  curve  of  intersection,  or  of  contact,  common  to  all  the 
envelopes  of  the  same  family  of  surfaces,  is  called,  by  Monge,  the  cha- 
racteristic. 

Considering  any  of  the  characteristics  (1)  separately,  we  may  inquire 
what  are  the  points  in  which  it  is  intersected  by  the  consecutive  charac- 
teristic; and  the  method  of  determining  these  intersections  is  analogous 
to  that  already  explained  in  (105)  and  (186),  that  is,  we  must  combine 
with  the  equations  (1)  of  this  curve  their  differentials  taken  relatively 
to  a.  ;  hence,  the  consecutive  intersections  for  any  particular  position 
of  the  characteristic,  will  be  determined  by  the  equations 

F  =  0 


each  of  these  separately  represent  a  surface,  any  two  together  a  line  com- 
mon to  both,  and  all  three  the  point  or  points  common  to  their  intersec- 
tion, a  being  considered  constant.  By  solving  these  three  equations  for 
x,  y,  and  *,  we  shall  obviously  obtain  known  values  for  the  coordinates 
of  the  points  of  intersection  required,  which  of  course  are  all  situated 
on  the  envelope. 

Now,  if  from  the  three  equations  above,  we  eliminate  a,  we  shall 
have  two  equations  in  x,  y,  s,  existing  together,  which,  being  the  same 
for  the  intersections  of  every  pair  of  consecutive  characteristics,  must 
represent  the  locus  of  these  intersections,  and  be  situated  on  the  enve- 
lope. It  will  therefore  be  a  line  which  touches  and  encompasses  all 
the  characteristics,  in  the  same  manner  as  the  envelope  touches  and 
embraces  all  the  enveloped  surfaces.  It  must  then  form  an  edge  of  the 
envelope,  or  the  line  in  which  its  sheets  terminate,  and  it  is  therefore 
called,  by  Monge,  the  edge  of  regression  of  the  envelope.  In  .the 
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developable  surfaces,  we  have  seen  that  the  characteristic  is  a  straight 
line,  and  the  consecutive  intersections  of  the  characteristic,  in  every  po- 
sition, obviously  form  the  edge  which  limits  the  locus  of  the  characte- 
ristics, that  is,  the  developable  surface. 

The  consideration  of  envelopes,  characteristics,  and  edges  of  regres- 
sion, have  been  successfully  employed  by  Monge,  and  succeeding 
writers,  to  remove  several  difficulties  in  the  higher  departments  of  the 
integral  calculus,  that  do  not  appear  to  be  otherwise  clearly  explicable ; 
but  it  would  be  out  of  place  here  to  do  more  than  to  hint  at  the  im- 
portance of  these  researches;  to  pursue  them  to  their  fullest  extent  the 
advanced  student  must  have  recourse  to  the  profound  work  of  Monge, 
before  referred  to,  viz.  Application  de  V Analyse  &  la  Geometric.  We 
shall  conclude  the  present  chapter,  with  one  example  on  the  determina- 
tion of  the  envelope. 

(193.)  The  centre  of  a  sphere  of  given  radius  moves  along  a  given 
plane  curve,  it  is  required  to  determine  the  surface  which  envelopes  the 
sphere  in  every  position. 

Let  the  equation  of  the  given  curve,  along  which  the  centre  moves,  be 

/3  =  0« (1), 

so  that  for  every  abscissa  a.  of  this  curve,  the  ordinate  corresponding  will 
be  0« ;  therefore,  the  variable  coordinates  of  the  centre  of  the  sphere  are 
a,  0a ;  hence  its  equation,  in  any  position,  is 

(*_«)»+  (y_0«)»  +  »»=:,a  •    •   •   (2), 
hence  the  equations  of  the  characteristic  are, 

(*_.)«+ (y-^  +  ^r*  I 
x—  *+(y  — 0*)0'«  =  0* 

The  last  equation  is  that  of  a  plane,  passing  through  the  point  (a,  0a), 
or  centre  of  the  sphere ;  it  is,  moreover,  perpendicular  to  the  tangent  to 
the  curve  (1)  at  this  point,  for  the  equation  of  this  tangent  is 

03'—  /3)=0'*(0«'-0«), 
and  that  above  is 

y  —  0a  =  —  — -  (T  —  a), 
0a 

so  that  whatever  be  the  form  of  0,  the  characteristic  is  always  a  great  circle 
of  the  moveable  sphere,  of  which  the  plane  is  normal  to  the  curve.  The 
species  of  the  curve  which  is  the  characteristic,  being,  however,  constant, 
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as  observed  in  art.  (192,)  however  0  and  a.  may  vary,  the  species  may  be 
at  once  determined  by  assuming  a  =  0,  0a  =  0,  which  reduces  the  equa- 
tions of  the  characteristic  to 


which  belongs  to  a  circle  ;  the  species,  therefore,  is  a  curve  of  the  second 
order. 

To  determine  the  equation  of  the  envelope,  we  must  eliminate  a.  from 
(3),  and  the  resulting  equation  in  x,  y,  z,  will  belong  to  the  envelope  j 
thus,  if  the  curve  (1)  be  a  circle  of  radius  a,  then 


^f  f*2  _     *2 

substituting  these  values  in  the  equations  (3),  they  become 


a* 

and  determining,  from  this  last  equation,  the  expression  for  a,  and  substi- 
tuting it  in  the  preceding,  we  shall  obtain,  finally, 


for  the  equation  of  the  envelope. 


CHAPTER    VZ. 

ON  CURVES  OF  DOUBLE  CURVATURE. 

(194.)  IN  the  preliminary  chapter  to  the  present  section,  we  investi- 
gated the  expressions  for  the  tangent  lines  and  normal  planes  to  these 
curves;  we  shall  now  discuss  their  general  theory.  As,  however,  in  the 
course  of  this  discussion,  we  shall  sometimes  have  occasion  to  employ 
the  differential  expression  for  the  arc  of  a  curve  of  double  curvature, 
we  shall  commence  by  seeking  the  form  of  this  expression. 

(195.)  We  know  that  the  projecting  surface  of  every  curve  of  double 
curvature,  is  a  cylindrical  surface,  (see  Anal.  Geom.  p.  311,)  if,  there- 
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fore,  this  cylindrical  surface  be  developed,  the  curve  will  become  plane, 
and  its  length  will  be  unaltered,  and  the  curvilinear  base  of  the  project- 
ing cylinder,  which  we  shall  here  suppose  to  be  vertical,  will  become  a 
straight  line  on  the  plane  of  xy  ;  hence,  for  the  plane  curve  referred  to 
this  straight  line  t,  and  the  axis  of  z,  we  shall  have  (86)  the  expression 


but  t  being  itself  in  reality  the  arc  of  a  plane  curve,  we  have 

hence,  by  substitution, 

which  is  the  differential  expression  required. 

Osculation  of  Curves  of  Double  Curvature. 

(196.)  Let 

y=/r,*  =  F*  ----  (1), 
and 

Y  =  ^*,Z  =  **  ....  (2), 

be  the  equations  of  two  curves  of  double  curvature,  or  rather  of  the 
projections  of  these  curves  on  the  planes  of  xy,  xz.  Then,  if  we  con- 
sider the  constants  a,  b,  c,  &c.  which  enter  the  first  pair  of  equations 
as  known,  and  the  constants  A,  B,  C,  &c.  belonging  to  the  second 
pair  as  arbitrary,  these  latter  may  be  determined  so  that  the  curve  to 
which  they  belong  may  touch  the  proposed  or  fixed  curve  (1),  in  any 
given  point,  more  intimately  than  any  other  curve  of  the  family  (2). 
For,  giving  to  x  any  increment,  h,  we  have,  by  Taylor's  theorem, 


and  it  has  been  shewn,  (87),  that  if  the  constants  which  enter  the  first 
of  the  equations  (2),  be  determined,  all  of  them  from  the  conditions 

__  dy       dV       <22y         d2Y 
y  =  Y,  -f-=  —  ,  —  £-  =  -j-j-  ,  &c  .....  (3), 
dx       dx       dx2         dx2 

the  projection  of  the  curve  (2),  on  the  plane  of  xy,  shall  touch,  more 
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intimately,  the  projection  of  (1)  on  that  plane,  than  the  projection  of 
any  other  curve  of  the  family  (2). 

In  like  manner,  if  the  constants  which  enter  the  second  of  the  equa- 
tions (2),  be  all  of  them  determined  from  the  conditions 

_  dz       dZ       dzz         d*Z 


the  projection  of  the  curve  (2)  on  the  plane  of  xzt  will  touch  more  in- 
timately the  projection  of  (1)  on  that  plane,  than  the  projection  of  any 
other  curve  of  the  family  (2). 

It  is  clear,  therefore,  that  if  all  the  constants  in  the  equations  (2)  be 
determined  conformably  to  the  conditions  (3),  (4),  the  curve  (2)  will 
touch  more  intimately  the  curve  (1)  in  space,  than  any  other  curve  of 
the  family  (2),  and  that  the  contact  will  be  the  less  intimate  as  the  con- 
ditions (3),  (4),  satisfied  by  the  arbitrary  constants,  are  fewer. 

The  conditions  for  simple  contact,  or  contact  of  the  first  order,  are 
evidently 


and,  for  contact  of  the  second  order,  we  must  have  the  two  additional 
conditions 


and  so  on. 

(197.)  From  these  principles,  we  may  very  easily  deduce  the  equa- 
tions of  the  tangent  at  any  point  of  a  curve  of  double  curvature. 

Thus  the  equations  of  any  straight  line  in  space,  are 

3/  =  Aa'  +  Bj2f  =  A*  +  B'  .  .  .  .  (1), 

and  these  correspond  to  the  equations  (2)  above,  and  as  four  arbitrary 
constants  enter,  the  conditions  (5)  may  be  fulfilled  by  them  ;  thus, 
taking  the  two  last  conditions,  we  have,  by  accenting  the  variables 
of  the  curve, 


and,  therefore,  the  two  first  require  that 
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so  that  the  equations  (1)  of  the  tangent,  through  any  point  (V,  y't  &'), 
are, 


(2). 


PROBLEM    I. 

(198.)  To  determine  the  osculating  circle,  at  any  point  in  a  curve  of 
double  curvature. 

In  finding  the  osculating  circle,  at  any  point  of  a  plane  curve,  we 
had,  of  course,  the  plane  of  that  curve  given,  but,  in  the  present  case, 
we  have  to  determine  both  the  plane  of  the  circle,  and  its  radius.  Now 
let  us  suppose  that  r  is  the  radius  of  the  osculating  circle,  and  a,  /3,  y, 
are  the  coordinates  of  its  centre,  then  it  is  plain,  that  the  circle  will  be 
a  great  circle  of  the  sphere  whose  equation  is 

(*-*)' +  (y-/3)2  +  (z-y)2  =  r* (1), 

and  since  the  plane  of  the  circle  passes  through  the  point  («,  (3}  y>)  its 
equation  must  be  of  the  form 

«-a  +  «(y  — |3)+»(S-C)  =  0    ....    (2). 

These  two  equations,  combined  with  those  of  the  proposed  curve,  give 
the  values  of  <r,  y,  -,  common  to  all,  and  therefore  belong  to  the  point 
where  the  circle  (1),  (2),  meets  the  curve.  We  have,  therefore,  to  dif- 
ferentiate the  equations  (1),  (2),  successively,  and  to  consider,  agreeably 
to  the  conditions  (3),  (4),  art.  (196),  that  the  resulting  differential  co- 
efficients belong  as  well  to  the  proposed  curve  at  the  point,  as  to  this 
circle.  For  contact  of  the  first  order  we  have 

(*-tt)  +  (t,-/3)X+(Z-e)?'  =  0  ....  (3), 
1  +  mp'  +  nq'  ==  0  .  .  .  .  (4), 
and  for  contact  of  the  second  order  we  have,  in  addition, 

i+/2  +  ?'2+/(y-/3)  +  /(s-r)  =  o (5), 

mp*  +  nf  =  0  ....  (6). 

All  these  six  conditions,  therefore,  must  exist  for  the  contact  at  the 
point  (JT,  r/,  s,)  in  the  proposed  curve  to  be  of  the  second  order ;  and  as 
the  equations  (1),  (2),  of  the  touching  curve,  contain  six  disposable  con- 
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slants,  viz.  <t,  /3,  y,  r,  m,  n,  all  these  conditions  may  be  fulfilled,  but  no 
more  ;  hence,  the  circle,  determined  agreeably  to  these  conditions,  will 
touch  the  proposed  curve  more  intimately  than  any  other,  that  is,  it 
will  be  the  osculating  circle.  From  equations  (4)  and  (6)  we  get 


hence,  equation  (2)  becomes 


hence,  the  three  conditions  (2),  (4),  (6),  determine  the  plane  of  the  os- 
culating circle,  and  which  is  called  the  osculating  plane,  through  the 
proposed  point  (x,  y,  z.)  Equation  (7)  then  represents  this  plane. 

For  the  coordinates  of  the  centre  of  the  osculating  circle  we  have,  from 
equations  (1),  (2),  (3), 


where  M  is  put  for  the  expression 

V  {  (np1  -  mq'y  +  (n  -  q')2  +  O  -/)2}  • 

Substituting  these  values  in  (5)  we  have,  for  the  radius  of  the  osculating 
circle, 


Hence,  putting  for  m  and  n  the  values  already  deduced,  and  restoring 
the  value  of  M,  we  have 


-     ,  (i  +P*  +  q'2)  {P"—P'  W  +  W 

'22''2 


(1  +  /2  +  9'2)  {f  -  9   (PP"  +  9YO 

-  >'*>'*" 
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(199.)  The  expression  for  r  may  be  rendered  more  general,  by  con- 
sidering the  independent  variables  as  arbitrary;  in  which  case  we 
have  (66), 


'  (dx)*  (dx? 

Also  (195) 


hence,  making  these  substitutions  in  the  above  expression,  we  have 


\ 

(200.)  If  it  were  required  to  determine  the  circle  having  contact  of 
the  first  order,  merely  with  the  proposed  curve,  only  the  conditions 
(1),  (2),  (3),  (4),  must  be  satisfied;  the  conditions  (2),  (4),  determine 
the  plane  of  this  circle,  that  is  the  tangent  plane,  but  as  the  condition 
(4)  leaves  one  of  the  constants  m,  w,  arbitrary,  the  tangent  plane  is  not 
fixed,  but  may  take  an  infinite  variety  of  positions;  but  as  it  must  ne- 
cessarily pass  through  the  linear  tangent,  which  is  fixed,  it  follows  that 
a  plane  through  this,  and  revolving  round  it,  is  a  tangent  plane  in  every 
position,  in  one  of  which  it  touches  the  curve  with  a  contact  of  the 
second  order,  and  thus  becomes  the  osculating  plane. 

(201.)  There  is  another  method  of  determining  the  equation  of  the 
osculating  plane,  very  generally  employed  by  French  authors;  they  con- 
sider a  curve  of  double  curvature  to  have,  at  every  point,  two  consecu- 
tive elements,  or  infinitely  small  contiguous  arcs  in  the  same  plane,  but 
not  more,  the  plane  of  these  elements  being  the  osculating  plane  at  the 
point.  The  process,  then,  is  to  assume  the  equation  of  a  plane  through 
the  point 

x  —  x'  +  m(y  —  y'}  +  n(z  —  z}  =  Q  ....  (1), 

and  to  subject  it  to  the  condition  of  passing  also  through  the  points 

0  +  dot,  y  +  dy',  z  +  rf/), 

and 

x  +  2dx  +  rfV,  y'  +  2dy'  +  d*y',  z  +  2dz  +  dV. 

Such  a  process,  the  student  will  at  once  perceive  to  be  exceedingly 
exceptionable;  for  besides  the  vague  notion  attached  to  the  infinitely 
small  consecutive  arcs,  the  expressions  x  -f  dx,  y  +  f/j/,  and  the  like, 
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mean  no  more  in  the  language  of  the  differential  calculus,  than  x,  y,  &c., 
for  dx,  dy,  &c.  are  not  infinitely  small,  but  absolutely  0,  as  we  have  all 
along  been  careful  to  impress  on  the  mind  of  the  student.  The  process 
is,  however,  susceptible  of  improvement  thus:  suppose  the  plane  (1) 
passing  through  one  point  (x'}  y',  z')  of  the  curve  passes  also  through  a 
second  point,  of  which  the  abscissa  is  yf  +  A  #',  where  £±x  means  the 
increment  ofx,  then  substituting  x'  +  A#'  for  x*,  the  equation  (1)  becomes 
x  —  x'  +  m(y—y')+n(z  —  s')  —  (A/  +  wA/  +  wAz')=0  .  .  (2), 
which,  in  virtue  of  (1),  is  the  same  as 

A#'  +  m  A  y  +  MAS'  =  0, 
or 


Suppose  now  that  these  two  points  merge  into  one,  that  is,  let  A,i7  =  0, 
then 


hence  the  plane  becomes  determinable  by  the  conditions  (1),  (3). 

Again,  let  this  plane  pass  through  a  third  point,  x  +  AJ^,  then  sub- 
stituting this  for  x1  in  both  the  equations  (1),  (3),  they  will  furnish  the 
additional  condition 


hence,  dividing  by  A*'?  and  supposing  this  third  point  to  coincide  with 
the  former,  that  is,  supposing  A-r'  =  0,  we  have  the  new  condition 


The  equations  (3)  and  (4),  determine  m  and  n,  and  thence  the  plane 
(1),  which  is  such  as  to  pass  through  but  one  point  of  the  curve,  and 
at  the  same  time  to  be  so  placed  that  the  most  minute  variation  from 
this  position  will  cause  it  to  pass  through  three  points  of  the  curve. 

(202.)  By  whatever  process  the  osculating  plane  is  determined,  the 
radius  of  the  osculating  circle  may  be  easily  found  from  considerations 
different  from  those  at  (198).  For,  as  the  linear  tangent  to  the  curve, 
must  also  be  tangent  to  the  osculating  circle,  it  follows  that  the  centre 
of  this  circle  must  be  on  the  normal  plane,  as  well  as  on  the  osculating 
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plane;  it  must,  therefore,  lie  in  the  line  of  intersection  of  this  "normal 
plane,  with  its  consecutive  normal  plane;  hence,  if  this  line  be  deter- 
mined, the  combination  of  its  equation  with  that  of  the  osculating  plane, 
will  give  the  point  sought.  Now  (186)  the  line  of  intersection  of  con- 
secutive normal  planes  is 


y')  +  </(*  —  O=0  \ 

(.*  —  *')-?'*  —  <P  —  1=0* 


therefore,  the  centre  is  to  be  determined  by  combining  these  equations 
with  that  of  the  osculating  plane,  viz. 


being  precisely  the  same  equations  as  those  employed  before,  for  the 
same  purpose.  If  the  origin  be  at  the  point,  and  the  tangent  be  the 
axis  of  x,  then  x',  y',  z',  p',  q',  are  each  0  ;  therefore,  the  equations  of 
the  line  of  intersection  are 

*=°'*=-7s+7> 

and  the  equation  of  the  osculating  plane 

p'z  —  f/'y=0] 

this,  therefore,  is  perpendicular  to  the  line  of  intersection.  (Anal, 
Geom.  p.  234.) 

(203.)  The  expressions  in  (198)  for  the  coordinates  of  the  centre  of 
the  osculating  circle  will  become  very  simple  by  introducing  the 
substitutions  furnished  by  art.  (199);  the  results  of  these  substitutions 
will  be 

d2x  d?v  .    d?z 

T.  P  =«  +  "'         T  =  «  +  >•'  - 


the  independent  variable  being  s.    (See  Note  D  .) 


PROBLEM    II. 

(204.)  To  determine  the  centre  and  radius  of  spherical  curvature  at 
any  point  in  a  curve  of  double  curvature. 

We  are  here  required  to  determine  a  sphere  in  contact  with  the 
proposed  curve  at  a  given  point,  such  that  a  line  on  its  surface  in  the 

u  2 
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direction  of  the  proposed  may  in  the  vicinity  of  the  point  be  closer  to 
the  curve  than  if  any  other  sphere  were  employed.  In  the  direction  of 
the  curve  the  z  and  the  y  of  the  sphere  must  be  both  functions  of  x, 
so  that  the  equation  of  the  sphere  is  resolvable  into  two,  corresponding 
to  the  equations  (2)  art.  (196),  which  two  equations  belong  to  the  curve 
which  osculates  the  proposed.  The  actual  resolution  of  the  equation 
into  two  is  obviously  unnecessary;  it  will  be  sufficient  in  that  equation  to 
consider  x  as  the  only  independent  variable. 
The  general  equation  of  a  sphere  is 

(x-«)2-l-(y-/3)2-h(2-y)2==r2  ....  (1), 
and  the  particular  sphere  required  will  be  that  whose  constants  are 
determined  from  the  following  differential  equations: 

<»  ....  (2) 
=o  ----  (3) 
<>  ----  (4). 

These  four  equations  fix  the  values  of  the  parameters  a,,  /3,  y,  r,  and, 
therefore,  determine  both  the  position  and  magnitude  of  the  osculating 
sphere.  If  the  origin  of  coordinates  be  at  the  proposed  point,  and  the 
linear  tangent  be  taken  for  the  axis  of  x,  the  determination  becomes  easy, 
for  x,  y,  2,  being  each  =0,  as  also  />',  <?',  the  foregoing  equations  (2), 
(3),  (4),  become 

«  =  o,  prp  +  q"y  =  1,  p'"p  +  ?"'r  =  o, 


hence,  by  substitution  in  (1), 


p"q'"—q"p"' 

(205.)  We  already  know  that  if  to  every  point  in  a  curve  of  double 
curvature  normal  planes  be  drawn,  the  intersections  of  these  planes  with 
the  consecutive  normal  planes  will  be  the  characteristics  of  the  develop- 
able surface  which  they  generate,  and  the  intersection  of  any  characteristic 
with  the  consecutive  characteristic  will  be  a  point  in  the  edge  of  regres- 
sion, corresponding  to  the  given  point  on  the  proposed  curve.  Now 
equation  (2)  above  being  that  of  the  normal  plane,  this  point  is  determined 
by  precisely  the  same  equations  (2),  (3),  (4),  as  determine  the  centre 
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of  spherical  curvature,  these  points,  therefore,  are  one  and  the  same,  as 
might  be  expected;  hence  the  locus  of  the  centres  of  spherical  curvature 
forms  the  edge  of  regression  of  the  developable  surface  generated  by  the 
intersections  of  the  consecutive  normals.  If  then  by  means  of  one  of 
the  equations  of  the  proposed  curve  and  the  three  equations  of  condition 
mentioned  we  eliminate  x,  y,  z,  and  then  perform  the  same  elimination 
by  means  of  the  other  equation  of  the  curve  and  the  same  conditions, 
we  shall  obtain  two  resulting  equations  in  a,  /?,  y,  which  will  be  the 
equations  of  the  edge  of  regression. 


PROBLEM    III. 

(206.)  To  determine  the  points  of  inflexion  in  a  curve  of  double 
curvature. 

Since  a  curve  of  double  curvature  as  its  name  implies  has  curvature 
in  two  directions,  if  at  any  point  its  curvature  in  one  direction  changes 
from  concave  to  convex  the  point  is  called  a  point  of  simple  inflexion. 
But  if  at  the  same  point  there  is  also  a  like  change  of  curvature  in  the 
other  direction,  the  point  is  then  said  to  be  one  of  double  inflexion.  In 
other  words,  if  but  one  projection  of  the  tangent  crosses  the  projected 
curve  the  point  is  one  of  simple  inflexion,  but  if  the  tangent  cross  the 
curve  in  both  projections  then  the  point  is  one  of  double  inflexion.  As 
in  plane  curves  the  tangent  line  has  contact  one  degree  higher  at  a  point 
of  inflexion,  so  here  the  contact  of  the  osculating  plane  is  one  degree 
higher.  Hence,  at  such  a  point  besides  the  conditions  in  (198)  which 
fix  the  osculating  plane,  we  must  at  a  point  of  simple  inflexion  have 
the  additional  condition  arising  from  differentiating  (6),  viz. 

mp"  -\-  nq"  =  0. 

in 

Eliminating  -  from  this  and  equation  (5)  we  have 
n 

p'9"  =  q"p'"> 

which  condition  renders   the  expression  for  the  radius   of  spherical 
curvature  at  the  point  infinite,  as  it  ought.*     Unless,  therefore,  this 


*  The  French  mathematicians  consider  a  point  of  simple  inflexion  to 
be  that  at  which  three  consecutive  elements  of  the  curve  lie  in  the  same 
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condition  exist,  the  point  cannot  be  one  of  inflexion  ;  but  the  point  for 
which  the  condition  holds  may  be  one  of  inflexion,  yet  to  determine 
this  the  curve  must  be  examined  in  the  vicinity  of  the  point. 

As  to  points  of  double  inflexion,  it  is  evident  from  what  has  been 
said  (121)  with  respect  to  plane  curves  that  such  points  must  fulfil  the 

conditions 

p"  =  0  or  QC  ,  q"  =  0  or  oc  , 

and  these  render  the  radius  r  of  absolute  curvature  infinite  or  0. 


Evolutes  of  Curves  of  Double  Curvature. 

(207.)  In  speaking  of  the  evolutes  of  plane  curves  we  observed  (103,) 
that  the  evolute  of  any  plane  curve  was  such  that  if  a  string  were 
wrapped  round  it  and  continued  in  the  direction  of  its  tangent  till  it 
reached  a  point  in  the  involute  curve,  the  unwinding  of  this  string 
would  cause  its  extremity  to  describe  the  involute.  But  besides  the 
plane  evolute  hitherto  considered,  there  are  numberless  curves  of  double 
curvature  round  which  the  string  might  be  wound  and  continued  in  the 
direction  of  a  tangent  till  it  reached  the  involute,  which  would  equally, 


plane.  In  a  recent  publication  from  the  university  of  Cambridge  the 
author  has  attempted  to  deduce  the  above  equation  of  condition,  by 
viewing  the  point  of  inflexion  after  the  manner  of  the  French.  He  has 
however  confounded  the  consecutive  elements  of  a  curve  with  what  the 
same  writers  term  consecutive  points  ,•  moreover,  after  having  established 
the  conditions  necessary  for  the  plane 


passing  through  one  point  (.r,  y,  z,)  in  the  curve,  to  pass  through  also  two 
points  consecutive  to  this,  viz.  the  conditions 


ax      •  ax    ax 

where  y,,  z,,  belong  to  one  of  the  consecutive  points,  it  is  inferred  that 

_!?!!_—  -R_^        ^L  —  -R    d*y< 

di*   -  dx*  '      da*   ~          dx? 

an  inference  which  is  quite  unwarrantable,  and  which  cannot  exist  unless 
the  plane  pass  through  four  consecutive  points  instead  of  three. 
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by  unwinding,  describe  this  involute ;  and  generally  every  curve, 
whether  plane  or  of  double  curvature,  has  an  infinite  number  of  evolutes, 
as  we  are  about  now  to  show. 

(208.)  If  through  the  centre  of  a  circle,  and  perpendicular  to  its 
plane,  an  indefinite  straight  line  be  drawn,  and  any  point  whatever  be 
taken  in  this  line,  then  it  is  obvious  that  this  point  will  be  equally 
distant  from  every  point  in  the  circumference  of  the  circle,  so  that,  if  a 
line  be  drawn  from  it  to  the  circumference,  this  line,  in  revolving  round 
the  perpendicular  under  the  same  angle,  will  describe  the  circumference. 
Such  a  point  is  called  a  pole  of  the  circle,  so  that  every  circle  has  an 
infinite  number  of  poles,  the  locus  of  which  is  determined  when  the 
place  of  any  two  are  given, 

(209.)  Now,  as  respects  curves  of  double  curvature,  we  have  seen 
that  the  centre  of  the  circle  of  absolute  curvature  corresponding  to  any 
point  is  in  the  line  where  the  normal  at  this  point  is  intersected  by  its 
consecutive  normal,  the  centre  itself  being  that  point  in  this  line  where 
it  pierces  the  osculating  plane,which  (202)  is  the  plane  drawn  through  the 
tangent  line  perpendicular  to  this  line  of  intersection,  or  characteristic ; 
hence  the  characteristic  corresponding  to  any  point  in  the  curve  is  the 
locus  of  the  poles  of  curvature  at  that  point,  and  the  intersection  of  this 
characteristic,  with  the  perpendicular  to  it  from  the  corresponding  point 
of  the  curve,  is  that  particular  pole  which  is  the  centre  of  absolute 
curvature,  the  perpendicular  itself  being  the  radius. 

As  the  locus  of  the  poles  corresponding  to  any  point  is  no  other  than 
the  characteristic,  the  locus  of  all  the  poles  corresponding  to  all  the 
points  of  the  curve  must  be  the  locus  of  all  the  characteristics,  and 
therefore  (187)  a  developable  surface. 

(210.)  Suppose  now  through  any  point,  P,  of  the  curve  a  normal 
plane  is  drawn  of  indefinite  extent,  the  characteristic  or  line  of  poles 
corresponding  to  the  point  will  be  in  this  plane;  let,  therefore,  any 
straight  line  be  drawn  from  P  to  intersect  this  line  of  poles,  and  be 
continued  indefinitely.  If  this  normal  plane  be  conceived  to  move,  so 
that,  while  P  describes  the  proposed  curve,  the  plane  continues  to  be 
normal,  the  characteristic  will  undergo  a  corresponding  motion,  and 
will  generate  the  developable  surface  corresponding  to  the  curve  des- 
cribed by  P,  and  this  motion  of  the  characteristic  will  cause  a  corres- 
ponding motion  of  the  point  Q,  not  only  in  space,  but  along  the 
arbitrary  line  from  P;  which  has  no  motion  in  the  moving  plane.  As, 
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therefore,  Q  moves  along  the  characteristic  successive  portions  QQ'  of 
the  line,  PQ  will  apply  themselves  to  the  surface  which  the  moveable 
characteristic  generates,  and  there  form  a  curve  to  which  always  the 
unapplied  portion  QP  is  a  tangent.  Now  the  normal  plane  being  in 
every  position  tangent  to  the  surface  throughout  the  whole  length  of 
the  characteristic,  it  is  obvious  that,  in  the  above  generation  of  this 
surface,  nothing  more  in  effect  has  been  done  than  the  bending  of  the 
original  normal  plane,  supposed  flexible,  into  a  developable  surface. 
If,  therefore,  we  now  perform  the  reverse  operation,  that  is,  if  we 
unbend  the  normal  plane,  the  point  P  will  describe  the  curve  of  double 
curvature,  and  the  curve  QQ'  traced  on  the  developable  surface  will 
become  the  straight  line  PQ;  so  that  the  curve  of  double  curvature 
may  be  described  by  the  unwinding  of  a  string  wrapped  about  the 
curve  Q'Q,  and  continued  in  the  direction  QP  of  its  tangent,  till  it 
reaches  the  point  P  in  the  proposed  curve.  It  follows,  therefore,  that 
the  curve  Q'Q  is  an  evolute  of  the  curve  of  double  curvature  proposed, 
and,  moreover,  that,  as  the  line  PQ  originally  drawn  was  quite  arbitrary, 
the  proposed  curve  has  an  infinite  number  of  evolutes  situated  on  the 
developable  surface,  which  is  the  locus  of  the  poles  of  the  proposed;  hence 
the  locus  of  the  poles  is  the  locus  of  the  evolutes. 

Jf  the  original  line  PQ  be  perpendicular  to  the  corresponding  line 
of  poles  or  characteristic,  then,  since  this  characteristic  moves  in  the 
moving  plane  while  PQ  remains  fixed,  PQ  cannot  continue  to  be  per- 
pendicular to  the  characteristic;  but  the  radius  of  absolute  curvature  is 
always  perpendicular  to  the  characteristic,  this  radius  therefore  cannot 
continue  to  intersect  the  characteristic  in  the  point  Q,  so  that  the  locus 
of  the  centres  of  absolute  curvature  is  not  one  of  the  evolutes  of  the 
proposed  curve. 

(211.)  Should  the  curve  which  we  have  all  along  considered  of 
double  curvature  be  plane,  then,  indeed,  since  the  characteristics  are 
all  parallel,  and  perpendicular  to  the  plane  of  the  curve,  the  line  PQ 
once  perpendicular  will  be  always  perpendicular  to  the  characteristic, 
so  that  then  Q  will  coincide  with  the  centre  of  curvature,  PQ  being  no 
other  than  the  radius  of  curvature,  the  locus  of  the  centres  being  the 
plane  evolute  before  considered.  But  when  PQ  is  not  drawn  perpen- 
dicular to  the  original  characteristic,  but  is  inclined  to  it  at  an  angle  «, 
then  it  always  preserves  this  inclination  during  the  generation  of  the 
cylindrical  surface  which  is  the  locus  of  the  poles,  therefore  every 
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curvilinear  evolute  of  a  plane  curve  is  a  helix  described  on  the  surface 
of  the  cylinder,  which  is  the  locus  of  the  poles  of  the  plane  curve. 

Every  curve  traced  on  the  surface  of  a  sphere,  has,  for  the  locus  of  its 
evolutes,  a  conical  surface  whose  vertex  is  at  the  centre  of  the  sphere ; 
because  the  normal  planes  to  the  curve  being  also  normal  planes  to  the 
spheric  surface,  all  pass  through  the  centre. 

(212.)  From  what  has  now  been  said,  it  is  obvious  that  if  from  any 
point  in  a  curve  a  line  be  drawn  to  touch  the  developable  surface  which 
is  the  locus  of  its  poles,  and  its  prolongation  be  wound  about  the 
surface  without  twisting*  it  will  trace  one  of  the  evolutes,  and,  as  the 
string  may  be  drawn  to  touch  the  surface  in  every  possible  direction,  it 
follows  that  every  developable  line  on  the  surface  will  be  an  evolute. 
If  the  curve  be  plain,  the  evolutes  are  all  on  the  cylindrical  surface 
whose  base  is  the  plane  evolute. 

As  obviously  a  developable  line  is  the  shortest  on  the  surface  that 
can  join  its  extremities,  it  follows  that  the  shortest  distance  between  two 
points  of  an  evolute  measured  on  the  surface  is  the  arc  of  that  evolute 
between  them. 

PROBLEM    IV. 

(213.)  Having  given  the  equations  of  a  curve  of  double  curvature 
to  determine  those  of  any  one  of  its  evolutes. 

All  the  evolutes  of  the  curve  being  on  the  same  developable  surface, 
the  equation  of  this  surface  must  be  common  to  them  all,  and  we  have 
already  seen  (188)  how  the  equation  of  the  surface  is  to  be  determined, 
so  that  it  only  remains  to  find  for  each  evolute  a  particular  equation 
which  distinguishes  it  from  all  the  others,  and  determines  its  course 
on  the  developable  surface.  In  order  to  this  let  us  consider  that  each 
evolute  must  be  such  that  the  prolongation  of  its  tangent  at  any  point 
always  cuts  the  involute,  or,  which  is  the  same  thing,  the  tangent  to  the 


*  This  is  what  I  understand  Monge  to  mean,  when  he  says  (App.  de  I' 
Anal,  de  Geom.  p.  348,)  "si  1'on  pile  librement  sur  cette  surface  le  pro- 
longement  de  cette  tangente."  It  seems  not  improper  to  call  such  lines 
placed  on  a  developable  surface  developable  lines,  and  those  which  form 
curves  on  the  developed  surface  twisted  lines.  Of  these  two  species  of 
lines  all  the  former  are  evolutes,  but  none  of  the  latter  are. 
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projection  of  the  evolute  at  any  point  passes  through  the  corresponding 
point  in  the  projection  of  the  evolute;  therefore,  considering  the  plane 
of  xy  as  that  of  projection,  we  have,  for  the  tangent  at  any  point  (/,  y'} 
in  the  projected  evolute, 


and,  since  the  same  line  passes  through  a  point  (JT,  #,)  in  the  projected 
involute,  its  equation  is  also 


,     dy'  _  y'-y  . 
'   dx        af—  * 

hence,  combining  this  equation  with  that  of  the  developable  surface, 
determined  agreeably  to  the  process  pointed  out  in  article  188, 
and  eliminating  x,  y  being  a  given  function  of  ac,  we  shall  have  two 
equations  in  x',  y,  z',  of  which  one  will  contain  partial  differential 
coefficients  of  the  first  order,  and  which  together  will  represent  all  the 
e  volutes.  To  find  that  particular  one  which  is  fixed  by  any  proposed 
condition,  it  will  be  necessary  to  discover,  by  the  aid  of  the  integral 
calculus,  the  primitive  equation  from  which  the  differential  equation 
mentioned  is  deducible  ;  this  primitive  equation  will  involve  an  arbitrary 
constant,  whose  value  may  be  fixed  by  the  proposed  condition,  and 
thus  the  equations  of  the  particular  evolute  will  be  determined. 

We  shall  terminate  this  section  by  subjoining  a.  few  miscellaneous 
propositions. 


CHAPTER     VIZ. 

MISCELLANEOUS  PROPOSITIONS. 

PROPOSITION    I. 

(214.)  To  prove  that  the  locus  of  all  the  linear  tangents  at  any  point 
of  a  curve  surface  is  necessarily  a  plane. 

This  property  we  have  hitherto  assumed;  it  may,  however,  be  de- 
monstrated as  follows : 
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Let  the  equation  of  any  curve  surface  be 

2  =/(*,</) (1), 

x  and  y  being  the  independent  variables. 

Through  any  given  point  on  this  surface  let  any  curve  be  traced,  then 
the  projection  of  this  curve  on  the  plane  of  xy  will  be  represented  by 

2,  =  ^ (2), 

which  will  equally  represent  the  projecting  cylinder ;  hence  the  com- 
bination of  the  equations  (1),  (2),  completely  determines  the  curve,  and 
its  projection  on  the  plane  of  xz  may  be  found  by  eliminating  y  from 
these  equations;  the  result  of  this  elimination  will  be  the  equation 

2=/O,fr)  =  ^ (3), 

therefore,  since  the  linear  tangent  in  space  is  projected  into  tangents  to 
these  two  curves  (2),  (3),  its  equations  must  be 


where  .r^y,  z',  are  the  coordinates  of  the  proposed  point  on  the  surface. 

Now is  the  total  differential  coefficient  derived  from  the  function 

dx 

z  -=.f(X)  y\  in  which  y  is  considered  as  a  function  of  x  given  by  the 
equation  (2),  that  is 

difjx  5^1 ,   l      ,  d(f>x 

dx  d#  dx 

hence,  by  substitution,  the  equations  of  the  tangent  in  space  become 


,  d$x 

Now,  to  obtain  the  locus  of  the  tangents  whatever  be  the  curve  through 
the  point  (#',  y',  z'\  we  must  eliminate  the  function  .r,  on  which  alone 
the  nature  of  the  curve  depends.  Executing  then  this  elimination  by 
means  of  the  equations  (4)  and  there  results  for  the  required  locus  the 
equation 

z  —  z'  =p'  (x  —  a')  -f  q'  (y  —  y'), 

which  is  that  of  a  plane. 
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PROPOSITION    II. 

(215.)  Given  the  algebraic  equation  of  a  curve  surface  to  determine 
whether  or  not  the  surface  has  a  centre. 

That  point  is  called  the  centre  which  bisects  all  the  chords  drawn 
through  it,  so  that  if  the  equation  of  the  surface  is  satisfied  for  any 
constant  values  #',  /,  z',  it  will  equally  be  satisfied  for  the  same  values 
taken  negatively,  that  is,  for  —  x',  —  /,  —  /,  provided  the  origin  of 
coordinates  be  placed  at  the  centre,  so  that  if  no  point  exists  for  the 
origin  of  coordinates,  in  reference  to  which  the  equation 
/O,y,z)  =  0 

of  the  surface  remains  the  same  whether  the  signs  of  the  variables  be 
assumed  all  +  or  all  — ,  then  we  may  conclude  also  that  no  centre 
exists. 

The  mode  of  proceeding,  therefore,  is  to  assume  the  indeterminates 
^/>  y»  z»  f°r  tne  coordinates  of  the  unknown  centre,  and  to  transport  the 
origin  of  the  axes  to  that  point  by  substituting  in  the  equation  of  the 
surface  x  +  #,,  y  +  yn  z  -\-  z,,  for  x9  yy  z.  This  done  we  may  readily 
deduce  equations  of  condition  which  will  give  the  proper  values  of  xt , 
yt1  zn  if  a  centre  exists,  or  will  show,  by  their  incongruity,  that  the 
surface  has  no  centre.  Thus,  suppose  the  equation  of  the  surface  is  of 
an  even  degree,  then  we  must  equate  to  0  the  coefficients  of  all  the  odd 
powers  and  combinations  of  xt  y,  z,  since  the  terms  into  which  these 
enter  would  change  signs  when  the  variables  change  signs :  we  obtain 
in  this  way  the  equations  of  condition.  If  the  equation  of  the  surface 
be  of  an  odd  degree,  then  we  must  equate  to  zero  the  coefficients  of  all 
the  even  powers  and  combinations  of  x,  y,  z;  so  that  only  odd  powers 
and  combinations  may  effectively  enter  the  equation,  for  then  whether 
the  variables  be  all  -f-  or  all  —  the  function /(.r,  y,  *,)  will  still  be  0. 

Now  the  differential  calculus  furnishes  us  at  once  with  the  means  of 
obtaining  the  several  expressions  which  we  must  equate  to  zero  without 
actually  substituting  x  -f  xn  y  -\-  yt,  z  +  *„  for  x,y,  z,  in  the  equation  of 
the  surface.  For  if  we  conceive  these  substitutions  made  in  the  function 
/(.r,  y,  z\  we  may  consider  the  result  as  arising  from  xt ,  yt ,  zi9  taking 
the  respective  increments  x,  y,  z,  and  we  know  that  every  such  function 
may  by  Taylor's  theorem  be  developed  according  to  the  powers  and 
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combinations  of  the  increments,  and  that  the  several  terms  of  the 
development  consist  each  of  the  partial  differential  coefficients  of  the 
preceding  term,  the  first  being/(.r,  ,  y,  ,  *,)•  Hence,  if  the  coefficients 
of  the  first  powers  of  .r,  y,  z,  are  to  be  respectively  zero,  then  we  have 
to  equate  to  zero  each  of  the  partial  coefficients  derived  from  it,  = 
/'(.r,,  yt  ,  £,)  =  0,  or,  which  is  the  same  thing,  from  u  =f(x,  y,  z)  =  0 
the  proposed  equation;  if  the  coefficients  of  the  second  powers  and 
combinations  of  x,  y,  z,  are  to  be  rendered  each  0,  then  we  shall  have 
to  equate  to  zero  each  partial  coefficient  derived  from  again  differentia- 
ting, and  so  on. 

As  an  illustration  of  this,  let  the  general  equation  of  surfaces  of  the 
second  order 

A*2  +  Ay  +  AV  +  2B«/s  +  2B';*  +  2E"xy  }  _  Q  _  u  (l} 

+  2Cx  +  2C>  +  2C"z   +  E          * 

be  proposed,  then  the  degree  of  the  equation  being  even,  the  coefficients 
of  the  odd  powers  of  the  variables  in  the  equation  arising  from  putting 
x  -f-  xt  ,  y  -f  yt  ,  z  +  z,,  for  x,  y,  z,  are  to  be  equated  to  0,  and  as  the 
equation  is  but  of  the  second  degree  these  odd  powers  will  be  of  the 
first;  hence  we  have  merely  to  equate  the  first  partial  differential  coeffi- 
cients to  0,  that  is 

--  =  Ax  +  Wz  -f  R*y  +  C  =  0 


--  =  A"z  +  B'z  +  By    +  C*=  0 
az 

The  values  of  x,  y,  z,  deduced  from  these  equations  are  the  coordi- 
nates x,  ,  y,  ,  z,  ,  of  the  centre.     These  values  may  be  represented  by 

N  N'  N' 

,,=-,3//  =  -,£/  =  _, 

where 

D  =  AB2  4-  A'B'2  +  A"B"2  —  AA'A"  —  2BB'B", 

so  that  the  surface  has  a  centre  if  D  is  not  0,  but  if  D  =  0  and  the 
numerators  all  finite,  the  surface  has  no  centre,  and,  lastly,  if  D  =  0 
and  either  of  the  numerators  also  0,  then  the  surface  has  an  infinite 
number  of  centres,  and  is,  therefore,  cylindrical. 
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5k 

The  equations  of  condition  (2)  are  the  same  as  those  at  page  292  of 
the  Analytical  Geometry. 


PROPOSITION    III. 

(216.)  To  determine  the  equation  of  the  diametral  plane  in  a  surface 
of  the  second  order  which  will  be  conjugate  to  a  given  system  of  parallel 
chords. 

Let  the  inclinations  of  the  chords  to  the  axes  be  «,  j3,  y,  then  the 
equation  of  any  one  will  be 

x  =  mz  +  p,  y=.nz  +  q  .  .  .  .  (1), 

where 

cos.  a  cos.  8 

m  =  -  ,  n  =  -  — 
cos.  y  cos.  y 

For  the  points  common  to  this  line  and  the  surface  we  must  combine 
this  equation  with  equation  (1)  last  proposition,  and  we  shall  have  a 
result  of  the  form 

R22  _|_  s2  _|_  T  =  0  .  .  .  .  (2), 

which  equation  will  furnish  the  two  values  of  z  corresponding  to  the 
two  extremities  of  the  diameter,  and  therefore  half  the  sum  of  these 
values  will  be  the  z  of  the  middle,  that  is,  this  z  is 


=  0  ....  (3), 

which  is  obviously  the  differential  coefficient  derived  from  (2),  or, 
which  is  the  same  thing,  the  total  differential  coefficient  derived  from 
(1)  last  proposition,  in  which  x  and  y  are  functions  of  z  given  by  the 
equations  (1).  This  differential  coefficient  is,  therefore, 

du         du  dx      du  dy      du  _ 
*dz'  =  d*  ifc  +<ty  dz~^dz" 

du  du  ,  du 

=  m        +  n       +  -7-=0,  ....  (4), 
ax  dy       dz 

where  p  and  9,  the  only  quantities  which  vary  with  the  chord,  are 
eliminated  ;  hence,  this  last  equation  represents  the  locus  of  the  middle 
points  of  the  chords  or  the  diametral  surface,  and  it  is  obviously  a  plane. 
By  actually  effecting  the  differentiations  indicated  in  equation  (4) 
upon  the  equation  (1)  last  proposition,  we  have  for  the  equation  of  the 

2 
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required  diametral  plane, 

m  (Ax  +  Wz  +  B"y  +  C)  +  n  (A>  +  Be  +  B"a  +  C') 


(Aw  +  B'  +  B'»)  *  +  (  A'rc  +  B  +  B'ro)  y  + 
(A*   +  En  +  BOn)  s  H-  Cm  +  C'«  +  C"  =  0. 


PROPOSITION    IV. 

(217.)  A  straight  line  moves  so  that  three  given  points  in  it  constantly 
rest  on  the  same  three  rectangular  planes ;  required  the  surface  which  is 
the  locus  of  any  other  point  in  it. 

Let  the  proposed  planes  be  taken  for  those  of  the  coordinates,  and 
let  the  coordinates  of  the  generating  point  be  x,  y,  z,  and  the  invariable 
distances  of  this  point  from  the  three  points  resting  on  the  planes  of  yz, 
xz,  and  xy,  X,  Y,  Z.    The  coordinates  of  these  three  points  will  be 
In  the  plane  of  yz,  0,   y',   %' 
«,  af,  0,    S 
xy,  *",y",  0. 

Then,  since  the  parts  of  any  straight  line  are  proportional  to  their 
projections  on  any  plane,  each  part  having  the  same  inclination  to  it, 
it  follows  that  if  we  project  successively  each  of  the  parts  X,  Y,  Z,  on 
the  three  coordinate  planes,  we  shall  have  the  relations 


(1). 


X  Y 

But  the  part  X  of  the  moveable  straight  line  comprised  between  the 
generating  point  (j,  y,  z,)  and  the  point  (0,  y',  z'\  resting  on  the  plane 
of  y,  z,  has  for  its  length  the  expression 

or 


. 

X3  X2  X.2 


x  2 
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but  from  the  equations  (1) 

y  —  y      y     z  — z/ 


X      ~Y          X      "~Z5 

hence,  by  substitution,  (2)  becomes 

Y2~'~  V2  T  ~7%^    ' 

consequently,  the  surface  generated  is  always  of  the  second  order.  The 
surface  would  still  be  of  the  second  order  if  the  three  directing  planes 
were  oblique  instead  of  rectangular,  as  is  shown  by  M.  Dupin  in  his 
Developpements,  p.  342,  whence  the  above  solution  is  taken. 

• 

PROPOSITION    V. 

(218.)  To  determine  the  line  of  greatest  inclination  through  any  point 
on  a  curve  surface. 

The  property  which  distinguishes  the  line  of  greatest  inclination 
through  any  point  is  this,  viz.  that  at  every  point  of  it  the  linear  tangent 
makes  with  the  horizon  a  greater  angle  than  any  other  tangent  to  the 
surface  drawn  through  the  same  point  of  the  curve.  Now,  as  all  the 
linear  tangents  through  any  point  are  in  the  tangent  plane  to  the  surface 
at  that  point,  that  one  which  is  perpendicular  to  the  trace  of  the  tangent 
plane  will  necessarily  be  the  shortest,  and  therefore  approach  nearest  to 
the  perpendicular,  that  is  it  will  form  a  greater  angle  with  the  horizon 
than  any  of  the  others.  We  have,  therefore,  to  determine  the  curve  to 
which  the  linear  tangent  at  every  point  is  always  perpendicular  to  the 
horizontal  trace  of  the  tangent  plane  to  the  surface  through  the  same 
point,  or,  which  is  the  same  thing,  the  projection  of  the  linear  tangent 
on  the  plane  of  xy  must  be  perpendicular  to  the  trace  of  the  tangent 
plane. 

Now  the  equation  of  the  projection  of  the  linear  tangent  at  any 
point  is 

tbf 

and,  by  putting  z  ==  0  in  the  equation  of  the  tangent  plane,  we  have 
for  the  trace  in  the  plane  of  xy  the  equation 
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and,  since  these  two  lines  are  to  be  always  perpendicular  to  each  other, 
we  must  have  throughout  the  curve  the  general  condition 
dy       f/  du 

5=7  •••'5-*=°' 

p'  and  q'  being  derived  from  the  equation  of  the  surface;  so  that  the 
values  of  these  being  obtained  in  terms  of  x  and  y,  and  substituted  in 
the  equation  just  deduced,  the  result  will  be  the  general  differential 
equation  belonging  to  the  projection  of  every  curve  of  greatest  inclina- 
tion that  can  be  drawn  on  the  proposed  surface.  To  determine  that 
passing  through  a  particular  point,  or  subject  to  a  particular  condition, 
we  must,  by  help  of  the  integral  calculus,  determine  the  general  primitive 
equation  from  which  the  above  is  deducible,  this  primitive  will  involve 
an  arbitrary  constant  which  may  be  fixed  by  the  proposed  condition, 
and  thus  the  particular  line  be  represented. 


PROPOSITION    VI. 

(219.)  The  six  edges  of  any  irregular  tetraedron  or  triangular  pyramid 
are  opposed  two  by  two,  and  the  nearest  distance  of  two  opposite 
edges  is  called  breadth;  so  that  the  tetraedron  has  three  breadths  and 
four  heights.  It  is  required  to  demonstrate  that  in  every  tetraedron  the 
sum  of  the  reciprocals  of  the  squares  of  the  breadths  is  equal  to  the 
sum  of  the  reciprocals  of  the  squares  of  the  heights. 

Let  the  vertex  of  the  tetraedron  be  taken  for  the  origin  of  the  rectan- 
gular coordinates,  and  let  also  one  of  the  faces  coincide  with  the  plane 
of  xz,  then  the  coordinates  of  the  three  corners  of  the  base  will  be 

0,  0,  z',  |  *%  0,  z>,  |  *",  y",  z", 
and  the  equations  of  the  three  edges  terminating  in  the  vertex  will  be 


3i  =0 

u  =  0 


HP- 


Now  the  perpendicular  distance  between  each  of  these  edges  and  the 
opposite  edge  of  the  base  will  evidently  be  equal  to  the  perpendicular 
demitted  from  the  origin  on  a  plane  drawn  through  the  latter  edge  and 
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parallel  to  the  former.     Hence,  denoting  the  three  planes  through  the 
edges  of  the  base  by 
Ax  -f-  By  -f-  Cz  =  1    |     E*  -f  Fy  -f  Gz  =  1      |    lx :  -f  Ky  -f-  Ls  =  1, 

they  must  be  drawn  so  as  to  fulfil  the  conditions  (See  Anal.  Geow. 
p.  232.) 

Cz'=l 

Ai'  +(V=1 


Aa""+B3/"'+Cs'"=  0 
These  conditions  fix  the  following  values  for  A,  B,  C,  &c.,  viz. 

""  "7*      ~~  x"         x's,'  '       ~  x"y'"z        x"y"        y'"z'  ' 


, 

x  y         x  y 

Hence,  calling  the  breadths  B,  B',  B",  we  have  (And.  Geom.  p.  236;) 


=  E2  +  F2-f  G'  =  ^ 


-}-  x^Stf  -  x"z"'?  -f-  (^"j/'")' 


Hence  -r^     |     ^TJ-  -f-  ,j,/2  = 


')2  +  (x"  -  a'")2  ^' 
Again,  the  expressions  for  the  heights  or  perpendiculars  demitted 
from  each  of  the  points 

(0,  0,  0)  5  (0,  0,  z')  j  (*",  0,  z")  ;  (z'",  /",  z'")  , 

upon  the  plane  which  passes  through  the  other  three  are,  severally? 
(Anal.  Geom.  p.  236.  ) 
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TT//2  .        \^    ."     **  / _      r 

*     *          TTO          I  Tl ' 


H2      •        H'a      '      H"2     •      H 


'"2 


which  expression  is  the  same  as  that  before  deduced,  and  thus  the 
theorem  is  established  by  a  process  purely  analytical.  This  remarkable 
property  was  discovered  by  M.  Brianchon,  and  formed  the  subject  of 
the  prize  question  in  the  Ladies'  Diary  for  1830:  a  solution  upon 
different  principles  may  be  seen  in  the  Diary  for  1831. 


END    OF   THE    DIFFERENTIAL    CALCULUS. 
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NOTE  (A),  page  18. 

THE  expressions  for  the  differentials  of  circular  functions  are  all  readily 
derivable,  as  in  the  text,  from  the  differential  expressions  for  the  sine  and 
cosine.  We  here  propose  to  shew  how  these  latter  may  be  obtained,  in- 
dependently of  the  considerations  in  art.  (14.) 

By  multiplying  together  the  expressions 

cos.  A  -f  sin.  A  v  —  1,  cos.  Al  +  sin.  Aj  v  —  I, 
the  product  becomes 

cos.  A  cos.  A!  — sin.  A  sin.  Ap 

-j-  (cos.  A  sin.  Aj  -}-  sin.  A  cos.  Aj)  v  —  1. 
But  (Gregory's  Trigonometry,  p.  42.) 

cos.  A  cos.  Aj  —  sin.  A  sin.  Al  =  cos.  (A  +  Aj)  > 
cos.  A  sin.  Aj  +  sin.  A  cos.  At  =  sin.  (A  -f  A,)  >    '  ' 
hence  the  product  is 

cos.  (A  +  A^  +  sin.  (A  +  A,)  N/  — 1, 

=  cos.  A'  +  sin.  A'  \/  —  1. 
Consequently,  the  product  of  this  last  expression,  and 

cos.  A2  -|-  sin.  A 2  V  —  1, 
is 

cos.  (A'  +  A2)  +  sin.  (A'  +  A2)  >/  —  1, 

=  cos.  A"  -f-  sin.  A"  v  —  ], 
the  product  of  this  last,  and 

cos.  A3  -f-  sin.  A3  v  —  1, 
is 

cos.  A"'  +  sin.  A'"  N/  —  1. 
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Hence,  generally, 


•(cos.  A  +  sin.  A  \)  (cos.  At  -f  sin.  Al  N)  (cos.  A2  +  sin. 

&c.= 


Supposing,  now, 

A  =  A!  =  A2  =  A3  =  &c. 
this  equation  becomes 

(cos.  A  +  sin.  A  v  —  l)n  =cos.  nA  -j-  sin.  nA  N/  —  1, 
or>  since  the  radical  may  be  taken  either  -j-  or  — 

(cos.  A  ±  sin.  A  v  —  l)n  =  cos.  nA  ±  sin.  nA  v  —  1, 
which  is  the  formula  of  Demoivre,  n  being  any  whole  number. 

Put  a  =  —  A  then 
m 

(cos.  a  ±  sin.  a  v  —  I)"1  =  cos.  ma  ±  sin.  ma  N/  —  J, 
=  cos.  nA  ±  sin.  wA  >/  —  1  =  (cos.  A  +  sin.  A  \/  —  1 )«, 
therefore,  extracting  the  wth  root, 

cos.  H  A  ±  sin.  —  A  V  —  1  =  (cos.  A  ±  sin.  A  N/  —  1)™ 
wi  w 

which  is  the  formula  when  the  exponent  is  fractional. 

Having  thus  got  Demoivre's  formula,  we  may  immediately  deduce  from 
it,  as  in  art.  (22),  the  series 

cos.  nA  =cos.nA  —  -  'M         '  cos.71— 2A  sin.2A  -f-  &c. 

n  /n 1  Ww 2) 

sin.  nA  =  n  cos.'1-1  A  sin.  A * — '-± cos.w-3A  sin.3A  +  <fec. 

2t  •  o 

Let  n  =  ^,  sin.  A  =0  =  A  .-.  nA  =  §  =  any  finite  quantity  .t,  hence, 
by  these  substitutions,  the  foregoing  series  become 

x* 


consequently, 

x"  a? 

d  sin.  x  =  (1  —  —  +  Y    o    3    4  ~  &c->  dx  =  cos'  *d 
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I  had  intended  to  have  given  here  another  method  of  arriving  at  the  dif- 
ferentials of  the  sine  and  cosine,  and  to  which  allusion  is  made  at  page 
41,  but,  upon  close  examination,  I  find  that  the  process  I  had  then  in 
view  is  liable  to  objection,  and  is  therefore  best  omitted. 


NOTE  (B),  page  89. 
Demonstration  of  the  Theorems  of  Laplace  and  Lagrange. 

Let  it  be  required  to  develop  the  function 

M  =  ¥z  where  z  =  F  (y  -f-  ocfz}. 

By  differentiating  the  second  of  these  equations,  first  relatively  to  #,  and 
then  relatively  to  y,  we  have 


Multiplying  the  first  by  -—  and  the  second  by  -^-,  and  subtracting,  there 

results 

dz         ,  dz  dz  dz 

*-*%='  •••*,=**•  -•<»> 

but  since  u  or  ¥2  depends  only  on  z,  we  shall  have 
du         ,  dz     dit          ,   dz 

_  __  -^'g  _       _  —  "ty'z  _ 

dx          "  dx  '  dy  dy  ' 

therefore,  eliminating  ^rz,  we  get 

du     dz       du     dz  _ 
dx     dy      dy     dx 


*  At  page  88  we  put /'s  to  represent  the  differential  coefficient  of  fz 
relatively  to  x ;  here  the  same  symbol  denotes  the  coefficient  relatively 
to  *. 
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or  putting  for  —  its  value  (1),  and  making  for  abridgment  /z  =  Z,  this 

last  expression  becomes  divisible  by  —  and  reduces  to 

dy 

du       _  du 


so  that  we  may  always  substitute  for  —  the  quantity  Z  —  . 

If  we  differentiate  the  preceding  equation  relatively  to  x,  we  shall  obtain 
du 


but  tfie  expression  Z  —  being  no  other  than  fz.^z  _,   that  is  to  say  a 
dy  dy 

function  of  z  multiplied  by  _£.,  we  may  consider  it  as  the  differential  co- 
dy 

efficient  of  some  new  function  of  zt  which  we  may  represent  by  uv  and 
we  shall  then  have 


_ 

dy  dy  dx          dxdy  \ 

therefore  (2),  inverting  the  order  of  the  differentiations  in  this  last  ex- 
pression, 

dm 

d*u        dzu  dx 


~da?  ~  d^dlc  ~      dy       '  '  '  '       * 

now.it  must  be  observed  that  the  relation  (A)  exists,  whatever  be  the  func- 
tion w;  it  therefore  exists  for  the  function  ulf  hence 

&:«Ygt. 

doe  dy 

Substituting  then  in  (3)  for  d^L  its  value  here  exhibited,  and  afterwards 
dx 

for  ^L  its  equal  Z  ^,  there  results 
dy  dy 


„  --  i  — 

^M  _  dy  _  dy 

dx*  -        dy    ~       ~dy~   '  *  '  * 
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Differentiating  this  last  equation  relatively  to  T,  we  shall  obtain 

d^ 
d*u  _  dy 

~d^~        dxdy    > 

and  considering,  as  before,  the  function  Z2  —  to  be  the  differential  coeffi- 

dy 

cient  of  some  new  function  of  z,  viz.  uv  we  shall  have,  by  inverting  the 
order  of  the  differentiations, 


du*        ^.du      ,  fPu  dx 

t   ^=ZVnd^  =  -^---''(4)' 

but  the  equation  (A)  subsisting  for  every  function  u,  must  have  place  for 
the  function  z/2,  hence 


dx    "      '    dy    ' 
therefore  (4), 

mfe- 

du,___       du        d*u  _  _  dy 
dx    ~         dy  '  .dx*  ~'~dy^' 

The  analogy  among  the  expressions  (A),  (B),  (C),  is  obvious,  and  we 
shall  now  shew  that  this  analogy  continues  uninterrupted  ;  that  is,  gene- 
rally, if 

dn~u 

•^=T 
then 


7^=  —&=r- 

du 
For  considering,  as  before,  the  function  Z"-1  —  to  be  the  differential 

coefficient  of  some  new  function  of  z,  viz.  wn  —  u  so  that 

Jr^r  •  •  •  • (5)> 


we  have,  by  differentiating  (M) 


</"M   dx 

din    ~  dyn~l 


Y  2 
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but  the  equation  (A)  subsisting  for  every  function  of  %  subsists  for  wn— 
therefore 


dx  dy 

hence  (5) 


dnu  _  dy  _ 

dxn   ~          dy™—  l  dyn~l 

Let  now  it  =  0  in  the  original  function,  and  in  each  of  the  coefficients 
du      dzu               dnu 


and 


r       -.  _ 

L      »  J  ~ 


Consequently,  by  Maclaurin's  theorem, 


+ 


which  is  the  theorem  of  Laplace. 

The  preceding  investigation  is  taken  with  some  slight  variation  from  the 
large  work  of  Lacroix,  vol.  I.  p.  279. 

In  the  particular  case  where 

u  =  ^fz  and  z  s=  y  -\-  xfz, 
we  have 


hence  the  development  is  then 
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which  corresponds  with  the  theorem  of  Lagrange,  given  at  page  89,  — 

being  there  put  for  -— — ,  and        -  being  put  for  it  here. 
ay  dy 


NOTE  (C),  page  128. 

Suppose  the  function  /  (x  -f  h}  fails  to  be  developable  according  to 
Taylor's  series  for  the  value  x  =  a,  and  let  the  true  development  be 
represented  by 

f(a  +  A)=^a  +  AA*  +  /3A"+P  +  CA"  +  0  +  7+&c  .....  (1), 
the  terms  being  arranged  according  to  the  powers  of  h.    It  is  required 
actually  to  find  these  terms. 

Let  the  difference/  (a  +  A)  —  fa  be  divided  by  such  a  power  of  h,  that 
the  quotient  will  become  neither  0  nor  gc  ;  when  h  =  0,  such  a  power 
of  h  can  be  no  other  than  h*,  or  that  which  ought  to  appear  in  the  first 
term  of  this  difference,  for  if  the  developed  difference  were  divided  by  a 
lower  power  of  /*  than  this,  the  quotient  would  evidently  be  0,  when  h  =  0, 
and  if  it  were  divided  by  a  higher  power,  the  quotient  would  be  infinite 
when  h  =  0  ;  hence  the  proper  divisor  Att  being  found,  if  we  put  h  =  0  in 
the  quotient,  the  result  will  be  simply  A  ;  having  thus  found  the  true  first 
term  of  the  difference,  let  it  be  transposed  to  the  other  side,  and  we  shall 
then  have  the  difference 

^^A=BA/3 


Now  the  first  side  of  this  equation  being  known,  we  have,  as  before,  to  find 
that  power  of  h,  that  it  may  be  divided  by,  so  that  the  quotient  may  be  neither 

0  nor  infinite,  when  h  =  0  this  power  will  be  trt  and,  putting  h  =  0  in 
the  quotient,  the  result  is  B,  and  in  this  manner  it  is  plain  that  all  the 
terms  of  the  series  are  to  be  determined. 

Let  now  y  =  fx  be  the  equation  of  a  plane  curve,  and  Y  =  For  the 
equation  of  another  having  a  common  point  with  the  former,  at  which 
x  =  a,  then 

Fa=-/a} 
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beyond  this  point  the  ordinates  of  the  two  curves  for  any  abscissa  (a  -f  ^) 
will  be/  (a  +  A)  and  F  (a  -f  A),  and  their  difference  D  will  be 

D=/(a-f  A)-F(o  +  A). 

Let  us  now  develop  the  function  F  (a  +  ^)>  as  we  have  done  the  function 
/  (a  4-  A),  and  we  shall  have 


F(a4-A)=Fa4-A'Att/4-B/Aa'+^4-  C'/  4-  &c.   .  .  .  (2); 

and  it  may  be  shewn  precisely,  as  at  page  126,  that  the  greater  the  number 
of  leading  terms  in  the  two  developments  (1),  (2),  the  nearer  will  the 
developments  themselves  approach  to  identity,  so  that  no  curve  passing 
through  the  point  common  to  the  two  former  can  approach  so  closely  to 
either  in  the  vicinity  of  that  point,  unless  in  the  development  of  the  ordi- 
nate  the  same  number  of  leading  terms  agree  with  those  in  (1). 

Lagrange  observes  (Thtarie  des  Fonctions  Analytiques,  p.  184,)  that 
we  may  call  contact  of  the  first  order,  contact  of  the  second  order,  &c.  the 
approximation  of  two  curves,  for  which  the  two  first  terms,  the  three  first 
terms,  <fec.  are  the  same  in  the  developments  of  the  functions  which  repre- 
sent the  ordinates.  All  other  authors  who  advert  to  this  subject  make  the 
same  remark,  but  it  is  erroneous,  as  a  simple  instance  will  show. 

Let  the  developed  ordinates  be 

A  4-  BA2  4-  CA*  4-  DA5  4-  &c. 
A  4-  BA2  4-  CA&  +  MA  *  4-  &c. 

According  to  Lagrange  the  contact  here  would  be  of  the  second  order,  but, 
by  Taylor's  theorem,  these  developments  would  be 

A  4-  OA  4-  BA2  -f  OA3  +  OA4  +  &c. 
A  4-  OA  4-  BA2  4-  OA3  4-  OA4  +  &c. 

and  therefore,  by  the  general  principles  established  in  Chap.  IT.  Sect.  n. 
the  contact  is  of  the  fourth  order,  at  least,  tf  in  the  true  developments 
the  term  next  to  OA4  were  the  same  in  each,  and  the  exponent  of  A  a 
fraction  between  4  and  5,  while  the  term  following  differed  in  the  two 
series,  the  contact  might  be  properly  said  to  be  of  the  fifth  order;  but  the 
sign  of  the  difference  of  the  two  developments,  when  A  is  negative,  will 
obviously  depend  on  the  fractional  exponents  of  A,  in  the  terms  imme- 
diately beyond  those  which  agree  in  the  two  series. 
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NOTE  (D),  page  221. 

As  the  process  from  which  the  expressions  for  a,  /3,  y,  given  in  article 
203,  are  deduced,  is  not  immediately  obvious,  we  shall  here  exhibit  it 
at  length  for  the  first  of  these  expressions. 

From  the  formulas  for  p"  and  q",  at  article  199,  we  immediately  get  for 
P'P"  4~  ?V  the  value 

)  («fe)  («*0  -  («flO  W 


=  (rfz)  (rfj)  (d2^)  —  (d«j)  (dp*      Qfa)  {(rfog)  (<PO-(«PT)  (rfpl 
(rfx)4  "    (rfi)* 

Therefore,  putting,  for  brevity,  -   instead  of  the  denominator,  in  the 

(dx)6 

expression  for  «,  in  article  198,  we  have 

,     (<**)«       (d'l)  (rf*)  -  ( 


=  x  4-  r2  —  -,  article  66, 

and  by  a  similar  process  the  expressions  for  /3  and  y  are  obtained. 

The  expressions  a  —  or,  /3  —  y,  7  —  »  are  obviously  the  projections  of 
the  radius  of  curvature  r  on  the  axes  of  #,  y,  z.     But,  if  we  represent  the 


*  Because  from 
we  get 


(«fc) 
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inclinations  of  the  radius  to  the  axes  by  X,  /*,  v,  the  expressions  for  the 
projections  will  be 

r  cos.  X,  r  cos.  /*,  r  cos.  v, 
so  that  (203)  we  have,  for  the  angles  of  inclination,  the  values 


cos.X  =  r 


cos.  v  =  r 


By  employing  these  expressions  M.  Cauchy  has  arrived  by  rather  a  novel 
process  at  the  theorem  of  Meusnier,  given  at  p.  179. 
Let  the  equation  of  any  curve  surface  be 

U  —  F(x,y,z)=0, 

upon  which  is  traced  any  curve  MG',  determined  by  -jf' 
the  equation 

joined  to  the  preceding. 

[f  through  the  tangent  MT  to  this  curve,  and  also 
through  the  normal  MN  of  the  surface,  we  draw  a  plane,  we  shall  be  fi- 
nished with  a  normal  section  MG,  of  which  the  radius  of  curvature  r,  at 
M,  will  be  some  portion  of  the  normal  MN.  Also  the  radius  of  curvature 
r'  of  the  assumed  curve  MG',  at  the  same  point,  will  be  some  portion  of 
the  line  MN',  perpendicular  to  the  tangent  MT. 

Now,  considering  s  to  be  the  independent  variable,  we  have,  for  the  in- 
clinations of  r  to  the  axes  the  expressions  above,  viz. 


and  the  inclinations  of  r  or  of  MN  to  the  axes  are  (127) 

du          du          du 
dx  '       dy  '       dz 

Hence,  calling  the  angle  N'MN,  between  the  two  radii,  w,  we  have  (Anal. 
Geom.  p.  239) 

,  du      dzx    .     du      d*y    .     du      dzz  , 
cos.  w  =  v  r  (- 


dx      ds*     '     dy       ds* 


dz 


But  the  equation  of  the  surface,  considered  as  one  of  the  equations  of  the 
curve  MG',  gives  after  two  successive  differentiations,  still  regarding  s  as 
the  independent  variable, 
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du        dzx         du        d?y         du        dh 

dx         ds*  +    dy         ds2  "*"    dz         ds*  "~ 
dzn        dx*  __   d*u        dy2  _   d*u        dz3 

~     ~lh?    ~dl?      Hf    ~d&~~~J#~   ~dl? 

dzu      dxdy  d*u      dxdz  d?u      dydz 

dxdy     ~d?  drdz       ds*  dy  dz       ds*  ' 

Now  whatever  be  the  curve  MG',  provided  only  its  tangent  MT  =  #' 
remains  unchanged,  the  second  member  of  this  last  equation  Mill  remain 

unchanged,  because  the  values  of  -^>    -f->   -j^,  which  are  the  same  as 

those  of  —  r>         ,  »   —  —-,  remain  unchanged.     Therefore  this  second 
dx         ax         ax 

member  being  substituted  in  the  expression  for  cos.  w  leads  to  a  result 
of  the  form 

r  =  K  cos.  w, 

K  being  a  constant  expression  for  all  the  curves  on  the  proposed  surface 
which  touch  MT  at  the  point  M.  Put  now,  in  this  expression,  w  =  0, 
then  r  becomes  r,  therefore 

r  =  K,  consequently  r  =  r  cos.  w, 

which  result  comprehends  the  theorem  of  Meusnier,  since,  if  the  curve 
MG'  is  plane,  its  plane  will  coincide  with  N'MT,  and  the  angle  <u  of  the 
two  radii  will  become  the  angle  formed  by  the  plane  N'MT  of  the  oblique 
section  with  the  plane  NMT  of  the  normal  section  passing  through  the 
mme  tangent  MT.  —  Leroy,  Analyse  Appliquee  a  (a  Geometric,  p.  268. 
We  may  take  this  opportunity  of  remarking  that,  in  our  investigation 

)f  this  theorem,  at  p.  179,  it  might  easily  have  been  shewn,  without  refer- 

•ing  to  article  86,  that 


>ecause,  by  the  right-angled  triangle, 

x^  =  .t2  sec.2  0  =  *2  (1  +  tan.2  9) 
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NOTE  (E),  page  106. 

The  erroneous  doctrines  adverted  to  at  page  106  is  laid  down  also  by 
Lacroix,  in  his  quarto  treatise  on  the  Calculus,  vol.  1,  p.  340,  from  whom, 
indeed,  Mr.  Jephson  seems  to  have  adopted  it.  The  principle  as  stated 
by  Lacroix'is  "que  la  serie  de  Taylor  devient  illusoire  pour  toute  valeur 
qui  rend  imaginaire  Pun  quelconque  de  ces  terms ;  et  que  cela  peut  arriver 
sans  que  la  fonction  soit  elle-meme  imaginaire."  It  is  very  remarkable, 
that  analysts  should  have  hitherto  held  such  imperfect  notions  respecting 
the  failing  cases  of  Taylor's  theorem. 


THE    END. 
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